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Abstract

The aim of this thesis is to investigate several properties of composition operators and
weighted composition operators on the space of smooth functions, i.e., operators of the form
Cy : C*(Q) — C*(Q), F— Foy, or of the form Cy, : C*°(Q) — C*(Q), F— w-(Fovy), where
QcR? s open, C*°(Q) is the Fréchet space of smooth functions on Q, and the functions
v:Q—Q, w:Q — C are smooth. Those operators are very natural examples of operators
acting on the space of smooth functions, which is very important in analysis.

The first part of this dissertation is devoted to the question of for which smooth symbols
¥ : R — R the range of the composition operator Cy, is closed in C*(R). We present several
necessary and sufficient conditions for this property. In particular, we prove thatif ¢ : R — R
is a smooth semiproper function which has no flat points, then the range of Cy is closed.

The second part of this dissertation is devoted to the study of several dynamical proper-
ties of composition operators and weighted composition operators acting on C*°(Q2), where
Q c R? is open. We characterize hypercyclic (in case if the weight is real valued), weakly
mixing, and mixing weighted composition operators. As a by-product we obtain a charac-
terization of hypercyclic, weakly mixing, and mixing composition operators. Then we show
that those three classes of operators coincide in the one-dimensional case.

Streszczenie

Celem niniejszej rozprawy jest zbadanie kilku wlasnosci operatoré6w kompozycji i wago-
wych operator6w kompozycji dzialajacych na przestrzeni funkcji gltadkich, to jest, opera-
torow postaci Cy : C*(Q) — C*(Q), F — Fow, lub postaci Cy,y : C°(Q) — C*(Q), F —
w- (Fowy), gdzie Q c R? jest zbiorem otwartym, C*°(Q) jest przestrzenia Frécheta funkcji
gltadkich na Q, a funkcje v : Q — Q, w: Q — C sg gladkie. Operatory te sq bardzo natural-
nymi przyktadami operatoréw dziatajgcych na przestrzeni funkcji gladkich, ktora jest bardzo
waznym obiektem w analizie.

Pierwsza cze$¢ rozprawy poswiecona jest pytaniu dla jakich gtadkich funkcji ¢ : R — R
obraz operatora kompozycji Cy jest domkniety w C°(R). Podajemy kilka warunkéw ko-
niecznych i dostatecznych. W szczeg6lno$ci dowodzimy, ze jesli v : R — R jest gtadka funkcja
semiwtasciwg, ktéra nie ma punktéw plaskich, to obraz operatora kompozycji Cy, jest domk-
niety.

Druga czes$¢ rozprawy poswigcona jest badaniu kilku dynamicznych wtasnoSci opera-
tor6w kompozycji i wagowych operatoréw kompozycji dziatajacych na C®(Q), gdzie Q c R?
jest zbiorem otwartym. Charakteryzujemy hipercykliczne (w przypadku wag rzeczywistych),
slabo mieszajqce i mieszajace wagowe operatory kompozycji. Jako wniosek otrzymujemy
charakteryzacje hipercyklicznych, stabo mieszajacych i mieszajacych operatoré6w kompozy-
cji. Nastepnie pokazujemy, ze te trzy klasy operatoréw pokrywajg sie w przypadku jed-
nowymiarowym.
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Introduction

Let Q c R? be open and let C*®(Q) be the space of real or complex valued smooth functions
on Q2 endowed with the topology of uniform convergence on compact sets with respect to all
(partial) derivatives. This space is one of the most natural Fréchet spaces of classical analysis
- a natural environment for differential equations. The goal of this dissertation is to investi-
gate several properties of composition operators acting on C*((), i.e., operators of the form

Cy : C®(Q) — C®(Q), F— Foy,

where ¥ : Q — Q is smooth, and weighted composition operators on C*((}), i.e., operators
of the form
Cuy :CPQ) — C*(Q), F—~ w-(Foy),

where ¢ : Q — Q and w: Q — C are smooth.

Our first goal is to investigate for which one-dimensional smooth symbols ¢ : R — R the
range of the composition operator Cy : C*(R) — C*°(R), F — Fow, is closed, i.e., when the
set

ImCy :={Foy:FeC®R)}

is closed in C*(R). Let us observe that ImCy, is a subalgebra of C*°(R). Let us also note
that from the Open Mapping Theorem for Fréchet spaces it follows that the operator Cy, has
closed range if and only if it is open onto its image.

Our second goal is to investigate several dynamical properties of the weighted composi-
tion operator Cy,y : C*(Q) — C*(Q), F— w-(Foy), i.e., we want to know for which smooth
functions ¥ : Q — Q and w : Q — C this operator is hypercyclic, weakly mixing, mixing, or
chaotic.

Below we present the state of the art of those two problems and we describe our contri-
butions to those topics. Since both those problems are quite different, we divide this survey
into two parts. After presenting the historical background, we will briefly describe the con-
tent of this dissertation.
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Closed range composition operators

The beginning of the study of closed range composition operators acting on the spaces of
smooth functions goes back to a nice result of Whitney who proved in 1943 the following
theorem (see [48]).

