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On Universal Schauder Bases in
Non-Archimedean Fréchet Spaces

Wiestaw Sliwa

Abstract. It is known that any non-archimedean Fréchet space of countable type is isomorphic to a
subspace of CON . In this paper we prove that there exists a non-archimedean Fréchet space U with a
basis (u,) such that any basis (x,) in a non-archimedean Fréchet space X is equivalent to a subbasis
(uy,,) of (1y). Then any non-archimedean Fréchet space with a basis is isomorphic to a complemented
subspace of U. In contrast to this, we show that a non-archimedean Fréchet space X with a basis (x,)
is isomorphic to a complemented subspace of cf\,\' if and only if X is isomorphic to one of the following
spaces: cp, co x KV, KN, c§. Finally, we prove that there is no nuclear non-archimedean Fréchet space
H with a basis (h,) such that any basis (y,) in a nuclear non-archimedean Fréchet space Y is equivalent
to a subbasis (hy, ) of (hy).

Introduction

108

In this paper all linear spaces are over a non-archimedean non-trivially valued field K
which is complete under the metric induced by the valuation | - |: K — [0, 00). For
fundamentals of locally convex Hausdorff spaces (lcs) and normed spaces we refer to
[5], [7] and [6]. Bases in locally convex spaces are studied in [1]—[4].

Any infinite-dimensional Banach space E of countable type is isomorphic to the
Banach space ¢, of all sequences in K converging to zero (with the sup-norm ||-||)([6],
Theorem 3.16), so E has a basis which is equivalent to the coordinate basis in ¢.

There exist Fréchet spaces of countable type without bases (see [9, Theorem 3]).
However, any infinite-dimensional Fréchet space E contains a closed subspace X with
a basis (x,) (see [8, Theorem 2]). Moreover, any infinite-dimensional Fréchet space
G of finite type is isomorphic to the Fréchet space K™ of all sequences in K with the
topology of pointwise convergence (see [3, Theorem 3.5]), so G has a basis which is
equivalent to the coordinate basis in K",

Let J be the family of all bases in Fréchet spaces and let Fy C F. A basis (u,) is
universal (respectively quasi-universal) for Fy if (u,) € Fy and any basis (x,) € Fy is
equivalent (respectively quasi-equivalent) to a subbasis (uy,) of (u,).

In this paper we study the existence and the uniqueness of universal bases for some
important subfamilies of &F.

First, we show that there exists a universal basis for the family F, of all bases in Ba-
nach spaces and any two universal bases for F;, are permutatively equivalent (Propo-
sition 1).
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Next, we prove that there is a universal basis for the family J, of all bases in Fréchet
spaces with continuous norms and any two universal bases for F, are permutatively
equivalent (Theorem 2). A similar result we also show for the family F (Theorem 6).

It is known that the Fréchet space ¢} is universal for the family of all Fréchet spaces
of countable type, that is, c}) is of countable type and any Fréchet space of countable
type is isomorphic to a subspace of ¢ (see [3, Remark 3.6]). We prove that a Fréchet
space E with a basis (x,) is isomorphic to a complemented subspace of ¢ if and only
if E is isomorphic to one of the following spaces: ¢y, o x KV, KV, ¢} (Theorem 7).
In contrast to this, if U is a Fréchet space with a basis which is universal for &, then
any Fréchet space with a basis is isomorphic to a complemented subspace of U. It
is unknown whether there exists a Fréchet space F of countable type such that any
Fréchet space of countable type is isomorphic to a complemented subspace of F. By
Remark 9 there is a Fréchet space X of countable type that is not isomorphic to any
complemented subspace of a Fréchet space with a basis.

Finally, we prove that there exists no quasi-universal basis for the family &, of all
bases in nuclear Fréchet spaces or for the family F,. of all bases in nuclear Fréchet
spaces with continuous norms (Theorem 10). In particular, there is no universal
basis for F,, or F,,..

