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ABSTRACT

Let E be an infinite-dimensional non-archimedean Fréchet space which is not isomorphic to any of
the following spaces: ¢, ¢y X KN, KN 1t is proved that E contains a closed subspace without a
Schauder basis (even without a strongly finite-dimensional Schauder decomposition). Conversely,
it is shown that any closed subspace of ¢y x KK has a Schauder basis.

1. INTRODUCTION

In this paper all linear spaces are over a non-archimedean non-trivially valued
field K which is complete under the metric induced by the valuation |- |:
K — [0,0). For fundamentals of locally convex Hausdorff spaces (Ics) and
normed spaces we refer to [7], [5] and [6]. Schauder bases in locally convex
spaces are studied in [2], [3] and {4].

Any infinite-dimensional Banach space of countable type is isomorphic (i.e.
linearly homeomorphic) to the Banach space ¢, of all sequences in I converg-
ing to zero (with the sup-norm) ([6], Theorem 3.16), so it has a Schauder basis.
It is also known that any metrizable Ics of finite type has a Schauder basis ([3],
Theorem 3.5). In [10] we proved that any infinite-dimensional metrizable Ics
contains an infinite-dimensional closed subspace with an orthogonal Schauder
basis.

In [12] we constructed examples of nuclear Fréchet spaces without a Schau-
der basis (even without the bounded approximation property). Thus we solved
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the problem stated in [3], whether any Fréchet space of countable type has a
Schauder basis.

In this paper we obtain some results concerning the existence of closed sub-
spaces without Schauder bases in Fréchet spaces.

Let E be a Fréchet space, which is not of finite type, such that none of its
subspaces is isomorphic to ¢;. Developing the ideas of [1], we show that E
contains infinitely many of pairwise-nonisomorphic closed subspaces with a
strongly finite-dimensional Schauder decomposition but without a Schauder
basis, and a closed subspace with a finite-dimensional Schauder decomposition
but without a strongly finite-dimensional Schauder decomposition (Theorem
2).

Next, we prove that every infinite-dimensional Fréchet space, which is not
isomorphic to any of the following spaces: co, co x KN, KN, contains a closed
subspace without a strongly finite-dimensional Schauder decomposition
(Theorem 7).

We also show that every infinite-dimensional metrizable lcs whose comple-
tion is isomorphic to none of the following spaces: co, ¢ X K", KN,c(’}', con-
tains a closed subspace without an orthogonal Schauder basis (Proposition 9).

2. PRELIMINARIES

The linear span of a subset 4 of a linear space E is denoted by lin A.

The linear space of all continuous linear operators from a Ics E to itself will
be denoted by L(E).

A sequence (x,) in a Ics E is a Schauder basis of E if each x € E can be written
uniquely as x = Y77 | anx, With o, € K;n € N, and the coefficient functionals
Jo: E = I, x — a,(n € N) are continuous.

Let E be a Ics. A sequence (4,) C L(E) is a Schauder partition of E if x =
302 | Anx for all x € E. A Schauder partition (A,) of E is r-finite-dimensional
(r € N) if sup,dim 4,(E) < r, strongly finite-dimensional if sup,dim 4,(E) <
o0, and finite-dimensional if dim A,(E) < oo foralln e N.

A Schauder partition (P,) of a Ics E is a Schauder decomposition of E if
P,P,, = 6,,P, for n,m € N. Clearly, any Ics E with a Schauder basis has a
strongly finite-dimensional Schauder decomposition.

A lcs E has the bounded approximation property if there exists a sequence
(4n) C L(E) with dim 4,(E) < oo,n € N, such that lim, 4,x = x for all x € E.
Of course any Ics E with a finite-dimensional Schauder partition has the
bounded approximation property.

By a seminorm on a linear space E we mean a function p : E — [0, 00) such
that p(ax) = |a|p(x) forall a € I, x € E and p(x + y) < max{p(x),p(y)} for all
x,y € E. A seminorm p on E is a norm if kerp :={x € E : p(x) = 0} = {0}.