Theorem. (Whitney) Let f : R — R be a smooth and even function. Then there exists a smooth
function F : R — R such that
fx) = F(x?) foreveryx e R.

Since the subspace of even functions is closed in C*°(R), this result is equivalent with the
statement that the composition operator Cy, : C*°(R) — C*(R), where y(x) = x2, has closed
range.

Let now U c R", V < R™ be open sets and let  : U — V be a smooth function. Please
recall that, by definition, ¥ is a semiproper function if for every compact set K c V there
exists a compact set L < U such that K ny(U) c w(L). From the very beginning it was well-
known that if the range of the composition operator Cy : C*°(V) — C*(U), F — Foy, is
closed, then ¥ must be a semiproper function (see [13, Prop. 1.4.1] without a proof, for the
proof see [33, Prop. 2.9]).

An important contribution to the problem of deciding if the range of a composition ope-
rator is closed was made by Glaeser in [25]. His result can be formulated in the following
way. Let us emphasize that in this theorem the symbol of the composition operator is a real
analytic function.

Theorem. (Glaeser) Let U c R", V < R™ be open, wheren < m. Lety : U — V be a semiproper
real analytic function. If the rank of the Jacobian matrix of v is equal to n on a dense open
subset of U, then the composition operator Cy, : C*°(V) — C*°(U), F — Fo, has closed range.

As an immediate consequence of this theorem we can deduce the following corollary.

Corollary. Lety : R — R be a real analytic function. The range of the composition operator
Cy : C®[R) — C*(R), F— Fou, is closed if and only ify is semiproper.

Please note that Glaeser in [25] observed that for 1 : R — R defined via the formula
_1

yx) = {eXp( &) x#0,

0, x=0,

we have that

V¥ =ImCy\ImCy.
Since v is a semiproper function, this example shows that the semiproperness of a smooth
function ¢ : R — R is not a sufficient condition for Cy, : C*°(R) — C*°(R) to have closed range.



Introduction 3

Let us note that the idea from Glaeser example, to use the square root when investigating the
closedness of the range of the composition operator, plays a significant role in this disserta-
tion (see, e.g., the proof of Theorem 2.4.1).

The problem of deciding for which real analytic functions ¢ the range of the composi-
tion operator Cy, is closed was finally solved by Bierstone and Milman [8, 10, 11] and Bier-
stone, Milman and Pawtucki [12]. They have related the problem of closedness of the range
of the composition operator C, with some geometrical properties of the image of the sym-
bol. In fact, the property of the closed range of a composition operator corresponding to a
semiproper real analytic symbol ¢ depends only on the image of ¥ (see [12, Cor. 1.5]), which
is a closed subanalytic set (for the theory of semianalytic and subanalytic sets we refer to [9]).

Let now X c R? be arbitrary. By C*(X) we denote the space of those real valued functions
on X which can be extended to a smooth function on R%, and by C (*) (X) we denote the space
of those real valued functions on X which can be extended to a C* function on R?, for each
k € N. It is obvious that we always have the inclusion

C®(X) c C(X).

Surprisingly, the above inclusion may be strict (see [43] for an example of a set in R? for which
the above inclusion is strict, see [42] for an example of a subanalytic set in R®> which has the
same property). For a detailed information for which sets the equality C*(X) = C(X)
holds we refer to [42]. Let us just note that this is true if, for example, X c R or if X is from
the class of Nash subanalytic sets.

The following deep theorem gives a characterization of closed range composition opera-
tors corresponding to real analytic symbols (see [11, Theorem 1.13], where several other
equivalent characterizations are described).

Theorem. (Bierstone, Milman, Pawtucki) Let U cR", V cR™ be open and lety :U — V bea
semiproper real analytic function. The composition operator Cy, : C*°(V) — C*(U), F — Fovy,
has closed range if and only if

C®(y(U)) = C™ (y ().

In particular, this is so when v (U) is semianalytic.

The above result shows that the study of closed range composition operators leads to a
better understanding of the space of smooth functions and its elements.

In the general case, when the symbol of the composition operator Cy, is only smooth, the
situation seems to be far more difficult and the characterization of closed range composition
operators is not known. Probably the most important step towards such a characterization
is a better understanding what kind of functions can be in the closure of the image of the
composition operator. A big step in this direction was made by Allan et al. (see [3], see also
[2] and [4]). They showed that for injective w : R — R% a function f is in the closure of the
image of Cy ifand only if at every point it has the "right kind" of Taylor series, i.e., they proved
the following theorem.
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Theorem. (Allan, Kakiko, O’Farell, Watson) Lety : R — R4 be smooth and injective. Then
ImC, ={feC®):VacRIFe CORY) V20 {7 (@) = (Foy)™ (@)}.

It is well-known that the proper non injective analogue of the set from the right hand side
of the equality in the theorem above should be the set

mC, := {f € C®°[R): Vb e w(R) IFy € C°RY) Vaey  (b)Vn=0 fP(a) = (Fbou/)(”)(a)}.

