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Thermodynamic and electromagnetic properties of
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In the paper, we study the thermodynamic and electromagnetic properties of the Penson—Kolb
(PK) model, i.e., the tight—binding model for fermionic particles with the pair-hopping interaction .J.
We focus on the case of repulsive J (i.e., J < 0), which can stabilize the eta-pairing superconductivity
with Cooper-pair center-of-mass momentum §= G, Q = (r/a,m/a,...). Numerical calculations are
performed for several d-dimensional hypercubic lattices: d = 2 (the square lattice, SQ), d = 3 (the
simple cubic lattice) and d = oo hypercubic lattice (for arbitrary particle concentration 0 < n < 2
and temperature T'). The ground state J versus n phase diagrams and the crossover to the Bose-
Einstein condensation regime are analyzed and the evolution of the superfluid characteristics are
examined within the (broken symmetry) Hartree-Fock approximation (HFA). The critical fields, the
coherence length, the London penetration depth, and the Ginzburg ratio are determined at T' = 0
and T > 0 as a function of n and pairing strength. The analysis of the effects of the Fock term
on the ground state phase boundaries and on selected PK model characteristics is performed as
well as the influence of the phase fluctuations on the eta-pairing superconductivity is investigated.
Within the Kosterlitz—Thouless scenario, the critical temperatures Tk are estimated for d = 2 SQ
lattice and compared with the critical temperature 7. obtained from HFA. We also determine the
temperature T3, at which minimal gap between two quasiparticle bands vanishes in the eta-phase.
Our results for repulsive J are contrasted with those found earlier for the PK model with attractive
J (i.e., with J > 0).
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Highlights:

e The eta-pairing superconductivity in the Penson-Kolb model is studied.

e BCS-BEC crossover for hypercubic lattices is investigated at 7" = 0.

e Critical fields, coherence length, penetration depth are found for the ground state.

e The ranges of eta-pairing phase occurrence are determined for 7= 0 and T > 0.

e The Kosterlitz-Thouless temperature for square lattice is estimated.

I. INTRODUCTION

The aim of the present work is to study supercon-
ducting properties of the Penson—Kolb (PK) model, i.e.,
the tight-binding lattice model with intersite pair hop-
ping term J (charge-exchange interaction) [1-13]. This
nonlocal pairing mechanism, which is a driving force of
pair formation and their condensation, is distinct from
the local one described by the attractive Hubbard (AH)
model. The pair-hopping term J = (iile?/r|jj) can be
derived from the general tight-binding Hamiltonian [14—
18] selecting relevant terms of the two-particle interac-
tion. Originating from the two-body potential, the site
off-diagonal pair-hopping term describes part of the so-
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called “bond-charge” interaction.

The PK model is one of the simplest effective models
for studying phenomenon of superconductivity, particu-
larly in systems with almost unretarded and very short—
ranged pairing. The Hamiltonian of the model investi-
gated in this work has the following form:
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where parameters ¢, J, and p denote the single particle
hopping integral, the pair hopping (intersite charge ex-
change interaction), and the chemical potential, respec-
tively. (7, 7) restricts the summation to nearest neighbors
(NN), independently. The Peierls factors in Eq. (1) take
into account the coupling of electrons to the magnetic

field via its vector potential A(7): ®;; = —% fg_j drA(F)
(where e denotes the electron charge).

For attractive J (i.e., J > 0) the system develops s-
wave pairing states with total momentum ¢ = 0 and cor-
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responding order parameter xo = (1/N) ZK&I@L} #0
[10, 12, 19]. In the present work, we focus on the
case of repulsive J (J < 0), which favours eta—pairing
superconductivity with Cooper-pair center-of-mass mo-
mentum ¢ = Q, Q = (w/a,7/a,...) (Q is a half of
the largest reciprocal lattice vector in the first Bril-
louin zone), and with order parameter defined as x, =
(1/N) S, exp (i@~ﬁi> (@ el # 011, 12, 20 Note
that both these superconducting states are formally
different types of superconductivity with the simplest
isotropic pairing.

It is assumed that intercation parameters ¢t and J are
effective and they include all possible renormalizations
and contributions such as, e.g., those coming from the
coupling between electrons and other electronic subsys-
tems, or those associated to the strong electron-phonon
couplings in solid or chemical complexes [21] such as in-
termolecular vibrations via modulation of the hopping
integral [22, 23] or from the on-site hybridization term in
a generalized periodic Anderson model [24, 25].

Model (1) has been investigated only in several par-
ticular limits [1-12]. The main efforts focused on the
ground state (i.e., at T' = 0) properties of the model in
one dimension (d = 1) at half-filling (n = 1) [3-8§]. In
higher dimensions (1 < d < oo0) and arbitrary electron
concentration (0 < n < 2) the model has been analysed
only for J > 0 at T = 0 [2] and for T" > 0 [10, 12].
Some preliminary results for J < 0 have been presented
in [11-13, 20] (for T > 0).

The T = 0 phase diagram of the half-filled d = 1
PK model obtained within the Hartree-Fock approxima-
tion (HFA)[2] is in agreement with that derived by ex-
act Lanczos diagonalizations [6, 8], the density-matrix
renormalization group method [3-5], as well as with the
continuum limit field theory approaches |7, 8].

In previous works extensive studies of the superfluid
properties of the PK with attractive J (J > 0) at the
ground state and 7" > 0 for d-dimensional hypercubic
lattice, particularly for d = 2 square (SQ) lattice and
d = 3 simple cubic (SC) lattice [10, 12, 26] were pre-
sented. In those works the effects of phase fluctuations
on the s-wave superconductivity within the Kosterlitz—
Thouless scenario for d = 2 SQ lattice were analyzed.
It is found that due to the phase fluctuations the gap
to critical temperature ratio is substantially enhanced.
Moreover, a separation of the energy scales for the pair
formation (~ kpT.) and the phase coherence (~ kgTkr)
is indicated. For J > 0, a continuous second-order tran-
sition to usual s-wave pairing state at J = 0% with no
additional transition for any possitive J is found in all
mentioned approaches [2-8, 10]. The results of Ref. [2]
indicate that such behavior remains unchanged in higher
dimensions (including the exactly solvable case of d = o0)
and does not depend on the band filling (at least for al-
ternating lattices).

In this work we study, for arbitrary m, the case of
repulsive pair hopping interaction J < 0, which can

favour the eta—type pairing. We extend previous prelim-
inary works and present complete study of the phase di-
agrams, thermodynamic and electromagnetic properties
of the superconducting eta—phase for arbitrary J < 0
and particle concentration (0 < n < 2). The calcu-
lations are performed for two d-dimensional hypercubic
lattices, namely, for d = 2 (the SQ lattice) and d = 3 (the
SC lattice). Results for the infinite-dimensional lattices
(d = c0) are also given (Appendix C) and compared with
those obtained for the SQ and SC lattices. The ground
state J versus n phase diagrams are determined within
the (broken symmetry) HFA. On the diagrams we also
plot, using the Leggett’s criterion [27], the location of
the crossover to the Bose-Einstein condensation (BEC)
regime (cf. Eq. (22)). The results presented are also
contrasted with those obtained for the case of attractive
J (i.e., J > 0).