Preliminaries

We will denote by N, Z, Q and R the sets of all positive integers, all integers, all
rational numbers and all real numbers, respectively.

The linear span of a subset A of a linear space E is denoted by lin A.

Let E, F be locally convex spaces. A map T: E — F is called a linear homeomor-
phism if T is linear, one-to-one, surjective and the maps T, T~! are continuous. E is
isomorphic to F (E ~ F) if there exists a linear homeomorphism T: E — F.

A Fréchet space is a metrizable complete Ics. A Banach space is a normable Fréchet
space. Every n-dimensional lcs is isomorphic to the Banach space K".

Let (x,) be a sequence in a Fréchet space E. The series >~ | x, is convergent in E
if and only if lim x,, = 0.

Let (x,) and (y,) be sequences in locally convex spaces E and F, respectively. We
say that:

(x,) is equivalent to (y,) if there is a linear homeomorphism T: lin(x,) —
lin(y,) such that Tx, = y, for all n € N; (x,) is permutatively equivalent to
(yn) if (x,) is equivalent to a permutation (¥()) of (y4); (x,) is semi equivalent
to (y,) if (x,) is equivalent to (o, y,) for some (a,) C (K\ {0}); (x,) is quasi-
equivalent to (y,) if (x,) is semi equivalent to a permutation (yr(») of (y,).

A sequence (x,) in a Fréchet space E is equivalent to a sequence (y,) in a Fréchet
space F if and only if there is a linear homeomorphism T between the closed linear
spans of (x,) and (y,,) such that Tx,, = y,, n € \.

A sequence (x,) in a lcs E is a basis in E if each x € E can be written uniquely as
x = Zflil anx, with (a,) C K. If additionally the coefficient functionals f,,: E — K,
x — «a, (n € N) are continuous, then (x,) is a Schauder basis in E.

A subsequence (x,) of a basis (x,) in a lcs E is a subbasis of (x,,).
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As in the real or complex case any basis in a Fréchet space is a Schauder basis (see
[4, Corollary 4.2]).

By a seminorm on a linear space E we mean a function p: E — [0, c0) such that
plax) = |a|p(x) forall @ € K, x € E and p(x + y) < max{p(x), p(y)} for all
x,y € E. Aseminorm p on Eisanormifker p:={x € E: p(x) =0} = {0}.

Two norms p, q on a linear space E are equivalent if there exist positive numbers
a, b such that ap(x) < q(x) < bp(x) for each x € E. Every two norms on a finite-
dimensional linear space are equivalent.

The set of all continuous seminorms on a metrizable Ics E is denoted by P(E). A
non-decreasing sequence (py) C P(E) is a base in P(E) if for every p € P(E) there
exists k € Nwith p < pi. A sequence (px) of norms on E is a base of norms in P(E)
if it is a base in P(E).

Any metrizable lcs E possesses a base (py) in P(E). Every metrizable lcs E with a
continuous norm has a base of norms (py) in P(E).

A metrizable lcs E is of finite type if dim(E/ ker p) < oo for any p € P(E), and of
countable type if E contains a linearly dense countable set.

Let p be a seminorm on a linear space E. A sequence (x,) C E is 1-orthogonal with
respect to p ifp(Z?:1 Qix;) = max,<i<, plaix;) foralln € N, oy, ..., 0, € K.

A sequence (x,) in a metrizable Ics E is 1-orthogonal with respect to (px) C P(E) if
(x,) is 1-orthogonal with respect to py for any k € N.

A sequence (x,) in a metrizable Ics E is orthogonal if it is 1-orthogonal with respect
to a base (py) in P(E). (In [6] a sequence (x,) in a normed space (E, ||| - |||) is called
orthogonal if it is 1-orthogonal with respect to the norm ||| - ||.)

A linearly dense orthogonal sequence of non-zero elements in a metrizable Ics E is
an orthogonal basis in E.