The set of all continuous seminorms on a Ics E is denoted by P(E). A family
B C P(E) is a base in P(E) if for every p € P(E) there exists ¢ € Bwithp < gq.

Every metrizable Ics £ has a non-decreasing sequence of continuous semi-
norms (p,) which forms a (non-decreasing) base in P(E).
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A lIcs E is of finite type if for each continuous seminorm p on E the quotient
space E/ ker p is finite-dimensional. A metrizable Ics E is of countable type if it
contains a linearly dense countable set.

A Fréchet space is a metrizable complete Ics.

Two norms p,q on a linear space E are equivalent if there exist positive
numbers &, b such that ap(x) < ¢g(x) < bp(x) for every x € E. Every two norms
on a finite-dimensional linear space are equivalent,

Every n-dimensional Ics is isomorphic to the Banach space KK".

Let 1 € (0,1] and p be a seminorm on a linear space E. An element x € E
is t-orthogonal to a subspace M of E with respect to p if p(ax+y)>
t max{p(ax),p(y)} for all a € K,y € M. A sequence (x,) C E is t-orthogonal
with respect to p if p(3_;_, aix;) > tmax{p(aix;) : 1 <i<n} for all n €N,
a,...,0, € K A sequence (x,) in a Ics E is orthogonal in E if the family B of
all continuous seminorms p on E for which (x,) is 1-orthogonal with respect to
p forms a base in P(E). (In [6}, a sequence (x,) in a normed space (E, || - ||) is
called orthogonal if it is 1-orthogonal with respect to the norm || - ||.)

An orthogonal sequence (x,) of non-zero elements in a Ics E is a basic or-
thogonal sequence in E. A linearly dense basic orthogonal sequence in a Ics E is
an orthogonal basis in E.

Let (t,) C (0,1]. A sequence (x,) in a Ics E is (¢,)-orthogonal with respect to
(Pa) C P(E) if (x,) is t,~orthogonal with respect to p, for every a.

A sequence (x,) in a Ics E is orthogonal in E if and only if it is (¢,)-orthogo-
nal with respect to (p,) for some (¢,) C (0, 1] and some base (p,) in P(E) (cf.[3],
Proposition 2.6).

Let F be a subspace of a Ics E. A sequence (x,) C F is orthogonal in F if and
only if it is orthogonal in E ([3], Remark 1.2(i)).

Every basic orthogonal sequence in a Ics E is a Schauder basic sequence in E
([3]; Proposition 1.4) and every Schauder basic sequence in a Fréchet space F is
a basic orthogonal sequence in F ([3], Proposition 1.7). In particular, every or-
thogonal basis in a Ics E is a Schauder basis in E, and every Schauder basis in a
Fréchet space F is an orthogonal basis in F.

For any sequence (L,) of finite-dimensional subspaces of a metrizable Ics E
with dim L, > n?,n € N, and any non-decreasing base (g;) in P(E) there exists
a basic orthogonal sequence (y,) in E with y, € L,,n € N, that is (#)-orthogo-
nal with respect to (gm,) for some (#) C (0, 1] and some subsequence (g, ) of
(gx) ([11}, Theorem 2). In particular, any infinite-dimensional metrizable 1cs
contains a basic orthogonal sequence ([10], Theorem 2).

3. RESULTS

Let E be a Fréchet space, which is not of finite type, such that none of its sub-
spaces is isomorphic to ¢g. Developing the ideas of [1], we shall show that E
contains infinitely many of pairwise-nonisomorphic closed subspaces with a
strongly finite-dimensional Schauder decomposition but without a Schauder
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basis, and a closed subspace with a finite-dimensional Schauder decomposition
but without a strongly finite-dimensional Schauder decomposition.

Since E is not of finite type, then it contains an infinite-dimensional subspace
G with a continuous norm. Let (v,) be a basic orthogonal sequence in G. It is
easy to see that the closed linear span F of (v,) in £ has a continuous norm.
Clearly, F is a non-normable Fréchet space and (v,) is an orthogonal Schauder
basis of F.