The eta-pairing superconductivity is found to be stable
against the orbital (diamagnetic) pair-breaking mecha-
nism [28]. External magnetic field reduces this type of
pairing mostly due to the Zeeman effect. According to
the experimental data this mechanism is responsible for
closing of the pseudogap that may occur in the eta-phase.
The presence of the pseudogap has been confirmed with
various experimental techniques: NMR [29, 30], intrin-
sic tunneling spectroscopy [31, 32], angleresolved pho-
toemission [33-35], infrared [36] and transport [37] mea-
surements. The scanning tunneling microscopy (STM)
allows a direct comparison of local electronic properties
in tunneling characteristics with the theoretical findings
for the density of states and superconducting local gap
(for review see, e.g., Refs. [38, 39] and references therein).
Thus, in correspondence with the theoretical results for
the local effective gap [16], the STM spectroscopy can
be useful to distinguish s-wave and eta-pairing supercon-
ductivity in real materials. The theory of eta-pairing
superconductivity has raised recently great interest also
because of experiments in photoinduced systems and cold
fermionic atoms [40-45].

We determine the superfluid characteristics such as the
critical fields H, the coherence length £, the London pen-
etration depth A, and the Ginzburg ratio « as a function
of n and pairing strength for the SQ and SC lattices
at T = 0 and T > 0. In the analysis of these char-
acteristics we use a linear response theory [46-48] and
the electromagnetic kernel is evaluated within the HFA
Random Phase Approximation (HFA-RPA) scheme. At
T = 0, the HFA applied to the Hubbard model and its
various extensions gives reliable predictions for the or-
dered states properties such as, e.g., energy gap, pene-
tration depth, chemical potential, collective excitations,
within the whole interaction range [2, 21, 47, 48]. More-
over, for the fermionic models with intersite interactions
only, as in the considered PK model, the HFA is an exact
theory for any temperature in the limit of d — oo [49].
For d < oo, the HFA is less reliable for T > 0 than at
T = 0, particularly for the strong coupling limit as well
as for low dimensional systems, because it neglects phase



fluctuation effects and short-range correlations.

We calculate the HFA transition temperature T, de-
fined as temperature at which the gap parameter vanishes
(x, — 0). Tt gives the estimation for the pair-breaking
temperature. We also present the order parameter analy-
sis as a function of J and n for various lattice structures,
as well as the results for T),, the temperature at which
minimal gap between two quasiparticle bands E;m” (de-
fined later in the text) vanishes.

For J and n beyond the weak coupling regime, the pair
formation (at temperature T..) and their condensation are
two independent processes (except d = oo). Because the
pseudogap phase is a precursor of the superconductivity,
T. can be treated as the temperature at which the Cooper
pairs start to form. Then, at the lower temperature,
these preformed pairs undergo Bose—Einstein condensa-
tion. This hypothesis seems to be supported by obser-
vations of the vortex—like Nernst signal above the phase
transition temperature [50] that evolves smoothly into
the analogous signal below the superconducting phase
transition [51]. The Meissner effect does not occur in the
pseudogap phase due to strong phase fluctuations rather
than the vanishing of the superfluid density. In Ref. [28]
it is shown that the repulsive J < 0 may lead to the oc-
currence of local minimum in the density of states, that
is characteristic feature for pseudogap phase of under-
doped cuprates [28]. The temperature dependence of the
gap closing field in eta-phase differs qualitatively from
the usual s-wave case and fits the experimental data very
well. Such a behavior of the critical field resembles the
pseudogap closing field H,,(T), that has been observed
in BiySroCaCusOgyy [52]. These features are not present
for attractive J > 0. In this case the temperature depen-
dence of the critical field and the gap structure are similar
to those occurring for the AH model. However, this does
not mean that superconducting phase (with long-range
order) in this group of compounds is eta-pairing phase.

In this paper we also investigate the effects of the Fock
term on the ground state phase boundaries between the
eta and the normal phases and on the eta-pairing order
parameter x, for both SQ and SC lattices. Furthermore,
for SC lattice we study the Fock parameter p(7.) and
band narrowing at 7T, for the eta—pairing.

Going beyond the HFA for d = 2 SQ lattice, the effects
of phase fluctuations on the eta-pairing superconductiv-
ity are investigated. We have compared temperature 7T,
with a critical temperature estimated by the Kosterlitz—
Thouless (K-T) scenario (Tx7). The K-T scenario de-
scribes the phase transition in terms of vortex pair un-
binding transition, and Tk is determined by the uni-
versal K-T relation describing the jump of the superfluid
stiffness (helicity modulus) ps at the critical temperature
[53-58]. Obviously Tkt is lower than T, due to phase
fluctuation effects. The K—T approach was successfully
applied to the d = 2 AH model [55-58], and for the mod-
els with intersite attractive interactions [10, 59-62], and,
in the former case, a correct behavior of Tk vs. the on-
site attraction is found, which is in agreement with the

available Quantum Monte Carlo (QMC) results [57, 58].
The paper is organized in the following way. In Sec.
II, the formalism and basic equations for electron thermal
averages, the free energy and the chemical potential eval-
uated for the superconducting eta—phase are presented.
We present also the electromagnetic kernels and the equa-
tions determining basic superfluid characteristics of the
system. Sec. III is devoted to discussion of the results
of numerical analysis of these equations. In Sec. TITA
we present the ground state phase diagrams and analyze
superconducting properties of the eta—phase (for SQ and
SC lattices) as a function of the electron filling and the
coupling strength. In Sec. IIIB we discuss the phase
diagrams and superfluid characteristics at finite temper-
atures. The work is concluded in Sec. IV. In the first
two appendixes we summarize the analytic results for
the ground state characteristics and the critical temper-
atures, derived in the limiting cases of strong and weak
coupling (Appendix A) and selected results obtained for
d = oo (at the ground state and 7' > 0) for compari-
son (Appendix B). Appendix C contains formulas of the
densities of states used in the numerical calculations.

II. GENERAL FORMULATIONS

The current operator is derived by differentiation of
the Hamiltonian (1) with respect to the vector potential

—
A. In the standard linear approximation, the current
operator is obtained as a sum of the diamagnetic and the
paramagnetic parts, namely:

Jar (i) + jhere (i) = (2)

% zg:t (éjgéwaaa + h.c.) +4J (ﬁjﬁ;raa + h.c.)]
—I-%e ;t (é;rgéwraao— — h.c.) +2J (ﬁfﬁ;ﬂ;u - hc)] ,

where a =z, 9, z, [)j = é%éh, and p; = ¢; 6.