Unfortunately, for an arbitrary smooth 1 : R — R? we only know that Im Cy < Ir/n?u, (see, e.g.,
[2, Cor. 5]).

Please note that Tougeron in [47] showed that if ¥ : R” — R" is a real analytic function,
then ImCy, = m,, (with the analogous definition of m for many variables).

Let us also note that there is a similar description of the closure of an arbitrary ideal
contained in the space of smooth functions (see the paper of Whitney [49], or the book of
Malgrange [37]).

In 2011 Kenessey and Wengenroth [34], using the above results of Allan et al., obtained
the following full characterization of composition operators with closed range correspond-
ing to smooth injective symbols 7 : R — R%,

Theorem. (Kenessey, Wengenroth) Let v : R — R? be a smooth and injective function. The
composition operator Cy, : C®([RY) — C®(R), F — Fow, has closed range if and only ify is
semiproper, has Whitney regular image and has no flat points.

Please note that a point x is called a flat point of a function ¥ = (y4,...,¥4) :R— R4 if for
every 1 < i < d all derivatives of the function v; vanish at x. Please also note that Whitney
regularity of a set, which appears in the theorem above, is a geometrical property and in case
if v : R — Rit s trivially satisfied for v (R). Thus, the following corollary is true.

Corollary. Let v : R — R be a smooth and injective. Then the composition operator Cy, :
C®([R%) — C®(R), F— F o, has closed range if and only if y is a semiproper function which
has no flat points.

The above result shows that in the smooth case the property of the composition operator
Cy to have closed range depends not only on the properties of the image of . Indeed, if
¥ :R— Ris defined as ¥ (x) = x and if ¢, : R — R is defined as

sgn(x) - exp (—%), x#0,

0, x=0,

Pa(x) ={

then y1 (R) = y2(R), the range of Cy, is closed, and the range of Cy, is not closed.
Furthermore, Kenessey in [33] obtained some specific sufficient and necessary condi-
tions for Cy, to have closed range, where ¢ : R" — R™ is a smooth and injective function.
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Finally, let us note that question about the closed range of a composition operator was
also extensively studied, when the underlying space is a suitable space of holomorphic func-
tions, or the space of real analytic functions (see, for example, the books of Cowen, MacCluer
[18], and Shapiro [46], papers of Zorboska [52], [53] for closed range composition operators
on various spaces of holomorphic functions, and papers of Domariski and Langenbruch [21],
[22], [23], Domarniski, Golinski and Langenbruch [20] for closed range composition operators
on the the space of real analytic functions).

In this dissertation we obtain some sufficient and necessary conditions for the closed
range of the composition operator Cy : C*°(R) — C*°(R), F — Fowy, where ¢ : R — Ris a
smooth, not necessary injective, function.

For the sufficiency part we prove, using ideas of Kenessey and Wengenroth, the following
result (see Theorem 2.2.3). Please note that by the fiber of ¥ over b we mean the set 1//_1 (bh).

Theorem. Lety : R — R be a smooth semiproper function which satisfies the following condi-
tions:

1. Every fiber of w over a boundary point of w(R) contains a non-flat point.

2. Every fiber of w over an interior point of w(R) contains either a non-flat non extreme
point or both a non-flat local minimum and a non-flat local maximum.

Then

As an immediate consequence of this result we obtain that if ¢ : R — R is a smooth
semiproper function without flat points, then the range of the operator Cy, : C*°(R) — C*(R),
F — Fouw,is closed (see Corollary 2.2.6). Thus, our theorem extends the sufficiency parts of
the results of Glaeser and Kenessey and Wengenroth in case if ¢ : R — R.

Let us now note that if a not constant, smooth, and semiproper function ¢ : R — R does
not satisfy the conditions of our theorem above, then there exists b € ¥(R) such that the
boundary of the set {x € R: ¢ (x) > b} or the boundary of the set {x € R: ¥ (x) < b} is nonempty
and contains only flat points. We strongly believe that in this case the range of the compo-
sition operator Cy, is not closed. Unfortunately, we were not able to show that this is true.
We only managed to prove the following weaker result (see Theorem 2.4.1). Please note
that a point xy is called a nice flat point of a smooth function ¥ : R — R if for every n = 1
and every 0 < 0 < 1 there is a neighbourhood U of xy such that for every x € U we have
|w(”) (x)| < |w(x) — Y (xo) |9. Let us emphasize that the most standard examples of flat points
of smooth functions are in fact nice flat points (see Example 2.3.8), however there are exam-
ples of smooth functions which posses a flat point which is not a nice flat point (see Example
2.3.10).

Theorem. Let y : R — R be smooth. If there exists b € ¢ (R) such that the boundary of the
set {x € R:y(x) > b} or the boundary of the set {x € R: w(x) < b} is nonempty and contains
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only nice flat points of v, then the range of the composition operator Cy, : C*°([R) — C™(R),
F — Fouw, is not closed.

Connecting our both results, we obtain the following characterization of closed range
composition operators in a special case (see Corollary 2.4.3).