Let (| - |,) be a non-decreasing sequence of norms on F which is a base in
P(F) such that (v,) is (1)-orthogonal with respect to (| - |), and | - |, | - |z, are
non-equivalent for any k& € N. Thus there exists a sequence (Ni) of infinite
subsets of N with lim, e, [Valg|valis, = 0,k € N. We can easily construct a
partition (M;) of N such that the set M; N N is infinite for all i,k € N. Then
Hminf, e a, [Vale|val L ; = O for all i,k € N. Put

N ={(p1,...,ps) € N®: pi < p2,p3 < pa,ps < ps,p1 = p3 — p2 = ps — pa = 1}.

Let g be a one-to-one mappmg from N x N? onto N and W, = M, for
ueN x N
For a subspace Yof F,f*eY*, A€ L(Y) and p,q € N we put || f*||, =

sup{|/*(W)Ilyl," : ¥ € (Y \ {0})}, and [|4l|,,, = sup{|4y],v|;"' : y € (¥ o).

We will need the following

Lemma 1. Let u = ((p1,p2,P3,P4:P5Ps), (4,7)) € N x N2, The linear span of
{va : n € W,} C F contains a subspace X, with dim X,, = r + 1 such that for any
r-finite-dimensional Schauder partition (Ax) of X, we have

max{”Ak”Pupiﬂ tkeN,i=13,5} > q.

Proof. First we note that for all 4, B > 0 and m, k € N there exist t € W, with
t>manda € (K \ {0}) such that |av,|, < 4 and [av,|; ., > B.Indeed, let b € K
with 0 < |b| < 1. Since hmmf,,e W, |v,,|,(|v,,|k+1 =0, then there exists 1 € W,
with t > m such that l"tlkl"rlk+1 < |b|AB~!. Let n be an integer with [b|"*' <
A" < |b|". Then [b"*1v,|, < 4 and |b"+1v,|k+1 > B.

Thuswe canchooseinturn (x, +1,8r41), ..., (x1,81), (Y1, 01)y o o, Pr+1,br+1)s
(Zr+15Cr+1)s- -+, (21,¢1) €{Vn:ne W,} x ([K\ {0}) such that:

|a;x;|,, > qmaxis;laixi,, forj=r+1,...,1(we assume that max§ = 0);

1b;y)l,, < lajxjl,,s 1bjpil,, > max{la;x;|,,, gmaxi<;|biyil, } for j=1,...,r+1;

ICijlp; < min{min,— Ia;xilpl , min; |b,~y,'|p3},
lejzjl,, > max{max; |a;x;|,,, max; |b;;|

per dMaXisj |cizilp } forj=r+1,..., 1;
XlyeooXrg1,V1s-vesVre1s21,. - -,2r+1 are distinct.

Then we have

16 1lp,s 16121, < lajxjl,, and |e;zjl, < lari1Xesif, for1<j<r+1,k=12;
|a;xj|p,» 162115, < ijyjlpk and |¢;z)f,, < |b,+1y,+1|p forl <j<r+1,k=3,4
max{la;x;l,,, |6;¥;l,,} < min{le;z;l,,, ler12r41],} for1 <j<r+1,k=5,6;
glajx;l,, < laixil,, q1biyil,, < 16j¥ily,, qlejzily < leizily for1 <i<j<r+1.
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Letej=a,~x,-+bjyj+c,~zj,f,-=e,~for1 <j<rand |
€ri1 = 1% 11 i1 Yri1 + G124 — Z;.__l cizj Jre1 = E,r+1 ej.
It is easy to see that:
lejlp, = lajxjl,, for1 <j<r+1,k=12
lejl,, = Byily, for 1 <j<r+1,k=3,4
|filpe = lejzilp, for 1 <]<r+1 k=5,6;
max{|e;|, |ejlp2a Iej|p3 |€ilp, s | filps |f]|p6} <glforl<i<j<r+l.
Hence for all d;,. . .,d, . € [ we have:

IZ'“ djejl,, IE'H dja;x;|, fork =1,2;
|z'+' djejl,, |2’+‘ djb;y;l,, for k =3,4;

]Z’“dj,m IE'Hdc,zJ]pkfork 5,6.