From the linear response theory [46—48], the Fourier
transform of the total current operator (its expectation
value) for a weak potential is derived as

— Nc ia ara /- —
JOz(an‘)) = E Z [504()('Kg + Kopca’ (Qaw)] AO(’ (Q7w) (3)
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The paramagnetic part is this current operator is ex-
pressed by the retarded Green’s function (current—
current) as

K2 (3,w) = (4)
A i > iwt ~para (= ~para -
aw | derew (@i -ao)).

where ©(t) is the Heaviside step function and 7247%(g,t) is
the space-Fourier transform of the paramagnetic part of
the current operator (3) in the Heisenberg representation.



The calculations were performed for alternating lat-
tices (where e, 5 = —eg). Within HFA the free energy
of the eta—phase F;, is derived as:

4
Wn=u(n—1)+*Jp2—Jom2 (5)

S uloes (31))

where

L =ep+rAg, (6)

and Ap = \/p? + Jia2, r = £1. For hypercubic lattices

with NN hopping: €; = —t Vs L =t+2pJ/z, Yo =
2y, cosky, a =2x,y,..., Jo = 2J, z is the number of
NN, and § = 1/(kpT). The sum }_; (here and in all
further places in the work) denotes the summation over
all vectors k in the first Brillouin zone.

Two branches EY and EZ exist in the electronic spec-
trum of the eta—phase and the minimal gap between the
lower and higher band (defined as EJ"" = minE’;+ —
maxEE_) can be either positive or negative (depending
on model parameters and temperature).

The eta— pairing order  parameter
(1/N) S, exp(Q; - R;){éiyéi), the chemical poten-
tial p, and the Fock term p = 1/(4N) Zk07k<ckgcga>
are determined by the equations

Ty =

OF, _ 0P _,  OFy_
=0 GE=0 Greo

and their explicit forms are the following:

% 4N Z —tanh (gEk> (8)

n—1= ﬁ Z r— tanh (gE%) ) (9)

kr +1

> 4z tanh (§E£> . (10)
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The expressions for F, u, and p in the normal (N) phase
are derived by taking x,, = 0 in Eqgs. (5), (9), and (10),
respectively.

The magnetic penetration depth can by determined as
the transverse part of the total kernel in the static limit
(the local approximation, i.e., the London limit) by

NT) = [FEf - K =0] 7
The expression for K2 is
K = K, + Ky, (12)
A
K, = h2c2aN| |Z r G ) cos(kq ), (13)
32me? 1 o
KJ:mZTV —ZJ”P,;P,;% (14)
i

where a is the lattice constant. J; are the space—Fourier
transforms of .J;;. The explicit expressions for K; and K ;
obtained within presented approximation scheme take

the forms:

8me? 1 B
K=~ 5ol #Z cos (ko) tanh (QEk>

k=41
8me? (Ekin)
= — 15
h2c2a =z (15)
32me? | Jo| ()
Ky=— O 16
J h202a > ) ( )

where z,, p and p are determined by Eqgs. (8)-(10), and
(Ekin) is the average value of the kinetic energy.
In the ground state the paramagnetic part K,
the kernel may be significant in determining A only for
nonlocal (Pippard) superconductors when the correlation
length is greater than the penetration depth A. The
short-coherence length superconductors, which are stud-
ied in this work, are in the opposite limit, i.e., the London
limit. In such a case the penetration depth at T" = 0 is
determined entirely by the ¢ — 0 limit of the kernel. In
this limit the K" vanishes and A is given by
1
A= 7@ (17)
Using the values of A [Egs. (17) and (11)], and the differ-
ence of the free energy between the normal (N) and eta—
phases, one determines the thermodynamic critical field
H. as well as the Ginzburg-Landau correlation length

Ear as

para ¢

HZ(T)  Fn(T)— F,(T)
8T Na3 ’
¢or = TV (18)

where &y = hc/(2e). One can also obtain the esti-
mates of two critical fields H.; ~ H.In(k)/x and He. =
Do/ (2mE2 ), where k = \/¢aL.

From Eqgs. (8)-(10) one can calculate the HFA tran-
sition temperature 7, (defined as temperature at which
the gap amplitude vanishes, z,, — 0). It is an estimation
of the eta-pair-formation temperature.

Except for the case of infinite dimensions (i.e., d — c0),
the superconducting phase transition will occur at the
temperature, which is lower than T, because of the phase
fluctuation effects. As we pointed out in Sec. I, for d = 2
lattice the temperature of superconducting transition can
be derived within the Kosterlitz—Thouless theory [53-58],
which describes the transition in terms of vortex pair
unbinding transition. One can find this transition at T
by using the K-T relation for the universal jump of the
superfluid stiffness ps. The critical temperature Tk 7 for
the K—T transition is obtained by calculating the ps as
a function of temperature and then by comparison with
the K-T relation between Tk and ps:

kpTxr = Qps(Tkr), (19)
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FIG. 1. The ground state boundaries between the eta and normal (N) states for (a) d = 2 SQ and (b) d = 3 SC lattices
(D = 2dt) as a function of electron concentration n. Dotted and solid lines denote the phase boundaries for the PK model
with and without, respectively, the Fock term. Strong—eta and weak—eta regimes are separated with the horizontal dashed line
(defined in the text), whereas dashed-dotted lines denote the location of the crossover to BEC regime.

where @ ~ 0.898 (Monte-Carlo estimates for d = 2 XY
model [10, 63]) and p, is the superfluid stiffness, which

is related to the London penetration depth [Eqgs. (11),
(12), and (4)]:

h*ca

16me?

_hQCza’ ia ara

= To [Kdie + KPara(w =0)].  (20)

Ps (T) =

Thus, Txr is determined as a solution of four self-
consistent equations (8)—(10) and (19). An upper bound
for the Tk 1 can be obtained by

h2c2a

kpTkr = Qps(T =0) = Q167(62/\ 2(0),  (21)

where A is given by Eq. (17).

Let us underline that Tk 7 determined from these equa-
tions gives only an upper bound of the actual K-T transi-
tion temperature, because the HFA expression (20) does
not include renormalization of p; caused by topological
excitations (vortex-antivortex pairs) [55-58]. Moreover,
ps is approximated by its ground state value.

III. RESULTS AND DISCUSSION

In this section a comprehensive analysis of the ther-
modynamic and electromagnetic properties of the eta—
phase of the model (1). The calculations were carried
out for d = 2 SQ, d = 3 SC, and d = oo (Appendix B)
lattice structures, for arbitrary electron concentration n
(0 < n < 2) and repulsive interactions J < 0, both at
T =0 and T > 0. We have also investigated for SQ and

SC lattices the crossover to the Bose-Einstein conden-
sation (BEC) regime. At T = 0, the crossover can be
located using the Leggett’s criterion, which defines the
BEC crossover point from the condition that the chem-
ical potential in the superconducting phase reaches the
bottom of the electronic band [27, 64], i.e., from

oy = —BJ2, (22)

where B = 2zt is the band-width and p, is determined
from the self-consistent equations (8)—(10) solved at T' =
0.