Every orthogonal basis in a metrizable Ics E is a Schauder basis in E (see [3, Propo-
sition 1.4]) and every Schauder basis in a Fréchet space F is an orthogonal basis in F
(see [3, Proposition 1.7]).

Let B = (by,,) be an infinite real matrix such that Vk,n € N : 0 < by, < bgyy e

The space K(B) = {(a,,) C K : lim, |a,|bx,, = 0 for all k € N} with the base of
norms (pr): pr((ay)) = kmax, |a,|br,, k € N, is called the Kthe space associated
with the matrix B. K(B) is a Fréchet space and the sequence (e,) of coordinate vectors
forms a basis in it (see [2, Proposition 2.2]). The coordinate basis (e, ) is 1-orthogonal
with respect to the base of norms (py).

Let E be a Fréchet space with a Schauder basis (x,) which is 1-orthogonal with
respect to a base of norms (py) in P(E). Then E is nuclear if and only if

Vk € NIm > k: im[pi(x,)/pm(x,)] =0

(see [2, Propositions 2.4 and 3.5]).

Results

We start with the following proposition.
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Proposition 1  There exists a universal basis (w,,) for the family F}, of all bases in Ba-
nach spaces. A basis (x,) € Fy is universal for Fy if and only if it is permutatively
equivalent to (wy,).

Proof It is easy to check that an orthogonal sequence (x,) in a Banach space
(X, Il - llx) is equivalent to an orthogonal sequence (y,,) in a Banach space (Y, ||| - [|Iy)
if and only if there exists a number A > 1 such that

V€ N: A lxulllx < [llyally < Allxallx.

Let {N; : t € Z} be a family of pairwise disjoint infinite subsets of N such that
U{N; : t € Z} = N. Let @ € K with || > 1. Denote by (e,) the coordinate basis in
co- Putw, = a'e, foralln € Ny, t € Z. Clearly, (w,) is a basis in ¢.

Let 7 be a permutation of N and let (y,) be a basis in a Banach space (Y, || - |||
We can choose an increasing sequence (k,) C N such that

VneNVte Z: [k, e '(N) < |af < |lyall < |af*].

Then Vi € N : |[wee) || < llyull < le| [[Wae,l|- It follows that (y,) is equivalent to
(Wr(k,))- Thus for any permutation 7 of N the basis (wy () in ¢ is universal for Fy,.
Hence any basis (x,) € J}, which is permutatively equivalent to (w,,) is universal for

Fp.

Now, let us assume that a basis (x,) in a Banach space (X, ||| - |||) is universal for F.
Then the basis (w,) is equivalent to a subbasis (x;,) of (x,). Thus there exists t, € N
such that

Ve N: a7 wal| < |llxs, ]|

< lof*[[wall.

Hence Vi € ZVn € N; : a7 < ||x,, || < |a|***. Therefore for any t € Z the set
M, = {n € N: |a|* < ||x,|| < |a|***V} is infinite. Let 7 be a permutation of N
such that

(M) = {n € N: |af* <|w,| <oV}, ez

Then Vn € N : |a|72|||x, || < [[Wam || < [a*[[lxa ][> s0 (x) is equivalent to (Wi (n)).
Thus (x,) is permutatively equivalent to (w,,). [ |

Now, we prove the following.

Theorem 2 There exists a universal basis (v,) for the family F. of all bases in Fréchet
spaces with continuous norms. A basis (x,) € F. is universal (respectively quasi-
universal) for F. if and only if (x,) is permutatively equivalent (respectively quasi-
equivalent) to (v,,).

Proof Forany m € Ntheset A, = {(x,...,x,) ER" : 0 =x < -+ < X}
is open in R™. Moreover, |J~ A, N Q™ = {d, : n € N} for some sequence
(d,). Assume that d, € Q™™ n € N. For every n € N there exists an increasing
sequence (bgﬁn),‘fil C Q such that (8° b0 ) = dn. Put B = (bg,n)‘ Let

Ins= m



112

Wieslaw Sliwa

(v,) be the coordinate basis in the Kothe space V. = K(B). For any m € N the set
Dy ={(®},,...,b),,) : n € N} is dense in A,,, since D,,, = A, N Q™.