Let X,=lin{e;:1<j<r+1}. Then X,=lin{f;:1<j<r+1}, and
dimX, = r+1. Thus there exist e}, f; € Xj for 1<j<r+1 such that
ef(e) =f;(fi) =8 for 1 <j,i<r+1 Clearly, f;=ef —¢;,  for 1 <j<r,
and fy = €.

Leti1 <j<r+1,k=1,2and x € X,. Then

r+1 r+1
x|y, = I.Z e; (x)eil,, = I.Z & (x)aixily, 2 lej (x)a;x;l,, = |ej(x)le;l,,-
i=1 i=

Hence |le; ||, < ]ejl . - Since e} (e))| = 1, then i€} ||, > le;],!. Thus

lle;ll,, = |e,| o, for 1<j<r+1,k=1,2. Slmllarly we obtam that

llej 1l = lejl,, ,for 1<j<r+1,k=3,4and

Wil = lf,[pk Jfor1 <j<r+1,k=35,6.

Let (A) be an r-finite-dimensional Schauder partition of X,,. Let k € N. Put
sk =max({|e;dre| : 1 <i<j<r+1}U{lejdies]: 1 <i<j<r+1}U
(S A 1 <J <)),

We prove that |ejAxei| < si. Since dimAi(X,) <r then there exist
d,...,dy1 €K and joe{1,...,r+1} such that Z’_l djAre; =0 and
max; |d;| = |d;,| = 1. Hence |e; Ake| = |~ ;.5 d]o dje Akejl < 5. For 1<
J < rwe have

r
le; Axej — €], 1 Akers1| = | [ Arfrv1 — 3 €] Akei + 3 € | Arei] < s,
i#j i=1

: r+1 .o
since f; =ej —e; 1, fra1 =221 €. Thus |ejAxe; —ejAke;| < sefor1 <i,j <

r + 1. Hence |ejdre1| < max{|e;drer — €} Akejy ), €] Akejol} < .
Letl <i<j<r+ 1. Then we have

le; Akejl < ll€;llp, |kesly, < lleillp, [l Akl pyle€lp, =
leilpn 1eslps 14kl py < a7 1 Akllpy o

lej Axeil < llej | Axeilyy < ll€jllps 14kl p leilp, =
el leilp, 1 4kllpy 5y < a7 1Akl -

Let 1 <j < r. Then we obtain
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L7 A1l S W gl iefe s 1lpg < W5 sl illpg gl fr+ 115 =
1 il 14 1 g Nl e < 7 14kl -

Thus |ejdker| < s < ¢~ max{}| A, et 1i=1,3,5},k € N. Hence we have
1=|377, efArer| < maxg |ejdier] < g max{”Akllp, siey KENi=1,3,5}
It follows that max{|4ll,, ,,., :k€N,i=1,3,5} > q.

Let P, be the natural linear projection from F onto the closed linear span F, of
{va:ne€ W,} C Fforue N x N%. Clearly, {P, : u € N x N?} forms a Schau-
der decomposition of F.

Let X" be the closed linear span of U{X, :u € N xNx {r}} c FforreN
and let X be the closed linear span of | J{X":r € N} C F.

Using Lemma 1 we obtain the following

Theorem 2

(a) Let r € N. The closed subspace X" of E has an (r+1) ﬁmte-dtmenszonal
Schauder decomposition and admits no r-finite-dimensional Schauder partmon

(b) The spaces X, X* are non-isomorphic for distinct r,s € N.

(c) The closed subspace X of E has a finite-dimensional Schauder decomposi-
tion and admits no strongly finite-dimensional Schauder partition.