Note that, because Hamiltonian (1) exhibits the
electron-hole symmetry (in the considered here the near-
est neighbours case), all the presented plots are symmet-
ric under the transformation n — 2 —n (i.e., with respect
to half-filling n = 1).

A. The ground state of the model

In the following, we present the ground state phase
diagrams of the model and the analysis of the superfluid
characteristics at 7' = 0 as a function of concentration n
and repulsive J.

1. The phase diagram and order parameter at T =0

The transition into the eta—pairing superconducting
phase [favored by the repulsive J (J < 0)], is found to
occur at T' = 0 above some critical value |.J;|, see Fig.
1 (the SQ and SC lattices) and Fig. 13 for d = oo (cf.
also preliminary results in [11, 12, 20]). The critical value
J. depends on the lattice structure, i.e., on the form of
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FIG. 2. The ground state plots of (a) the eta-pairing order parameter z, as a function of concentration n for several fixed
values of J/D: J/D = —0.25, J/D = —0.3, J/D = —0.4, J/D = —0.5; and (b) the eta—pairing order parameter z, and the
gap between the lower and higher quasiparticle band E;”i” as function of interaction J for several fixed values of n: n = 1.0,
n = 0.5, n =0.1. The E’g“m versus J lines are denoted with black squares (M, they are the same for all n). For n = 1 critical
point is at J. = 0. The lines for the case of the PK model without the Fock term are plotted with line styles defined in the
plot legend and respective effects of the Fock term are plotted as dotted lines. Results for the SQ lattice (D = 4¢).
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FIG. 3. The ground state plots of the eta—pairing order parameter z, as a function of (a) concentration n for several fixed
values of J/D: J/D = —0.2, J/D = —0.27, J/D = —0.33; and (b) the eta-pairing order parameter z, and the gap between the
lower and higher quasiparticle band E;"i” as function of interaction J for several fixed values of n: n = 0.1, n = 0.5, n = 0.95.
The E;”i" versus J lines are denoted with black squares (M, they are the same for all n). The lines for the case of the PK
model without the Fock term are plotted with a line styles defined in the plot legend and respective effects of the Fock term
are plotted as dotted lines. Results for the SC lattice (D = 6t).

the density of states D(e), as well as on the band fill-
ing n. In contrast to the s-wave case, the eta—pairing
phase do never exhibit standard BCS-like features. As
we find in Figs. 1 and 13, with increasing |1 — n|, the
T = 0 phase boundaries between the eta—pairing and N
state are shifted towards higher values of |J|. Thus, in
a certain range of interaction parameter J the transition
from the superconducting eta—phase to the N state can
be realized by changing the electron density. In partic-
ular, the strongest n-dependence is observed for the SQ
lattice, where at n = 1 due to the van Hove singularity
J. = 0 and the eta-pairing phase is stable for any J < 0.

In contrast, for the SC lattice and d = oo structures, |J;|
significantly depends on n only for low carriers concentra-
tion and never J. — 0. For SC lattice, in the case of the
PK model without the Fock term for 0.4 < n < 1.6, J,
does not depend on n, wheres in the case with the Fock
term, J. weakly depends on n, similarly as for d = oo
lattice, in the analogous range of n for the case of the
PK model without the Fock term. Notice that inclusion
of the the Fock term in to the PK model equations does
not change qualitatively the phase diagrams. The Fock
term reduces |J.| and the highest reduction is observed
at half-filling for the SC lattice and close to the middle



between the half-filled and empty (fully occupied) band
limits for the SQ lattice, for which the Fock term disap-
pears with n — 1.

For any fixed n, a second characteristic value of J < 0
(denoted as J.1) also exists and |J.i| > |J.|. For any
d-dimensional hypercubic lattices with NN hopping only
(except for Gaussian DOS for the d = oo lattice), |J.1| =
2t for any n (see also dotted line in Figs. 1 for semi-
elliptic DOS).

For |J| > |J.1| the ground state of the model is charac-
terized by a non-zero gap between the lower and higher
quasiparticle band, i.e., EJ"" = min E;" — max E, > 0
and by the order parameter taking its maximum value
(which is the same as in the zero-bandwidth limit [65—
67]) 2 = 51/n (2 —n) (see Figs. 2 and 3). We define
this state as the strong eta—pairing phase (in analogy
with the strong ferromagnet). On the other hand, for
|Je| < |J] < |Je| the gap EX™ < 0 and the order param-
eter z,, < xp**. Thus, we call this state as the weak eta—
pairing phase (analogous to the weak ferromagnet). At
J = Je, E;”i” = 0 and the smooth crossover between the

weak and strong eta—phase takes place. For E}"(T) < 0
the quasiparticle DOS in the eta-pairing state is finite for
arbitrary energy, but a local minimum in the DOS can
appear at the Fermi level and the system can exhibit
a pseudogap behavior [28]. The weak eta-phase is sta-
ble only within a restricted range of concentration and
within this phase EJ"™ < 0 at any T' < T.. The range
shrinks with decreasing |.J| and the eta-phase disappears
for J — J.. For NN hopping only, the E;"i” (T = 0) does
not depend on n. Thus, in the Figs. 2(b), 3(b) and 14(b)
(in Appendix B), the lines of E7""(.J) for different values
of n overlap, whereas each line for x,,(.J) ends (vanishes)
at different critical |J.|, which is dependent on n.

In Fig. 1 we also have marked the location of the
crossover to the Bose-Einstein Condensate (BEC) regime
(cf. Eq. (22)). For the SQ and SC lattices at T = 0,
the values of |J| at which the crossover occurs increase
with decreasing |1 — n|. Thus, in definite range of |J|
the crossover to BEC can be realized by changing the
electron density.

The ground state numerical results for the eta-pairing
order parameter x, as a function of n for several val-
ues of J/D are presented in Figs. 2(a) (SQ lattice) and
3(a) (SC lattice), whereas Figs. 2(b) (SQ lattice) and
3(b) (SC lattice) show x,, as a function of J (for several
representative values of n). Analogous plots for d = co
lattice (semi-elliptic DOS) are shown in Fig. 14. The
transition from the normal to the eta—phase at T = 0
is of the second order. When the ordered phase sets in
for |J| > |J|, the parameter z, continuously increases
till it attains its maximum value (dependent on n) in the
strong-eta regime. In the strong eta—pairing regime (i.e.,
|J| > |Je1| = 2t) the superconducting eta-phase is stable
within the whole range of concentration n (0 < n < 2).
In this regime, as we have mentioned earlier, the mag-
nitude of the order parameter x, assumes its maximum

value 2 = 14/n (2 —n). In the weak-eta regime (i.e.,

|J| < |Je1| = 2t) the eta—phase occurs only within a lim-
ited range of n, and the range shrinks with decreasing |J|.
The magnitude of parameter x, decreases with decreas-
ing |J| and n. Close to phase boundary the z, quickly
vanishes with J — J. and with n — n., except for the
SQ lattice, where at half-filling, due to van Hove singu-
larity in the DOS, parameter x, exponentially vanishes
with J — 0. As one can see in the presented plots for SQ
and SC lattices, the effects of the the Fock term does not
change qualitatively the plots with respect to the case
of the model equations without the Fock term. The ef-
fects vanish in the strong eta-pairing regime as well as at
half-filling for SQ lattice when J — 0. Moreover, in the
weak-eta phase they increase the value of =, and expand
the range of n occupied by the eta—phase.