Corollary. Let ¢ : R — R be a smooth function such that every flat point of v is a nice flat
point of y. The range of the composition operator Cy : C*(R) — C*(R), F — Fow, is closed
if and only if v is a semiproper function which is ether constant or it satisfies the following
conditions

1. Every fiber of w over a boundary point of w(R) contains a non-flat point.

2. Every fiber of w over an interior point of w(R) contains either a non-flat non extreme
point or both a non-flat local minimum and a non-flat local maximum.

At first glance, the notion of a nice flat point seems to be not natural, however we were
able to prove the following result which shows that those points are very important in study-
ing the smoothness of roots of smooth functions (please note that this result is a crucial
ingredient in the proof of our necessary condition for Cy, to have closed range).

Theorem. Let g : R — R be smooth. The function |g|? is smooth for every 0 < 0 < 1 ifand only
if every point xo € g~ ({0}) is a nice flat point of g.

Let us note that in general, the square root of a smooth nonnegative function g is not
smooth even if the function g is flat on the set g~!({0}). The first example of such a situation
was indicated by Glaeser (see [26]). For further information about the regularity of the square
root of a smooth function we refer to [1, 17].

Finally, let us note that the proof of our necessary condition (Theorem 2.2.3) was already
published (see [40]). Let us also note that the author of this thesis has also published a pa-
per (see [41]), where he claims to give a full characterization of closed range composition
operators corresponding to one-dimensional smooth symbols. Unfortunately, that papers
contains a major error (to be more precise, [41, Lemma 2.3 and Lemma 2.4] are not correct).
At this moment it is not clear if the main result stated there is true. Although, in this thesis
we use a lot of ideas contained in that paper.

Dynamical properties of composition operators and weighted
composition operators

The second part of our thesis is devoted to the study of dynamical properties of composition
operators and weighted composition operators on the space of smooth functions. This part
of our research belongs to linear dynamics, a fascinating and beautiful branch of functional
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analysis. As the name indicates, linear dynamics is a theory which investigates the behaviour
of iterates of linear transformations. Let us briefly recall basics concepts of this theory.

Let X be a Fréchet space and let T : X — X be an operator (i.e, linear and continuous).
For every n = 1 the operator 7" : X — X is defined as the n-th iterate of T, i.e,

T"=To---0T.

n times

One of the most fundamental notions in linear dynamics are hypercyclic operators. An ope-
rator T': X — X is called hypercyclic if there exists x € X such that the set

orb(x, T):={T"(x):n=1}

is dense in X. Such an x is called a hypercyclic vector of T. By the famous Birkhoff’s Transi-
tivity Theorem (see Theorem 1.2.4), an operator T on a Fréchet space X is hypercyclic if and
only if it is topologically transitive, i.e., for every two nonempty open sets U,V c X there is
n € N such that T"(U)nV# @. Other interesting classes of operators investigated by linear
dynamics are weakly mixing, mixing, or chaotic operators (for the definitions of those no-
tions we refer to the Preliminaries of this dissertation, we also refer to two recently published
monographs [7, 30] for a great exposition of the subject of linear dynamics).

Let us note that the notion of a hypercyclic operator is closely related with the famous
invariant subspace problem, which is still open. This problem asks if every operator T on a
Hilbert space H posses a closed non-trivial invariant subspace, i.e., if there is a closed non-
trivial subspace H; of H such that T(H;) c H,;. Please observe that if every non-zero vector
x € H is a hypercyclic vector of T, then T does not have a non-trivial invariant subspace (it
even does not have a non-trivial invariant subset). It is well known that the invariant sub-
space problem has a negative answer in the Banach space setting (see the paper of Enflo [24]
and the paper of Read [44], where he constructs an operator on /;, for which every non-zero
vector is hypercyclic). Let us also mention the paper of Golinski [28], where, for example,
he constructs an operator on the Schwartz space of rapidly decreasing functions for which
every non-zero vector is hypercyclic.

At first glance, hypercyclicity of an operator seems to be an extremely rare property. Let
us note that it is well-known that there are no hypercyclic operators acting on finite dimen-
sional spaces (see [30, Theorem 2.58]). However, in the infinite dimensional setting, there are
plenty of natural examples of hypercyclic operators. Below we list the three classical ones.
Please note that it is known that for every infinite dimensional separable Fréchet space there
exists a hypercyclic operator acting on it (see [6, 16]).

A fundamental example of a hypercyclic operator is due to Rolewicz, who proved in [45]
that the operator AB, where |A| > 1 and B is the backward shift, is a hypercyclic operator on
the [,, spaces. The second example is due to Birkhoff [14], who showed that the translation
operator on the space of entire functions on the complex plain is hypercyclic. The third one is
due to MacLane [36], generalized by Godefroy and Shapiro [27]. They proved that differential
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operators with constant coefficients on the space of entire functions are hypercyclic. Let
us notice that all the mentioned operators are even mixing and chaotic (for details see, for
example, the book of Grosse-Erdmann and Peris [30]).