Proof. (a) Since P,(X") =X, for ve N x N x {r} and P,(X") = {0} for
vEN x N x (N\ {r}), then {P,)|X":ve N x N x {r}} forms an (r + 1)— fi-
nite- dimensional Schauder decomposition of X7. . '

Suppose, by contradiction, that X7 has an r-finite-dimensional Schauder
partition (By). By the Banach-Steinhaus theorem ([5], Theorem 3.37), the op-
erators By, k € N, are equicontinuous. Hence there exists (p1, p2, p3, P4, Ps, Ps) €
N and a constant C > 0 such that

max |Bexl,, < Clx|,,,, forxe X',i=1,3,5.
Letg € Nwithg> Candu = ((p1,P2,P3, P4, 5, P6), 4, 7). Then u € N’ x N? and
P,|X " is a linear projection of X" onto X, and |P,x|, < |x|, forallx € F,k e N.
Let Ay = (P,By)|Xu,k € N. Then (4x) is an r-finite-dimensional Schauder par-
tition of X,. Let k € N, x € (X, \ {0}),i = 1,3,5. Then

|Aiex|,, !x] = | PuByicx],,|x],, -1 < |ka'mlx|p+1 <C«gqg.

Di+1 Pi+1 et

Hence max{||4kll,, ,,., : kK € N,i =1,3,5} < g, contrary to Lemma I.

(b) It follows by (a).

(¢) Since P,(X) = X, forve N x N?, then {Po]X :veN x NZ} forms a fi-
nite-dimensional Schauder decomposition of X. Suppose, on the conatrary, that
X has an r-finite-dimensional Schauder partition (A4x) for some r € N. Let P’
be the natural projection of F onto the closed linear span F” of | J{F,: v €
N x N x {r}} C Fand B, = (P"4x)|X",k € N. Since P"|X is a continuous lin-
ear projection of X onto X', then (By) is an r-finite-dimensional Schauder
partition of X7, contrary to (a). [J
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By the proof of Theorem 2 we obtain the following

Corollary 3. Any non-normable Fréchet space F with a continuous norm and with
a Schauder basis contains an infinite-dimensional closed subspace without a
strongly finite-dimensional Schauder decomposition.

In order to get our next theorem we need three lemmas. The first one is a simple
modification of Proposition 2.2, [9].

Lemma 4. Let n € N. Let q1,q2 be norms on an n-dimensional linear space E.
Then for any t € (0,1) there exists a basis (uy,...,u,) of E that is t-orthogonal
with respect to g, and q.

Proof. We prove this lemma by induction. It is clear for n = 1. Assume that it is
true for n=k. We show that it is true for n=k+1. Let r€ (0,1). Put
s = /®+2) Let (f},...,fi+1) be an s-orthogonal basis of (E,q,) ([6], Theorem
3.15(iii)). Set a := max;(¢2(fi)/q1(f:)). Then q;(x) > a~'sqy(x) for all x € E. Let
1 <m<k+1 with (g2(fin)/q1(fm)) =a and let (e,...,ex+1) be a basis of
E such that e) = f,, and e; is r-orthogonal to lin{e,...,e;} with respect to
g2fori=1,...,k([6], Lemma 3.14). Put V =lin{e,,...,ex+1}. Fora; € K,e €
V we have gqy(cie; +e) > sfqx(cie)) and qi(aje; +€) > a lsqa(are; +e€) >
alsk+1g)(aner) = s*+1gi(are1); hence ga(arer + €) > s* max{gx(c1e1), g2(e)}
and qi(aje; +e) > s** 1 max{qi(c1e1),q1(e)} (6], Lemma 3.2). By the as-
sumption there exists a basis (vi, ..., ) of V that is s-orthogonal with respect
to ¢1 and g. It is clear that (e;,vi,. .., ) is a basis of E which is t-orthogonal
with respect to ¢; and ¢,. O

Lemma 5. Let E be an infinite-dimensional Fréchet space of countable type, that
is not isomorphic to any of the following spaces: ¢y, co x KN, KN. Then E contains
a non-normable closed subspace with a continuous norm.