2. Superconducting characteristics at T =0

In Figs. 4 and 5 (for the SQ and SC lattices, respec-
tively) the numerical results for the London penetration
depth (its inverse square value 1/A\?) and the critical field
(its square value H?) as a function of n and J for sev-
eral fixed values of J/D (D = zt) and n, respectively.
Both 1/)A? and H? monotonically decrease with decreas-
ing | J|, but the decrease of 1/\? is not smooth as opposed
to what has been found for s-wave pairing [10]. In the
case of s-phase both these quantities 1/\2, H?2 evolve
smoothly between the limit of weakly interacting single-
particle carriers and that of tightly bound pairs for any
n [10].

In the strong eta-pairing regime (|.J| > |Jo1|), the A =2
and H? are finite within the whole range of n (0 < n < 2).
The maximum values of these characteristics are attained
at half-filling. In this regime A\=2? and H? behave as ~ J
and \™2 ~ n(2 —n) for any n. At low density limit
A~2 ~ n. Such low density behaviour is similar to that
of fermions in the continuum. Notice that the strong
coupling behaviour of A~2 is similar to that found for
s-wave pairing in the PK model with attractive J (see
Figs. 1 and 2 of Ref. [10]).

In the weak eta—pairing regime, the linear decrease of
the H? and A~2 changes to exponential one (H2 and
A72 ~ exp(|J]|/D)) for the SQ lattice. In the case of
the SC lattice only H? exhibits the exponential decrease.
When approaching the phase boundary (between eta and
N phase) the H? vanishes, and A\~2 takes its lowest but
non-zero value.

The evolution of the Ginzburg-Landau (GL) coherence
length &1, and the Ginzburg ratio k = \/{gy, with n and
J are shown in Figs. 6 and 7 (for the SQ and SC lattices,
respectively).

Note a substantial variation of sy for both lattices,
with n and J when approaching the phase boundary.
&cr takes its minimum value at half-filling. The &g
decreases exponentially at J close to J. and goes to a
constant value £,, = \/%, the same for all n, at large J.

For the SQ lattice we observe a visible small irregularity
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in the monotonous evolution of {5y, versus J at weak-eta
to strong-eta crossover. The irregularity is not noticeable
in the plot for the SC lattice and does not occur in the
case of s-wave pairing (cf. Figs. 3 and 4 of Ref. [10]).
In the eta-phase, when approaching with J to the phase
boundary, the minimum found in the plot &y versus n
at n = 1 sharpens in the case of the SQ lattice, while for
the SC lattice for any J > J. the minimum is more flat.

The evolution of k versus J for SQ lattice in the eta-
phase is presented in Fig. 6(b). With increasing |J| after
initial rapid increase in the weak coupling regime, away
from the low density limit x passes through a round maxi-
mum and changes its monotonically at J = J.;. Forlow n
the Ginzburg ratio exhibits a small irregularity (“bump”)
at J = J. and then passes through a flat maximum.

For the SC lattice k evolving with J between weak and
strong coupling limits undergoes single round maximum
[cf. Fig. 7(b)]. Analogously to the s-phase, in the regime
J >> J., k monotonically decreases as k ~ /1/J for
both lattices considered.

The n-dependence of x differs substantially for s- and
eta- phases. For s—wave k sharply increases with [n—1| —
1 for any J [10], while for eta-phase this behaviour is ob-
served for both considered lattices, only in the strong—eta
regime. In the weak-eta phase x(n) sharply decreases to
zero with n approaching the eta-phase boundaries. In
this regime we find a round maximum in k versus J
plot at n = 1 for the SQ lattice. The maximum flat-
tens for J close to J., and gradually transforms into
a minimum with increasing J. In the case the of the
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SC structure x has a minimum at half-filling for any J,
and in the weak-eta regime flat maximums appear n the
proximity to transition to the N state. At 7'= 0 in the
strong coupling limit one finds universal n-dependence

K~ [n(2—n) V2

B. Finite-temperature diagrams and superfluid
characteristics

In Figs. 8,9, and 15 (for the SQ, SC and d = oo lat-
tices, respectively), we show the evolution of the Hartree—
Fock critical temperature T, versus n [panels (a)] and
versus J [panels (b)] for a few fixed values of J and n,
respectively. In the weak-eta pairing phase the T, # 0 is

restricted to a limited range of n and the range vanishes
with shrinking the eta-phase stability region with J —
Je. Close to J. with decreasing J the T, sharply drops
to zero, except for the case of SQ lattice at n = 1 (in this
case the T, drops to zero exponentially for |J| — 0) (cf.
Figs. 9b, 8b and 15b). In the strong coupling limit T,
becomes proportional to J for any electron concentration
as expected in ¢t — 0 limit [65, 66].

Analogously to the behaviour found for x, at T' = 0,
the effects of the the Fock term on T, does not change
qualitatively the plots of this characteristic with respect
to the case of the model equations without the Fock term.
The strongest influence of the term on 7 is observed for
small values of pairing strength, it decreases with increas-
ing |J| and vanishes for large |.J|. The Fock parameter
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p(T.) and band narrowing at T, for eta-pairing plotted
as a function of J/D for several fixed values of n for SC
lattice are shown in Fig. 10(a).

The energy gap EJ*", which exists at T = 0 for
|J]| > |Jc1|, is reduced with increasing T'. It vanishes at
some characteristic temperature which is denoted here
as Tp,. In Fig. 10(b), we present the dependencies of
T, and T, as a function of D/J for the SQ and SC lat-
tices (calculated at n = 1). As we see T, > T,,, except
for D/J = 0 (the atomic limit |65, 66]), and even for
the strong eta-pairing limit, there exists a range of tem-
peratures where the system exhibits a gapless behavior.
Notice that in the case of the SQ lattice due to van Hove
singularity T, — 0 at n = 1 only for D/J — —oc.