Let us now observe that the translation operator investigated by Birkhoff is a particular
case of a composition operator (on the space of entire functions). Simple arguments from
linear dynamics allow us to transfer Birkhoff’s result to the smooth case, i.e., to show that
the composition operator Cy : C*°(R) — C*(R) with the symbol y(x) = (x + b), where b a
non-zero real number, is hypercyclic, mixing, and even chaotic.

There is an extensive literature devoted to various dynamical properties of (weighted)
composition operators on many types of spaces of functions, we only mention some of it.
In [15], Bonet and Domanski obtained, among other results, a characterization of topologi-
cally transitive composition operators acting on the space of real analytic functions. Grosse-
Erdmann and Mortini (see [29]) characterized hypercyclic composition operators acting on
the space of holomorphic functions H(Q), where QO c C is open. This was later on gene-
ralized by Zajac [51], who obtained a characterization of hypercyclic composition operators
acting on H(Q), where Q c C% is a domain of holomorphy, or if it is even a Stein manifold.
There are results about dynamical properties of composition operators acting on L spaces
and spaces of continuous functions due to Kalmes [31]. Moreover, Kalmes and Niess [32]
obtained results about dynamical properties of composition operators on the kernels of non
constant linear partial differential equations (for instance for harmonic functions). Finally,
let us mention the paper [50] of Yousefi and Rezaei, where they investigate hypercyclicity of
weighted composition operators on the space of holomorphic functions. To our best know-
ledge, there are no results about dynamical properties of (weighted) composition operators
on the space of smooth functions.

To give a feeling what is going on in this area, let us state two results about the dynamical
behaviour of composition operators on the spaces of holomorphic functions. The first result
is due to Grosse-Erdmann and Mortini [29].

Theorem. (Grosse-Erdmann, Mortini) Let Q) c C be open and let v : QO — Q be a bijective
holomorphic function.

1. IfQ is finitely connected but not simply connected, then the composition operator Cy, :
H(Q) — H(Q), F— Fow, is never hypercyclic.

2. If Q is simply connected or infinitely connected, then the composition operator Cy :
H(Q) — H(Q), F — Fouw, is hypercyclic if and only if the function v has the run-away
property, i.e., for every compact set K c Q) there is n € N such that KNy ,(K) = @.

We will see in a moment that in the smooth case the dynamical behaviour of the weighted
composition operator Cy,y : C*(Q2) — C*(Q2) does not depend on the topological properties
of Q. We will also see that in the smooth case the run-away property of the symbol of the
operator plays a crucial role.
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The following result is due to Shapiro (see, e.g, [30, Theorem 4.37]).

Theorem. (Shapiro) Let Q) c C be simply connected and let v : QO — Q be a bijective holomor-
phic function. The following conditions are equivalent.

(1) The composition operator Cy, : H(Q) — H(Q), F— Fow, is hypercyclic.
(2) The composition operator Cu, :H(Q) — H(Q), F— Fov, is mixing.

(3) The composition operator Cy, : H(Q) — H(Q), F — Fow, is chaotic.

(4) The function ¥ has the run-away property.

(5) The function ¥ has no fixed points.

The second goal of this dissertation is to investigate various dynamical properties of the
weighted composition operator Cy,y : C*°(Q) — C*(Q), F— w-(Foy), where Q c R is open
and the functions ¢ : Q — Q, w: QO — C are smooth. As noted above, to our best knowledge,
previously the results about those properties were not known. Let us also note, that in our
study we use several techniques and ideas, which were developed in the study of dynamical
properties of composition operators on other spaces of functions.

The main results of this part of our dissertation are Theorem 3.2.6, Corollary 3.2.7, Theo-
rem 3.2.9, and Theorem 3.4.4. In Theorem 3.2.6 we obtain the following full characterization
of weakly mixing weighted composition operators. Let us emphasize, that in this context,
the run-away property of the symbol of the operator plays a crucial role (as in the mentioned
above theorem due to Grosse-Erdmann and Mortini). Please not that by [y’ (x)] we denote
the Jacobian matrix of y at x.

Theorem. Let Q c R? be open and lety : Q — Q, w: Q — C be smooth. The weighted com-
position operator Cy,y : C*(Q) — C*(Q), F — w- (F o), is weakly mixing if and only if the
following conditions are satisfied:

1. For every x € Q we have that w(x) # 0.

2. The function y is injective.

3. For every x € Q we have that det[y'(x)] # 0.
4. The function v has the run-away property.

Unfortunately, we were not able to fully characterize those weighted composition opera-
tors which are hypercyclic. We only managed to find the following full description of hyper-
cyclic operators Cy,y under an additional assumption that the function w is real valued (see
Corollary 3.2.7).
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Corollary. LetQ c R? be open and lety : Q — Q, w: Q — R be smooth. The following condi-
tions are equivalent:

(1) The operator Cy,y : C*(Q) — C®(Q), F — w- (F o), is weakly mixing.
(2) The operator Cy,y : C*(Q) — C®(Q), F — w- (Fow), is hypercyclic.
(3) The following conditions are satisfied:

* For every x € Q we have w(x) # 0.
* The function v is injective.
* Forevery x € Q we have det[y' (x)] # 0.
* The function v has the run-away property.
In Theorem 3.2.9 we give the following characterization of mixing weighted composition

operators. Please note that a smooth function ¥ : Q — Q has the strong run-away property if
for every compact set K < Q) there is N € N such that for every n = N we have v, (K) N K = @.