Let F be a Fréchet space with a continuous norm and with a basis (y,). Then (y,)
is 1-orthogonal with respect to a base of norms (pi) in P(F). Put by, = pi(y,) for
k,n € N. For every m € N the set S,, = A, N HZLl(bk,m,Zbk’m) is open in A,.
Moreover, S, # @, since (tby p, - - -y t"bym) € Sy, for any ¢t € (1,2"/"1)) Hence
D,, N S,, is a dense subset of S,,, for all m € N.

Let 7 be a permutation of N (and (c,) C N). Then there exists an increasing
sequence (k,) C N (with k41 > ¢,,n € N) such that (b?m(kn)v .. "bg,w(kn)) € S,
n e N.

Then Vn € NV1 < i < n: b, < b, < 2bi,. Hence we get a; :=
sup,, (b1 /b .1,) < coand bj := sup,, (b} \/bj.) < oo forany j € N.

It follows that the basis (y,) is equivalent to the subbasis (v(x,)) of (Vz(n)). Indeed,
let T: lin(y,) — lin(v,)) be a linear map with Ty, = v,«x,), n € N. Clearly, T is a
bijection. Let (q;) be the standard base of norms in P(V'). Let j € Nand y € lin(y,).
Theny = >, aiy; forsomem € N, v, . .., iy € K. We have

. _ dp:(v:) < a; g, ) = g:g;
P;(}’) lgliagxm |041\P;(}’z) = aj ll%liagxm |0‘1|QJ(Vﬂ(k,)) ﬁ]q;(TJ’%

9;(Ty) = max |ctilqj(Va(k)) < b; max. lailpj(yi) = bjp;(y).

Therefore T is a linear homeomorphism.

Thus for any permutation 7 of N the basis (vr(,)) in V' is universal for F,. Hence
any basis (x,) € F. which is permutatively equivalent (respectively quasi-equivalent)
to (v,) is universal (respectively quasi-universal) for F,.

Now, let us assume that a basis (x,,) in a Fréchet space X with a continuous norm
is universal for .. We shall show that (x,) is permutatively equivalent to (v,).

Suppose that (x,) is 1-orthogonal with respect to a base of norms (r¢) in P(X).
The basis (v,) is equivalent to a subbasis (x¢,) of (x,). Put M = {k, : n € N} and
L = (N'\ M). Clearly, it is enough to consider the case when L # &.

Denote by G the closed linear span of {x,, : n € L}. Itis easy to show that the linear
space ¢o(G) = {(y») C G : limy, = 0} with the base of norms (r}) : r{((ys)) =
max, rx(y,), k € Nis a Fréchet space.

For an infinite countable set A we will denote by S(A) an arbitrary sequence (a,)
with {a, : n € N} = A such that a,, # a,, for all n,m € N with n # m.

Fori,j € N,n € Lputxy; = 0if j # i,and xj'; = x, if j = 7. Let x{' = ()72,
foralli € N, n € L. Set (s,,) = S({x : i € N,n € L}). It is easy to check that (s,,)
is a basis in the Fréchet space ¢y(G) which is permutatively equivalent to the basis
S({(x,,, 0);ne L} U{(0,s,):n € N}) in G X co(G).

The basis (s,) is equivalent to a subbasis (v,,,) of (v,). Hence (s,) is equivalent to
(%, ). Put W = {k,, : n € N} and K = (M \ W). Since W = [N\ (L UK)],
then (x,) is permutatively equivalent to the basis S( {(%4,0,0) : n € L} U{(0,s,,0) :
n € N}U{(0,0,x,) :n € K}) in G x ¢y(G) x H, where H is the closed linear span of
{xy : n € K}. ButS({(x,,0) : n € L}U{(0,s,) : n € N}) is permutatively equivalent
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to (xx,, ), s0 (x,) is permutatively equivalent to S( {(x0,0): ne WU {(0,x,) :n €
K}) Thus (x,) is permutatively equivalent to S({x, : n € M}). Hence (x,) is
permutatively equivalent to (v,,).