Proof. Let (px) be a non-decreasing base in P(E). Consider two cases.

Case 1: There exists m € N such that dim(ker p;/kerpx.1) < oo for any
k > m. Then F = ker p,, is a Fréchet space of finite type. Thus F is isomorphic
to KN or to K” for some n = 0,1,2,..., and it is complemented in E ([8}, Cor-
ollary 9.1(iv)). Any complement of F in E is a non-normable closed subspace
with a continuous norm.

Case 2: There exists an increasing sequence (m) in N with
dim(ker py, / kerp,,,,) = oo for any k € N. Let Fi be a subspace of ker p,, such
that dimFy = oo and (Fy Nkerp,,,,) ={0}. By Theorem 2, [I1](see Pre-
liminaries) there exists a basic orthogonal sequence (y,) in E such that the set
{n e N:y, € F¢} is infinite for any k € N. Let X be the closed linear span
of (yn) C E. Then there exists a non-decreasing base (g;) in P(X) with g, =0
such that (y,) is (l)-orthogonal with respect to (gi) and the set Dy =
{neN:y, e (kerqy_1 \kerg)} is infinite for any k € N. Denote by X; the
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closed linear span of {y, : n € D¢} C X,k € N. For any n € N, X, is an infinite-
dimensional Fréchet space and g,|X,, is a continuous norm on X,,. If X, is non-
normable for some n € N, then the proof is complete. Otherwise, X, is iso-
motphic to co forany n € N,

For any (x,) € [I;~, X» the series Y .°, x, is convergent in X, since
gk(xn) = 0 for all n,k € N with n > k. Let P, be the natural projection from X
onto X,,n € N. Clearly, (P,) is a Schauder decomposition of X. By the open
mapping theorem ([5], Corollary 2.74), the map P: X — [[72| Xy, x — (Pnx),
is an isomorphism.

Thus X is isomorphic to c. For any Fréchet space G of countable type, c)
contains a closed subspace isomorphic to G ([3], Remark 3.6). Hence X con-
tains a non-normable closed subspace with a continuous norm (see e.g.

[1z2p. O

Lemma 6. Let E be a non-normable Fréchet space with a continuous norm and
with a finite-dimensional Schauder decomposition (P,). Then E contains a non-
normable closed subspace F with a Schauder basis.

Proof. Let (r;) be a non-decreasing sequence of norms on E that forms a base
in P(E). By the Banach-Stainhaus theorem the operators P,,n € N, are
equicontinuous. Thus the norms pi(x) = max,r(P,x),x € E,k € N, are
continuous. Since ry < pr,k € N, then (p) is a base in P(E). For any x € E
the sequence (P,x) is (1)-orthogonal with respect to (px). Indeed, let x € E,
keN and (4,) CK with g,=an+1=---=0 for some meN. Then
P(a;iPix) = maxy, ri(Pa(aiPix)) = ri(a;Pix) foranyi € N and pe (372 | aiPix) =
max, re(Pa(3 ;e | aiPix)) = max, ri(a,Pax) = max; pi(aiPix).

Since E is non-normable, then there is an increasing sequence () C Nsuch
that p,, and p,,, ,, are non-equivalent for any k € N. Put g; = p,, fork € N.

Let 1 € (0,1). Let k € N. Put E, = P,(E),s, = dim E,,n € N. By Lemma 4,
there exists a basis (ef, ..., e ) of E,,n € N, thatis t-orthogonal with respect to
qk|E, and gi 11| E,. The sequence (x¥);2, = (e},...,el,€l,...,€,,...) is line-
arly dense in E, and it is #-orthogonal with respect to gx and gi 1. Indeed, let
meN,al,...,a,...,af,...,a" e Kandx =3, (3/, af'e!’). Then

- gj(x) = q;(37=1 Pax) = maXi<a<m @i(PaX) = maxi<n<m 45255 af'ef’) 2

t max)<p<m(mMaxi<i<s, g;(alel)) forj =k, k+1.