Theorem. LetQ c R% be open and lety : Q — Q, w: Q — C be smooth. The weighted compo-
sition operator Cyy : C*(Q) — C*(Q), F — w- (Fov), is mixing if and only if the following
conditions are satisfied:

1. For every x € Q we have w(x) # 0.

2. The function y is injective.

3. Forevery x € Q we have det[y/'(x)] # 0.

4. The function v has the strong run-away property.

Unfortunately, we were not able to decide if, in general, every hypercyclic (or weakly mix-
ing) weighted composition operator on the space of smooth functions is automatically mix-
ing (in order to prove this, one has to show that every smooth injective function which has
the run-away property also has the strong run-away property). However, we managed to
show the following result (see Theorem 3.4.4), which shows that all mentioned dynamical
properties of weighted composition operators coincide in the one-dimensional case.

Theorem. Lety :R — R, w:R — C be smooth and assume that w(x) # 0 for every x € R. The
following conditions are equivalent:

(1) The operator Cy,y : C*([R) — C*(R), F— w- (F o) is hypercyclic.
(2) The operator Cy,y : C*°([R) — C*(R), F— w- (F o), is weakly mixing.

(3) The operator Cy,y : C*°(R) — C*(R), F— w- (F o), is mixing.
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(4) The operator Cyy : C*°[R) — C*(R), F— w- (Fov), is chaotic.
(5) For all x € R we havey'(x) # 0 and v has the run-away property.
(6) Forall x € R we havey'(x) # 0 and v has the strong run-away property.

(7) Forall x € R we havey'(x) # 0 and v has no fixed points.

Content of the dissertation

This dissertation is divided into 3 chapters. In the first chapter we establish notation and we
present some, well-known by now, results which will be useful for our purposes.

The second chapter is devoted to the question of for which smooth symbols ¥ : R — R
the composition operator Cy, : C*(R) — C*(R), F — Fo, has closed range. In Section 2.1
we recall the notion of a semiproper function and we give a different proof of a well-known
fact saying that semiproperness of v is a necessary condition for Cy to have closed range
(see Proposition 2.1.6). In the next section we give a sufficient condition ensuring that the
operator Cy has closed range (see Theorem 2.2.3). As a consequence of this result we obtain
that if  : R — R is a smooth semiproper function without flat points, then the range of C,,
is closed (see Corollary 2.2.6). The goal of Section 2.3 is to introduce the notion of a nice flat
point and to characterize those smooth functions g : R — R such that for every 0 < 0 < 1 the
function | glg is smooth (see Theorem 2.3.4). In Section 2.4 we use this characterization to
obtain a necessary condition for Cy, to have closed range (see Theorem 2.4.1). As a conse-
quence we obtain a characterization of closed range composition operators in a special case
(see Corollary 2.4.3). Several examples illustrate the results obtained.

The third chapter of this thesis is devoted to the study of several dynamical properties of
composition operators and weighted composition operators on the space of smooth func-
tions. In Section 3.1 we introduce all the necessary notions from linear dynamics which are
specific for (weighted) composition operators. In Section 3.2 we characterize weakly mixing
weighted composition operators (see Theorem 3.2.6). As a corollary, we obtain a character-
ization of hypercyclic weighted composition operators corresponding to real weights (see
Corollary 3.2.7). In Theorem 3.2.9 we characterize mixing weighted composition operators.
Section 3.3 is a by-product of the previous one. In Theorem 3.3.1 and Theorem 3.3.2 we char-
acterize hypercyclic, weakly mixing and mixing composition operators. In the last section
we investigate what happens in the one dimensional case (i.e, when Q < R). We show (see
Theorem 3.4.4) that in this case all the mentioned dynamical notions coincide for weighted
composition operators. The last section contains few examples.



CHAPTER 1

PRELIMINARIES

The aim of this chapter is to introduce necessary notions and to collect basic facts which will
be used in this thesis.

By N, R, and C we denote the set of all natural numbers {1,2,.. .}, the field of real numbers,
and the field of complex numbers, respectively. If z is a complex number, then by Re(z),
Im(z), and Arg(z) we denote the real part of z, the imaginary part of z, and the principal
value of the argument of z, i.e., Arg(z) € [0, 27), respectively.

By a Fréchet space we mean a locally convex, metrizable, and complete linear topological
space over R or C. If X,Y are Fréchet spaces then amap T : X — Y is called an operator if it
is linear and continuous.

All notions from functional analysis are explained in [38]. For a great introduction to
linear dynamics we refer to two recently published monographs [7, 30].