Similarly, one can show the following. If a basis (x,) in a Fréchet space X with a
continuous norm is quasi-universal for F,, then (x,) is quasi-equivalent to (v,). (In
this case (v,) is quasi-equivalent to a subbasis (x,) of (x,) and (s,,) is semi equivalent
to (x,, ) for some increasing sequence (m,) C N and some permutation 7 of N;
instead of W we take W' = {k.(;,) : n € N}.) [ |

From now on, (v,) is a universal basis for &, and V is a Fréchet space with the
basis (v,).
By the proof of Theorem 2 we obtain

Remark 3 For any (z,) € F, and any sequence (c,) C N there exists an increasing
sequence (k,) C Nwith k,; > ¢,, n € Nsuch that (z,) is equivalent to (vy,).

Clearly, any Fréchet space with a continuous norm and with a basis is isomorphic
to a complemented subspace of V. The following is also true.

Proposition 4  Let E be a Fréchet space with a continuous norm and with a basis. If any
Fréchet space with a continuous norm and with a basis is isomorphic to a complemented
subspace of E, then E is isomorphic to V.

Proof It is clear that the Fréchet spaces ¢y(E) and ¢;(V') have continuous norms and
bases (see the proof of Theorem 2). Moreover, E X co(E) and V x ¢y(V') are isomorphic
to ¢o(E) and ¢o(V'), respectively. Thus there exist Fréchet spaces G and H such that
V >~ co(E)xH ~ Exc(E)xH ~ ExV and E >~ ¢;(V)xG ~ V x¢(V)xG ~ V XE.
Hence E is isomorphic to V. [ ]

By the closed graph theorem (see [5, Theorem 2.49]) we get

Remark 5 Let (x,) be a basis in a Fréchet space E and (y,) a basis in a Fréchet
space F. Then the following conditions are equivalent:

(1) (x,) is equivalent to (y,);

(2) forany (,) C K the sequence (3,x,) is convergent to 0 in E if and only if the
sequence (3,y,) is convergent to 0 in F;

(3) for any (8,) C K the series 221 Bux, is convergent in E if and only if the
series Y 2 B3,y is convergent in F.

Using Remark 5 we shall prove the following.

Theorem 6 There exists a universal basis (u,) for the family F of all bases in Fréchet
spaces. A basis (x,) € J is universal (respectively quasi-universal) for I if and only if
(x,) is permutatively equivalent (respectively quasi-equivalent) to (u,).
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Proof Put U = VV. Assume that (v,) is 1-orthogonal with respect to a base of
norms (qx) in P(V). Set pk( (xn)) = kmax; <<k gx(x,) for (x,) € U, k € N. Clearly,
(px) is a base in P(U). For n,i,j € N we put vi; = 0if j # i, and Vi = vy if
j=1i. Letv} = (v;)52, forall n,i € N. It is easy to see that there exists a bijection
@: N x N — N such that the sequence (c,o(i, n)) :il is increasing for any i € N. Let
Uy(iny = v fori,n € N. Of course, (u,,) is a basis in U. Moreover, for any i € N the
subbasis (1 m)ae, of () is equivalent to (v,), so it is a universal basis for F. Put
M; = {¢(i,n) : n € N},i € N. Clearly, M; = {m € N : u,, € (ker p;_; \ ker p;)} for
i € N, where po(x) =0 forx € U.