Decreasing temperature, the gap in the quasiparticle

energy spectrum appears at 7., but except d = oo it can-
not be associated with any real phase transition to a su-
perconducting state. The T, should be rather treated as
a reliable estimate of the pair formation temperature and
appearance of the pseudogap [21, 57, 58]. However, it is
by no means a rigorous borderline, since some pairing cor-
relations are present at all temperatures. In particular,
for d = 2 SQ lattice only at the critical temperature of
the K-T transition Tk, the phase coherence sets in and
the transition to a phase with bound vortex—antivortex
pairs occurs. Thus in the region between T, and Tk one
has a state of incoherent pairs. Except for the weak cou-
pling regime |J/t| << 1 and d = oo, a strong influence
of the phase fluctuations on the superconducting pairing
is found.
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In the strong eta-phase regime we estimate the upper
bound of the phase transition temperature Txr for d = 2
SQ lattice with the ground state value of superfluid stiff-
ness ps (helicity modulus) Eq. (21). This estimation
still allows for qualitative assessment of the K-T tem-
perature. With decreasing J/D the phase fluctuations
are becoming less significant and the 7, becomes reliable
upper bound estimation of the phase transition temper-
ature.

In Figs. 11 and 12 the plots of critical temperatures
T., Tk and Tkr/T. ratios versus n and J are presented
for a few fixed J/D and n, respectively. The difference
between T, and Tk attains its minimum at half-filling,
and it increases when moving away from n = 1 [Figs.
11(a) and 12(a)]. The K-T transition temperature Ty
can be much smaller than 7, and the highest reduction is
found at low carrier concentration. As we can notice from
Figs. 11(b) and 12(b), the effect of the phase fluctuations
on the superconducting pairing decreases with decreasing
1.

In the strong coupling regime the results obtained for
the eta-phase are qualitatively similar to those we have
found for s—wave pairing (cf. Figs. 7 and 8 of Ref. [10]).
In this limit for both types of superconducting orderings,
except for d = oo, there is strong impact on the phase
fluctuations on the superconducting pairing. The Tk
is much lower than T,.. The effects of the phase fluctua-
tions increase with increasing coupling and with decreas-
ing concentration. Moreover, for NN hopping only, the T,
and Tkt temperatures attain their maxima at n = 1 and
their plots are symmetric with respect tothe n -2 —n
transformation.

In the weak coupling limits the behaviour of the Tk
and 7T, versus the model parameters for both pairing
types can be much different. In the case of s-phase both
temperatures are finite for any n (0 < n < 2), while in

the case of the eta-phase Tk and T, versus n plots are
restricted to a limited range of n. Moreover, in the eta-
phase the both temperatures vanish with decreasing J at
finite value J., while for s-phase they are finite for any J
(0 < |J]).

IV. CONCLUDING REMARKS

The PK model can be considered as a simple effective
model for description of superconductors with short co-
herence length and with s—-wave (J > 0, condensate of
electron pairs with ¢ = 0) and eta—pairing (J < 0, con-
densate of electron pairs with ¢ = Q), including those
which form isotropic d = 3 structures as well as those
with layered (quasi d = 2) structures. For the model the
HFA is a rigorous theory in the d — oo limit.

For J < 0, the superconductivity is due to the eta-
pairing mechanism, where the on-site singlet pairs dis-
play off-diagonal long-range correlation with phase .
However, in the studied model, the pairing interaction
is in the form of intersite pair-hopping J interaction, not
of the on-site or inter-site density-density attraction as
in (extended) Hubbard models [2, 21]. The eta-pairing
can be also treated as a very peculiar case of the Fulde-
Ferrell-Larkin-Ovchinnikov phase with the largest possi-
ble ¢ = Q at the vertex of the first Brillouin zone [68, 69].
Note also that the eta-pairing states were originally intro-
duced for the mathematical purpose to solve the Hubbard
model analytically [70].

The properties of the PK model with repulsive J which
favours eta-pairing are qualitatively different from those
of the model with attractive J which stabilizes s—wave.
In the case of s-wave pairing (for J > 0) superconduct-
ing characteristics evolve smoothly between the limit of
weakly interacting single—particle carriers and that of
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tightly bound pairs [10]. The system in the eta-state
never exhibits standard BCS-like behaviour found in
limit of the weakly interacting single-particle s-wave car-
riers. As we have found, in contrast to the case of the
isotropic s—wave state, the transition into the eta—phase
(for J < 0) occurs only above some critical value |J;| (ex-
cept for the SQ lattice at n = 1). The critical value J,
depends on the lattice structure, i.e., on the form of the
density of states DOS, D(e), as well as on the band filling
n. Thus, for a given lattice structure in a definite range
of interaction parameter .J/¢ the transition from the su-
perconducting eta—phase to the N state can be realized
by changing n.

The second characteristic value J.; /¢, at which E;"m
goes to zero, marks the transition between the strong and
weak eta-pairing phases. At T' = 0, the strong eta-phase
is characterized by the gap between the lower and higher

quasiparticle band E™" > 0 and the order parameter
taking its maximal value z;'**, whereas in the weak eta-
pairing phase E;“i“ < 0and 0 <z, < z"*. For d-
dimensional hypercubic lattices with NN hopping only,
|Je1] = 2t for any n.

As we have found in the presented phase diagrams in a
certain range of interaction parameter J the eta-phase to
the normal phase transition can be realized by changing
n, and the strongest n-dependence is observed for the
SQ lattice. Due to the van Hove singularity at n = 1
in the SQ lattice J. = 0 and the eta-pairing phase can
be stable for any J < 0. In contrast, for the SC lat-
tice and d = oo structures, |J.| significantly depends on
concentration only for low n and never J. — 0. For d-
dimensional hypercubic lattices with NN hopping only
(except for Gaussian DOS for the d = oo lattice), the
second characteristic value of J < 0, |J.1| = 2t for any n.



On the presented diagrams we have also found the loca-
tion of the crossover to BEC regime and have shown that
the crossover can be achieved by changing (decreasing)
the electron density (n or 2 — n).

In the weak coupling regime the differences in thermo-
dynamic and electrodynamic properties between s- and
eta- pairing, are particularly pronounced. The weak eta-
phase exists only within a restricted range of n, while in
the AH with U < 0 and in the PK model with J > 0, the
s—wave pairing superconductivity can be stable at T'= 0
within the entire range of n for any coupling strength.

In the eta-phase the ground state inverse square value
of the London penetration depth (A\=2(T" = 0)) and H?
monotonically decrease with decreasing |J|. In the weak
eta-pairing regime, for the SQ lattice the linear decrease
of the both characteristics changes to exponential one
(H? and A2 ~ exp(|J|/D)). While in the case of the SC
lattice only H? exhibits exponential decrease. The strong
coupling behaviour of A=2 and H? are similar to that
found for s-wave pairing in the PK model with attractive
J (see also Figs. 1 and 2 of Ref. [10]). In this regime
these characteristics are finite within the whole range of
n (A™2 ~ n(2—n) for any n) and proportional to .J. They
achieve the maxima at half-filling and at low density are
proportional to n (similar behaviour to that found for
fermions in the continuum).