1.1 The space of smooth functions

Let Q c R? be open. By a real (or complex) space C*®(Q)), we denote the linear space of
all real (or complex) valued smooth functions on Q, equipped with the standard topolo-
gy of uniform convergence of functions and all partial derivatives on compact set, i.e., the
topology generated by the family of seminorms

{ll-llk,n : K < Q compact, n =0},

where
la]

0x%
where a = (ay,...,a4), and |a| = a; +...+ a4. It is well known that C*°(Q) is a Fréchet space
(see, e.g. [38, Example 5.18(4)]).

The following result is due to E. Borel (see, e.g., [35, Theorem 2.2.1]). Please note that if
QcRandif f € C*®(Q), then by definition f© = f and f is the n-th derivative of f.

(x)

[lf1lk,» = max max
f Kn xeK 0<|a|<n

’

12
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Theorem 1.1.1. Let {a,}en be an arbitrary sequence of real (or complex) numbers. There
exists f € C*°((—1,1)) such that

F"(0) = ay, for everyn=0.

Definition 1.1.2. Let I be a closed, connected subset of R. We say that f : I — C is a smooth
function on I if all the derivatives of f exists on the interior on I and can be extended in a
continuous way to the whole I.

The following corollary is a immediate consequence of the theorem of E. Borel.

Corollary 1.1.3. Let I be a closed, connected subset of R and let f be a smooth function on I.
There exists f € C®°(R) such that

hi=f.

The following formula of Faa di Bruno (see, e.g., [35, Lemma 1.3.1]) will play an important
role in this thesis.

Theorem 1.1.4. Let f, g : R — R be smooth functions. For every n = 1 and for every x € R we
have

. mj
(fo ™) =Y By, - f™M 0 (g(0)- [T (g90)
Ap j:mj;éO
where A, is the set of all n - tuples of nonnegative integers my, my, ..., my, satisfying the condi-
tion
l-mi+2-mo+...+my-n=n
and
n!

anm™.my!-...-(u)mn-m,!"

Bm,,..,m, =
The following propositions are easy and well-known.
Proposition 1.1.5. LetQ c R? be open and lety : Q — Q be smooth. The mapping
Cy: C®(Q) — C®(Q), F— Foy,
is linear and continuous.
Proposition 1.1.6. Let Q < RY be open and lety : Q — Q, w : Q — C be smooth. The mapping
Cuy :C*(Q) — C®(Q), F— w-(Foy),
is linear and continuous.

One of the most important tools available when working with smooth functions are smooth
partitions of unity. In this thesis we will use the following proposition (see, e.g., [39, Cor.
1.2.6]).
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Proposition 1.1.7. Let Q c R? be open, let X be a closed subset of Q and let U be an open
subset of Q containing X. There exists ¢ € C*°(Q) such that p(x) =1 ifxe€ X and ¢(x) =0 if
xgU.

We will also need the following well-known lemma (see, e.g., [3, Lemma 5]).

Lemma 1.1.8. There exists a sequence {Cy} ,en Of positive numbers such that for every natural
number k there exists a smooth function @ : R — R with the following properties:

1. 0=s®p(x) <1 forallxeR;
2. ®p(x)=0forxe (—oo,ﬁ], ®Oy(x)=1forxe [%,oo);

3. |@® (x)|=C;i-k' forallxeRand alli € N.

1.2 Linear dynamics

Throughout this section X will always denote a Fréchet space. Our aim is to collect defi-
nitions and facts from linear dynamics which will be used in this thesis. We start with the
following definitions.

Definition 1.2.1. Let T : X — X be an operator. For every n =1, the operator T" : X — X is
defined as the n-th iteration of T, i.e.,

T"=To---0T.

n times

Definition 1.2.2. An operator T : X — X is called hypercyclic if there exists x € X such that the
set
orb(x, T) :={T"(x): n=1}

isdense in X. Such an x is called a hypercyclic vector of T

Definition 1.2.3. An operator T : X — X is called topologically transitive if for every two
nonempty open sets U,V < X there is n € N such that

T"U)NV # .

The following famous theorem, due to Birkhoff (see, e.g, [30, Theorem 1.16]), shows that
the above two notions are in fact equivalent (in the context of operators acting on Fréchet
spaces).

Theorem 1.2.4. Let X be a Fréchet space and let T : X — X be an operator. The following
conditions are equivalent:
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(1) The operator T is hypercyclic.
(2) The operator T is topologically transitive.

Moreover, if one of the above conditions is satisfied, then the set of hypercyclic vectors of T is
densein X.

In our thesis we will also investigate the following three classes of operators.

Definition 1.2.5. Let T : X — X be an operator. We say that T is weakly mixing if the opera-
tor TxT: X x X — X x X is topologically transitive, i.e., for every four nonempty open sets
Uy, U, V1, Vo < X thereis n € N such that

T"UNDNVI #@ and T"(Ux) N Va # @.

Definition 1.2.6. An operator T : X — X is called mixing if for every two nonempty open sets
U,V c X thereis N € N such that

T"(U)NV # @ foreveryn = N.

Definition 1.2.7. An operator T : X — X is called chaotic if it is hypercyclic and has a dense
set of periodic points, i.e., points x € X for which there exists n € N such that T" (x) = x.