Now, let us assume that (y,) is a basis in a Fréchet space Y. Then (y,) is 1-
orthogonal with respect to a base (rx) in P(Y). Let ro(y) = O for y € Y. Put
N = {n e N:y, € (kerri_; \ kerr;)} for i € N. Denote by W the set of all
i € N for which the set N; is infinite. For any i € W the sequence (y,,)men; is a basis
in the closed linear span Y; of {y,, : m € N;} and ,|Y; is a continuous norm on Y;.

Let 7 be a permutation of N. By the proof of Theorem 2 we can construct induc-
tively an increasing sequence (k,) C N with {n(k,) : n € N;} C M;,i € N, such
that (y,)nen; is equivalent to (4, (k,))nen; for any i € W. We shall prove that (y,) is
equivalent to (ur(k,)).

Let (8,) C K. Assume that lim, 3,5, = 0. Then lim,¢cy, B,y, = 0 foranyi € W.
By Remark 5, lim,en;, Bytirk,) = 0 for any i € W. We show that lim,, 8,1, = 0.
Suppose, by contradiction, that there exists a neighborhood M of 0 in U and an
increasing sequence (d,;,) C N such that (34, ux, )) C (U \ M). Then for anyi € N
the set {m € N : d,, € N;} is finite. Therefore for every i € N there is m; € N with
(Ao, © Uiy Nj. Hence (m(ky,)) € U My, 50 pi(Ba,incr,,)) = O
for all m,i € N with m > m;. It follows that lim,, 34, U, ) = 0, a contradiction.
Thus lim,, B, tx,) = 0.

Similarly, assuming that lim, 8,uyx,) = 0 we get lim,, 3,y, = 0. By Remark 5,
(yn) is equivalent to (ur(,)). Thus the basis (1()) in U is universal for F. Hence any
basis (x,) € F, which is permutatively equivalent (respectively quasi-equivalent) to
(uy), is universal (respectively quasi-universal) for F.

Now, let us assume that a basis (x,) in a Fréchet space X is universal (respectively
quasi-universal) for F. As in the proof of Theorem 2 one can show that (x,) is per-
mutatively equivalent (respectively quasi-equivalent) to (u,,). ]

The Fréchet spaces c)) and V" are universal for the family of all Fréchet spaces
of countable type. By Theorem 6 any Fréchet space with a basis is isomorphic to a
complemented subspace of VN, In contrast to this, we shall prove the following result
for c'.

Theorem 7 A Fréchet space X with a basis (x,,) is isomorphic to a complemented sub-
space of ¢ if and only if X is isomorphic to one of the following spaces: co, co x K,
KN, .

Proof Clearly, any Fréchet space, which is isomorphic to one of the following spaces:

o, o X KN, KN, CSV , s isomorphic to a complemented subspace of L‘ON .
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To prove the converse, let us denote by P a linear continuous projection from c})
onto a complemented subspace Y of ¢ which is isomorphic to X. Let (e,) be the
coordinate basis in ¢o. Forn,i,j € Nwepute]; =0if j # i,and ¢/; = ¢, if j = i.
Setel' = (ef';)72, forn,i € N. Let : N X N — N be a bijection. Put z, ) = e for
all n, k € N. Clearly, (z,) is a basis in ¢;. Let (y,) be a basis in Y. Denote by (f,) and
(hy,) the sequences of coefficient functionals associated with the bases (z,) and (y,),
respectively. Put g,(z) = h,(Pz) forn € Nand z € ¢'. Since

o3 hlr)|
k=1

1=g.(yn)| =

= |3 Awg@)| < max|fimgaal, neN,
k=1

then for any n € N there exists t, € N with | f;, (y,)g.(2:,)| > 1.

Put pk((a,,)) = kmax, < < ||a,| forall k € Nand (o) € ¢ Clearly, (py) is a
base in P(c;') and the basis (z,) is 1-orthogonal with respect to the base (py).