As concerns the coherence length &gy, (cf. Fig 3 and 4
of Ref. [10]), it substantially increases when approaching
the phase boundary, attains its minimum at half-filling
[see Figs 6(a) and Fig. 7(a)], and tends to a constant
value £, = \/%, the same for all n, at large J. For the
SQ lattice in the eta-phase we observe a visible small ir-
regularity in the monotonous evolution of £gp versus J
at weak-eta to strong-eta crossover. In the eta-phase for
the SC lattice the Ginzburg ratio, evolving with J un-
dergoes a single round maximum, similarly as for J > 0
[10]. For the SQ lattice the evolution of x with J is qual-
itatively different from the evolution for the SC lattice
and for the s-wave phase (cf. Figs. 6(b), 7(b) and Fig. 4
of Ref. [10]). In the case of the SQ lattice a minimum on
K versus J plot appears at the weak to strong eta-phase
Crossover.

In our studies we have demonstrated that in the strong
coupling limit |J| > 2t the electromagnetic and thermo-
dynamic properties of the eta-phase (for J < 0) become
similar to those of the s-phase (for J > 0). In this regime
the H2, 1/A? (0) and T, as well as Tk, become propor-
tional to | J|, the coherence length {1, tends to a constant
value a/v/2z, while the Ginzburg ratio k = \/égr, ~
1/1/1J], and the energy gap EM™ = |2J|, for any n.
With decreasing |J| /D, &g increases and becomes n-
dependent, going to infinity at J., i.e., at the border with
the N state. One finds also a few universal n-dependences
at T =0: H2 ~n(2—n) and k ~ [n(Z—n)]_l/Q, for
|J| > 2t, and A=2(0) ~ n (2 —n), for any |J| > 2t.

We found, that for the PK model the effects of the the
Fock term did not change qualitative characteristics of
the analysed ground state phase diagrams and the pa-
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rameters’ evolutions plots with respect to the case of the
model equations without the Fock term. Taking into ac-
count of the Fock term expanded the eta-phase stability
towards the lower values of |J|, and in the concentra-
tion space towards limits of occupancy. In the weak-eta
regime, it increased the value of the z, as well as the value
of T, especially for small values of pairing strength. The
influence of the Fock term on x, disappeared at strong
eta-phase, and for T, rapidly decreased with increasing
[J]-

By taking into account the phase fluctuations, one
finds that in the d = 2 PK model, for both considered
pairing types (eta and s), a new disordered phase be-
tween T, and Tk is possible, analogous to that found
in the AH model [21, 55-58] and in the models with in-
tersite density—density attraction [59-62]. In this state
a gap opens up in the fermionic spectrum, but pairs are
phase disordered. Whereas, the phase transition to the
superconducting states takes place at Tk, at which the
phase coherence sets in. As we found, in the strong-eta
coupling regime, the influence of phase fluctuations in-
crease with decreasing concentration. Moreover, for both
types of pairing in the PK model, the importance of the
phase fluctuations increases with increasing coupling (for
s—wave cf. Ref. [10]).

Considerations of the effects of on-site U on the super-
fluid characteristics of the model considered show that
attractive U (U < 0) expands the range of stability of
eta-phase at T = 0 towards lower values of |.J| [20]. Both
the s-phase and the eta-phase can survive also for repul-
sive values of U (0 < U < U.,).

In Figs. 11 and 12, for NN only hopping (t2 = 0), Tk
and T, are maximal at n = 1 and their plots are symmet-
ric with respect to the transformation n — 2 — n. The
next-nearest neigbour hopping to # 0 breaks this symme-
try and shifts the maxima of these critical temperatures
towards n < 1 (n > 1) for to < 0 (t2 > 0) (cf. Fig. 3
for eta-phase and Fig. 2 for s-wave pairing in Ref. [12]).
Moreover, ty can yield a substantial enhancement of the
maximal values of Txr and T, with respect to the case
to = 0, both for s-wave pairing as well as for eta-pairing
[12].

For t;; = 0 increasing repulsive U changes the nature
of the superconducting transition type from a continu-
ous to a discontinuous one, resulting in the tricritical
point. It also suppresses superconductivity for low |n—1|,
and causes the system to remain in a normal state for
U/|zJ| > 1 at any T and n (cf. Fig. 2 in Ref. [20] as
well as Refs. [65, 66]).

In order to further extend presented in this paper re-
sults in our forthcoming work we are going to present
investigation of the eta-superconducting ordering and its
competition with the magnetic phases in the Penson-
Kolb-Hubbard model for repulsive J (J < 0) and arbi-
trary electron density [2, 7, 16, 17, 28]. As it has been al-
ready done for the case of s-wave superconducting phase
[26, 71], in the further work we will analyse the effects of
the on-site Coulomb interactions U on the ordered phases



stability and eta-phase characteristics on the 2D, 3D and
infinite dimensional lattices. Some preliminary results in
the subject have been presented in Refs. [20, 72].

Appendix A: Explicit expressions for weak and
strong couplings

From Egs. (8) and (9) one gets
for any =z, #0

= 22l - 1), (A1)

and, in such a case, Eqs. (9) and (10) reduce to:

4X 1 B B -

o1~ 2 [ (571) e (5] 2

p= 8%\17 ny,; {tanh (gD%‘) + tanh <§D’g>] , (A3)
E

where D%E =€ & X and

1
X = §z|J| (1 —n)? + 42 (A4)
The minimum gap in the spectrum is
EJ"" =2X - B, (A5)

where B = 2zt denotes the effective bandwidth.
The equation determining 7t (x, — 0 limit) has the
form:

1 Be r
[n—1] = N Z r tanh [2 (e,;—i— §Z|J||1 —n|)] ,

E,r:il
(A6)

where 3. = (kpT.)~! with

-1 Be r
P=gy > qgtanh {2 (6E+2Z|J||1n|>} , (A7)

E,r:il

= (kB/Bm)_l

while the temperature T,
0 is determined by

z\JI Z rtanh [ﬁm ( - ’f)} . (A®)

r==+1

at which E;’”” —

for T, < T..
The ground state energy of the eta—phase (i.e., at T' =
0) is derived as

Eg = Fy (8 — o)

1 2 4.9 2
:§Z|J|(n—1) —|—;Jp + z|J |z,

(lew + X[+ [er — X1), (A9)

1
2N
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where z,, p, and X, are given by Eqs. (A2)-(A4) taken
for § — oco. At T'=0 for |J| > 2t (the strong eta-phase)
one obtains:

X = z|J| T, = \/n(2—n), p=0, (A10)
E;mn = z|J| —
E] = —iz|J\n(2 -n), (A11)

whereas for |J| < 2t (the weak eta-phase) one gets:

min
E; <0,
X2 B/2
El=—"12-2 D Al12
T By AU
1 4
i 124 22
+ galn = 12+ S,
where
2X /X
—_ = deD(e), A13
il B0 (A13)
X2 1
_ T 1)2
Ty \/Z|J|2 4(n 1)2. (A14)

For the strong eta-phase (i.e., |J| > 2t) one gets

K&(T = 0) = 0, whereas for weak eta-phase (i.e., for
|J| < 2t) one derives
: 8me? (Egin)
d in
Kt 7’a(T’ 0) h202 P ) (A15)
B/2
(Ekin) = —2/ eD(e)de, (A16)
b's
and X is given by Eq. (A10). Moreover, one finds
; 32me? | Jo|
dia _ 2
KT =0) = 122 5 In (A17)

where x,, is given by Eq. (A10) for J > 2¢ and by Eq.
(A14) for J < 2t.