For any sequence (x,) C E, which is r-orthogonal with respect to g and
gk +1, we have:

(¢1)  inf{(ge(x)/gi+1(x)): x € lin{x, : n € N}} > ¢ inf (e (xn) /g +1(xn));
(x2)  sup{(g(*)/gr+1(x)): x €lin{xy : n e N}} < 17! sgp(qk(xn)/qku(xn))-
Indeed, let m € N,ay,...am € K, x =3"]_ | a;x;. For some io,jo € {1,...,m}

we have max; qx(2:x;) = qi(a;,x;,) and max; gz +1(a:x;) = gx+1{aj,x;,). Then

(qe(x)/qr+1(x)) = (g (32 ax:) [ qre+1 €32, aixi)) 2
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(tmax; g (aix;)/ max; g+ 1(aixi)) 2

(tan(aiyXjo)/ Gic+1(@jo X)) = tinfn(qu(xn)/ g +1(x)), and

(gr(x)/qk+1(x)) = (q(; aixi) [ g+ 1 (2 aixi)) <

(max; gi(aix;)/tmax; i+ 1 (@) < (qic(@ioXio) / 1qk-+1(aipXis)) <

=1 sup, (qi(Xa)/qr+1(xn)). It follows (*;) and (*,).

Since gi;qx+) are non-equivalent norms on E and the sequence (x%)2°,
is linearly dense in E, we have inf{(gx(x)/gk+1(x)) : x € lin{x¥* : n € N}} = 0.
By (x1), we obtain inf,(gx(x*)/gk+1(x¥)) = 0. Thus for some an increasing
sequence (n;) CN we have (ge(x¥)/ges1(xf)) <i'ieN. Put Ef =
lin{xk : i > m} for m € N. Clearly, dim Ef, = co,m € N. By (,), we get

(*3) sup (gk(x)/gic+1(x)) < (tm)™".

xeEk

By Theorem 2, [11], there exists an orthogonal sequence (y,) in E such that
for any k,m € N there is n € N with y, € EX. Let F be the closed linear
span of (y,). Then (y,) is a Schauder basis of F. From (*3) we have
inf,(qk(¥n)/ak+1(¥n)) = 0,k € N. This follows that norms gx|F,qk+1|F on F
are not equivalent for any k € N. Since (gx|F);", is a base in P(F), then F is
non-normable. [J

By Lemmas 5,6 and Corollary 3 we obtain the following

Theorem 7. Let E be an infinite-dimensional Fréchet space, which is not iso-
morphic to any of the'following spaces: co,co x KN, KN. Then E contains an in-
finite-dimensional closed subspace without a strongly finite-dimensional Schauder
decomposition.

Corollary 8. Any non-normable Fréchet space with a continuous norm contains a
closed subspace without a Schauder basis.

Clearly any closed subspace of ¢¢ has a Schauder basis; it is also known that
any closed subspace of KN has a Schauder basis (see Introduction). Now we
prove that any closed subspace of ¢y x KN has a Schauder basis too.

Propositioﬁ 9. Any infinite-dimensional closed subspace of co x K“_' is iso-
morphic to one of the following spaces: co, co x KN, KN. In particular any closed
subspace of co x KN has a Schauder basis.

Proof. By Lemma 5 it is enough to show that any infinite-dimensional closed
subspace F of ¢y x KN with a continuous norm is normable. Put

Pi(@, B) = kmax{max as|, max |5} .

for k € N, = (ap) € co and 8 = (B,) € K. Clearly, (p:) is a non-decreasing
base in P(co x KN) and there exists 7 € N such that p,|F is a norm on F. Let
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@k = Ppr+i)lF, My = FN {(0,8) € co x KN : 1441 =0}, k € N. Then M; < F,
dim(F/M,;) < 1 and q|My = g4 1|Ms, k € N.