For any k € N there exist gx € P(cy') and s € N with pr < g < ps, and
qrx o P < p,, such that (y,) is 1-orthogonal with respect to qi. For all n,k € N we
obtain

(o (y)z,) < max pi( fiu(ymzm) = prlyn) < Ign(z,)| ™" maxqe(gm(z,)ym)

= |gn(z,)| 'k (Pz,) < po (fi,(yn)zs,) -

Hence

(%) pe( £ (vw)z,) < pe(yn) < po(fin(yw)z,) forallk,m € N.

Put r(y) = max, |hn(y)|pk(ﬁ”(yn)zt”) forkeN,yeY.

By (x), we get ri(y) < max, [hy(y)|ar(ys) = q(y) < po(p), and pr(y) <
maxy, ‘hn(y)‘pk()’n) < max, |hn()’)|Psk(ftn(yn)Ztn) = rsk(y)'

Thus (ry) is a base in P(Y). Put b, = (yu/fi,(yn)) > n € N. Clearly, (b,) is a basis
in Y which is 1-orthogonal with respect to (r). Let k,n € N. Since rx(b,) = pi(z:,),
then r¢(b,) = 0 or rx(b,) = k. Setro(y) =0fory € Y.

Put Ny = {n € N: b, € (kerri_; \ kerrp)}, k € N. Clearly, |J,~, Ny = N and
N;NN; =2 fori, j€ Nwithi # j.

Consider four cases:

Case1 Forsomek, € N wehave U],z“zl Ny =N: ThenVk > kyVn € N:r.(b,) = k.
Hence Y is normable, so it is isomorphic to ¢.

Case 2 Forany k € N the set Ni is finite: Letk € N. Since {b, : n € |J.5,,, Ni} C
ker ¢, then dim(Y / ker ry) < co. Thus Y is of finite type, so it is isomorphic to K.

Case 3 For some increasing sequence (i,) C Nthe sets N; , n € N, are infinite: Let

n € Nand ig = 0. Put M, = U;(":i Ny. Denote by Y, the closed linear span of

n—1+1
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{bj : j € M,}. Since rx(b;) = k for j € Ni, k € N, then r(b;) = k for j € M,, and
k > i,. Hence Y,, is normable, so it is isomorphic to co.

For any (a,) € [[2, Y, the series . ° a, is convergent in Y. Indeed, let k € N.
Since ry(b;) = 0 for j € Ni4, then ri(b;) = 0 for j € My, n € Nwithi, | > k.
Hence r¢(a,) = 0 for any n € N with i,_; > k. Thuslima, = 0.

Let T, be the natural projection from Y onto Y,, n € N. Clearly, y = >~ 2, T,y
for any y € Y. By the open mapping theorem ([5], Corollary 2.74), the continuous
map T: Y — [[2,Y,, y — (T,y) is an isomorphism. Thus Y is isomorphic to c} .

Case 4 For some ky € N the sets W, := Ui"zl N, W, = Uzkoﬂ N are infinite
and the sets Ny, k > ko, are finite: The closed linear span Z; of {b, : n € W} is
normable, since r;(b,) = i fori > ky and n € W;. Thus Z; is isomorphic to ¢;. The
closed linear span Z, of {b, : n € W, } is of finite type, since {b, : n € [ J;°,,, Nk} C
Z, Nkerr; for any i > ko. Thus Z, is isomorphic to KV. Hence Y is isomorphic to
Cy X H\(N |

For V" we have the following result (see the proof of Proposition 4).

Proposition 8 A Fréchet space E with a basis is isomorphic to V™ if and only if any
Fréchet space with a basis is isomorphic to a complemented subspace of E.

Remark 9 There exists a Fréchet space X of countable type which is is not isomor-
phic to any complemented subspace of V. Indeed, there is a nuclear Fréchet space
X with a continuous norm and without the bounded approximation property (see
[9, Theorem 11]). Since any complemented subspace of a Fréchet space with a basis
has the bounded approximation property, then X is not isomorphic to any comple-
mented subspace of V'V,

For bases in nuclear Fréchet spaces we shall prove the following.