It is worth to note that above expressions agree very
well with the corresponding results derived within the
MFA (and also the RPA) for the model of hard—core
charged bosons on a lattice (in the case of absence of
intersite boson repulsion) [73].

In the limit of tightly bound pairs (i.e., t = 0), Eqgs.
(8)—(10), (17)—(18), and (20) can be solved analytically
at T' = 0 for arbitrary electron concentration (and any
d), and the results are:

1 1
Ty =5 n(2 —n), unzi.]o(l—n), p=0,
8re? H2ad 1
-2 _ 57 _ c _ - _
ATE = 120 Jn(2 —n) 4an(2 n), (A18)
1
a he [J o2
= — — — 2 _
3els 5 T [zﬂ'an( n)]
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FIG. 13. The ground state phase boundaries between the eta—phase and the normal (N) state plotted for d = oo lattices. The

semi-elliptic (a) and the Gaussian (b) density of states used.

As it follows from numerical solutions of Eqs. (8)-
(10) (cf. also Fig. 11), for J/t > 1 (t=10,0 <n < 2)
calculating the asymptotic expressions for T, one obtains:

kT, = dJ(n—1) [m (2”71)} B :

In this case, numerical solutions of Eq. (19) for the Tk
(cf. Fig. 11) for d = 2 is well approximated by ps(0), i.e.,

ksTkr ~ Qps(0). (A19)

and using the expression for ps(0) = Jn(2 —n)/2 [ob-
tained from Egs. (20) and (A18)] one obtains

kBTKT = QJTL(2 — ’I’L)/2 (AQO)

As one sees, in the strong coupling limit, the ratio
Tkr/T. substantially depends on the band-filling. It is
maximal for n = 1 (cf. Fig. 12):

Tkr
(n

T (A21)

and decreases towards zero with the increase of |n — 1|:

TKT( )~ Qn(2”)1n< n >

T. T 4d (n—1) 2—n

(A22)

Appendix B: Results for d = co lattices

For the case of d = oo lattice, we present only the
most important results concerning the ground state and
the critical temperature, which are concluded in the main
text of the paper. Let us stress again that for the con-
sidered model with intersite interactions only, the HFA
becomes rigorous theory in the d = oo limit, and the
presented here results are exact ones.

The plots of the ground state phase boundaries be-
tween the eta—phase and the N state obtained for semi-
elliptic and Gaussian densities of states (DOS) are shown
in Fig. 13, whereas, in Figs. 14 and 15 we present, re-
spectively, the eta-pairing order parameter x,, energy
gap E;"m and the critical temperature T, as a function
of n and J*. The superconducting characteristics are
plotted for semi-elliptic DOS.

As we find in Figs. 1 and 13, with increasing |1—n/, the
ground state phase boundaries between the eta—pairing
and the N state are shifted towards higher values of |J|.
Thus, in a certain range of interaction parameter J the
transition from the superconducting eta—phase to the N
state can be realized by changing the electron density.
In particular, the strongest n-dependence is observed in
the case of SQ lattice, where at n = 1 due to the van
Hove singularity J. = 0 and the eta—pairing phase can
be stable for any J < 0.

In the following, we recapitulate the main features that
differentiate the case of d = oo lattices from the other
considered lattice structures. For d = oo lattice, except
for the ranges close to the limits of empty or fully occu-
pied band, J. weakly depends on n. This is in contrast
to the case of SC structure, where is constant in analo-
gous range of n and to SQ lattice, where J.. significantly
depends on n within the entire range of n. In the system
with NN hopping only, for the symmetric DOS structures
considered in this work (except for the d = oo lattices),
|Je1]| = 2t for any n.

In the weak eta—pairing phase, analogously as in cases
of SQ and SC lattice, for d = oo lattice with semi-elliptic
DOS for |J.| < |[J| < [Jer]: EJ*™ <0 and z, < 27" (in
the strong eta—phase x, = x;’“””) The weak eta—phase
is stable only within a restricted range of concentration,
and the range shrinks with decreasing |J| and disappears
for J — J.. On the other hand, in the case of d =
oo lattice with Gaussian DOS, with decreasing |J|, z,

monotonically decreases and the range of n occupied by
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J*/2t* = —1.0, while lines on panel (b) — for fixed n: n =0.1, n =0.5, and n = 1.

eta—phase shrinks [Fig. 13(b)] and finally vanishes at J,
(formally, in this case only the weak eta-phase occurs).
In Fig. 15 we plot the evolution of the T, versus n and
versus J for a few fixed values of J and n (cf. Figs. 8
and 9 for the SQ and SC lattices, respectively). In the
weak eta-pairing phase, analogously to the xz,, the T is
restricted to a limited range of n and the range gradually
vanishes with J — J.. In the strong coupling limit, for
the d = oo, T, ~ J as for the other considered lattices.

Appendix C: Densities of states used in the
numerical calculations

In this work, the intersite hopping ¢ is restricted to
nearest—neighbors. In such a case, density of states for

the SQ lattice (d = 2) is given by

D(€)ap = #K {1 - (;)1 , (C1)

if |e/4t] < 1 and zero otherwise, where K (z) denotes the
complete elliptic integral of the first kind. For d = 3 (i.e.,
the SC lattice) an analytic approximation of D(¢) is used
as calculated numerically in Ref. [74]. For this lattice,
also full numerical integration over the first Brillouin zone
was performed.

For the infinite dimensional lattices (d = o0), we con-
sider two different densities of states, namely: (i) the
semi-elliptic density of states in the form of

1
D(€)oon-B = (02 4(t*)2 — €2 for |e| <2t",

(C2)



and D(€)oop—p = 0 for |e| > 2¢*, which is the DOS
for the Bethe lattice (with z — o00), as well as (ii) the
Gaussian density of states defined by

D(G)OOD—G =

S o

which is the DOS of the hypercubic lattice in the d — oo
limit. For d = oo the renormalized parameters are t* =
tv/2d and J* = Jd (and z = 2d for hipercubic lattices)
[2, 10]. In this limit the Fock term is irrelevant because
the effective width of the band B.fy = Atd = 2t*V/2d +
4J*p/d and the second term vanishes for d — co. Note
that Eq. (C2) can be also considered as an approximation
of the DOS for the SC lattice.
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