Let k € N. If M} is a closed subspace of the normable space (F, gx), then the
DOTMS Gk, Gk + 1 ATE equlvalent Indeed, let x; € (F\ My), di =inf e M, gi(xx —m)
and ar = di(ge(xx))”". Then F = lin({x¢} + M), a; > 0 and qi(axp +m) >
arqr(axy) forall o € K m € M. By Lemma 3.2, [5], we obtain that

gr(axy + m) > ay max{gr(axy),qe(m)},a € K, m € M;.
Hence for all a € I§,m € My and by, = (g4 1(xx)/qr(xr)) we have -
g+ 1(ooxe +m) < b max{ge(ax), gx(m)} < ag'begr(cxe +m).

Thus the norms gx, gx+1 are equivalent. This follows that for any k € N the
norms g, qx +1 are equivalent on a dense subspace F; of (F, qz).

We shall prove that the normable space (F,q;) is complete. Let (f]) be a
Cauchy sequence in (F, q;) and k% = n,n € N. Then there exists a subsequence
(k}) of (kD) such that ¢ (fk, fk, ) < n“1 n € N. Since F; is a dense subspace
of (F,q;), we can choose a sequiénce ) C F, with ¢ (j;cl - ) <nineN.
Clearly ) is a Cauchy sequence in (F q1) Since the norms ql, q2 are equiva-
lent on Fy and (fk.) C Fy, then ) is a Cauchy sequence in (F, ¢;). In this way
we can choose in turn for every v €N a subsequence (kV) of (k?~') with
qulfiy —fir ) < n~!,n € N, and a sequence (fi3*') C F, with ¢,(f —fig*!) <

neN.

For any n € N there exists s € N with s > n such that k"} = k”. Since
gn(fin ~Jé, )< i"',n<i<s—1,then g (fs — k,,,,.) <nl Moreover

qn(j}‘nﬂ k’:,i-ll) = qn(fk" fk2+l) <st<nl,

Hence g,(f3 —f;nt!) < n™!,n € N.This follows that ¢;(fx — f, nt!) — Oforany
i € N. Thus (fk,.) is a Cauchy sequence in F. Let f be the lm”ﬁf of (ff) in F.
Since

1 n i i+1 i i+1
—_ < max _ < max ; —_
q1(fe fk:)_lSiSn_IQIU}(;; S )_lSiSn_lq,(fk; St
<nlneN,

and ¢1(f% —f) — 0, then ¢, (fs — f) — 0. Hence q1(f — f) — 0, because (f})
is a Cauchy sequence in (F, q;). Thus we have proved that the normable space
(F,q) is complete.

By the open mapping theorem ([4], Corollary 2.74) the Fréchet space F is
normable. [J

Finally, we obtain the following
Proposition 10. Let E be an infinite-dimensional metrizable lcs whose completion

X is not isomorphic to any of the following spaces: co,co x KN, KN, ) co- Then E
contains a closed subspace without an orthogonal Schauder basis.
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Proof. It is enough to consider the case when E has an orthogonal Schauder
basis (y,). Then (y,) is an orthogonal Schauder basis of X. Let (¢x) be a non-
decreasing base in P(X) with ¢; = 0 such that (y,) is (1)-orthogonal with re-
spect to (gx). Put Dy = {n € N : y, € (kergx_ \ kergx)},k € N. Denote by X;
the closed linear span of {y, : n € Di} in X. As in the proof of Lemma 5 we
obtain that X is isomorphic to [];2 ; X,. If all the Fréchet spaces Xi,k € N, are
normable, then X is isomorphic to one of the following spaces: cq,coX
IKN, KN, cON, contrary to our assumption. Thus, for some m € N the space X,, is
non-normable. Clearly, {y, : n € Dn} is an orthogonal Schauder basis of X,
and g,,| X, is a continuous norm on X,,. Hence, by the proofs of Lemma 1 and
Theorem 2, there exists a linear subspace V of lin{y, : n € Dy} such that the
closure ¥ of V in X,, has no Schauder basis. Then the closure V3 of ¥ in E has
no orthogonal Schauder basis. [
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