Theorem 10  There is no quasi-universal basis for the family F,, of all bases in nuclear
Fréchet spaces or for the family F . of all bases in nuclear Fréchet spaces with continuous
norms.

Proof Let E be a nuclear Fréchet space with a basis (x,). Assume that E is not
of finite type. Then (x,) is 1-orthogonal with respect to a base (q) in P(E) with
dim(E/kerq;) = oo. Leti € N. Put N; = {n € N : gi(x,) > 0}. Clearly, the
closed linear span X; of {x, : n € N;} is an infinite-dimensional nuclear Fréchet
space and (x,)qcn; is a basis in X; which is 1-orthogonal with respect to the base of
norms (qx|X;)2; in P(X;). Therefore we have lim, ¢y, [gi(x,)/q;(x,)] = 0 for some
j > i. Thus we can construct inductively an increasing sequence (i) C N such that
lim,en, (9. (x4)/4i,., (x1)] = O for any k € N. Put p; = q;, and My = N;, fork € N.
Let a; j(n) = [pj(x4)/pi(xy)] for k,i,j € Nwithk < i < jand n € M;. Clearly,
limyep, a; j(n) = oo for k,i, j € Nwith k < i < j. Thus there exists an increasing
sequence (s,) C N such that for any n > 1 we have

(%) max max g¢;;j(m) < min min agg(m)
1<i<j<n meM(n) 1<k<n meMi(s,)
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where M(n) = {m € M, : m < n} and Mi(s,) = {i € My : i > s,} (we assume
that max@ = 0). Lett; = min{n € M, : s, > j} for j € N. Put b;; = pi(x;,)
foralli,j € N. Then 0 < b;; < by foralli,j € Nand lim;(b;;/bis1 ;) =
lim; a;il(tj) = 0 foranyi € N. Thus for B = (b; ;) the Kothe space K(B) is nuclear.
We shall show that the coordinate basis (e,) in K(B) is not quasi-equivalent to any
subbasis of (x,). Suppose, by contradiction, that (e,) is equivalent to (cv,xx,) for
some (a,) C (K\ {0}), some increasing sequence (k,) C N and some permutation 7
of N. Then there exists a linear homeomorphism T': lin(e,) — lin(xy,) with T(e,) =
Xk, for any n € N. By the continuity of T and T~! we obtain

Vm € N3Ju(m), v(m) € NVx € lin(e,) : pm(Tx) < rymy(x) < pymy(Tx)

where (r;) is the standard base of norms in ?(K (B)) . Clearly, we can assume that
u(m) < u(m+ 1) forany m € N.
ThenVm,n € N: pu(xc.,,) < rum(ay, 'en) < Puyimy (k). Thus

Vm, neN: [Pm(xkﬁ(n))/ru(m)(en)] é |a;l| S [Pv(m)(xkﬁ(n))/ru(m)(en)]~

Hence Vi, j,n € N: [pi(xx. )/ rui(en)] < [Py Kk )/ Tuti) (€n)]-
Since Vn € N : py (%)) > ruy(a;, tey) > 0, then {kq(s) : 1 € N} C M) and
Via jv neN: [ru(j)(en)/ru(i)(en)] > [pj(xkﬁ(n))/Pu(i) (Xkﬂ(”) )] Thus we have

(%) Vi, j, 1 € Nt ayiyui)(tn) = aviy,j(kegny)-

Let j = v(1) + 1 and n € M; with n > u(j). Since max{k,) : 1 < b <s,} > s,
there exists d € Nwith d <'s, < k4. Hence t; < nand ky) € M,)(s,). Thus by
(%) we get ay)u(j)(ta) < ayy,j(kr(a)), contrary to (xx).

It follows that the basis (x,) is not universal for &, or F,.. This completes the
proof, since any basis in a Fréchet space of finite type is not universal for F,,. ]
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