Remark 1.2.8. 1. From the very definitions and from Theorem 1.2.4 it is clear that every
mixing operator is weakly mixing and that every weakly mixing operator is hypercyclic.

2. The first example of an operator which is hypercyclic but is not weakly mixing was given
by de la Rosa and Read (see [19]).

3. Examples of mixing but not weakly mixing operators can be found in [30, Example 4.9].

4. Tt is known that every chaotic operator is already weakly mixing (see [5]).

The following powerful result is due to Ansari (see, e.g, [30, Theorem 6.2]).

Theorem 1.2.9. Let X be a Fréchet space and let T : X — X be a hypercyclic operator. Then for
every n =1 the operator T" is hypercyclic.

The following result gives a nice criterion for an operator T to be weakly mixing (see [30,
Theorem 1.54]).

Theorem 1.2.10. Let X be a Fréchet space and let T : X — X be an operator. Then T is weakly
mixing if and only if for every two nonempty open sets U,V c X and every k eN thereisneN
such that

TN U)NV # @ foreveryl <i<k.
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Let now X be a real Fréchet space. The complexification X of X is defined as
={x+iy:x,y€ X}.

With addition, multiplication by complex scalars, and the topology defined in a natural way,

X is a complex Fréchet space. If T : X — X is an operator, then its complexification T: X — X
is defined via the formula

Tx+iy)=Tx)+iT(y).

The following proposition is a direct consequence of [30, Theorem 3.15] and [30, Proposition
3.19].

Proposition 1.2.11. Let T : X — X be an operator on a real Fréchet space X. Let T be its
complexification. The following conditions are equivalent:

(1) Theoperator T : X — X is weakly mixing.
(2) Theoperator T : X — X is weakly mixing.

(3) Theoperator T : X — X is hypercyclic.



CHAPTER 2

CLOSED RANGE COMPOSITION OPERATORS
FOR ONE-DIMENSIONAL SMOOTH SYMBOLS

The goal of this chapter is to investigate the question of for which smooth symbols ¢ : R — R
the composition operator

Cy: C®°([R) — C®°(R), F— Fou,
has closed range, i.e., when the set
ImCy :={Foy:FeC®R)}

is closed in C*°(R).

First, we recall the basic properties of semiproper functions and we present a proof of
a well-known fact saying that semiproperness of y is a necessary condition for Cy, to have
closed range. Then, in Theorem 2.2.3, we give a sufficient condition ensuring that the range
of Cy is closed. As an immediate consequence of this result we obtain that if ¢ : R — R is
a smooth semiproper function which has no flat points, then the range of C is closed (see
Corollary 2.2.6).

The next part of this chapter deals with the problem of when all the roots of a smooth
function are smooth. In Theorem 2.3.4 we characterize those smooth functions g : R — R
such that for every 0 < 0 < 1 the function |g|? is smooth. Then we apply this result to obtain
a necessary condition for Cy, to have closed range (see Theorem 2.1.6).

Unfortunately, we were not able to obtain a full characterization of closed range compo-
sition operators corresponding to one-dimensional smooth symbols, nevertheless we have
obtained such a characterization in a special case, see Corollary 2.4.3.

Let us note that the following easy proposition is true.

Proposition 2.0.1. The composition operator Cy has closed range on the complex space C*°(R)
if and only if it has closed range on the real space C*°(R).

17
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Therefore, in this chapter, we may assume that C*°(R) is the space of real valued func-
tions.

2.1 Semiproper functions

As noted in the Introduction of this thesis, from the very beginning it was well-known that
the following notion is very important in studying closed range composition operators.

Definition 2.1.1. We say that a function v : R" — R™ is semiproper if for every compact set
K c R™ there exists a compact set L < R" such that K Ny (R") c y(L).

The following lemma is easy and well-known (see, e.g., [13, Prop. 1.4.1]).

Lemma 2.1.2. Lety : R" — R™ be a continuous semiproper function. Then the set v (R") is
closed in R™.

In the one-dimensional case the converse also holds, i.e., the following lemma is true.

Lemma 2.1.3. A continuous function v : R — R is semiproper if and only if the set w(R) is
closed in R.

Proof. If y is semiproper, then the set ¥ (R) is closed in R by Lemma 2.1.2. To prove the
converse, let us assume that the set y/(R) is closed in R. Let K < R be an arbitrary compact
set. We have to show that there exists a compact set L < R such that Kny(R) c w(L). If
Kny(R) = @, then this assertion is clearly true. So let us assume that K n ¥ (R) # @. Let

a:=min{x:xe Kny®} and b:=max{x:xe Kny[®R)}.

The numbers a and b are well defined since K ny(R) is a nonempty compact set (as an
intersection of the compact set K with the closed set ¥ (R)). Let x; and x, be such that

w(x1) =aand y(x2) = b.

The closed interval
L={x;+t(xo—x1):0<t<1}

is clearly compact. From the Intermediate Value Theorem we obtain that
[a, bl = [y (x1), w(x2)] cw(L),

and hence
Kny(®) cla,b] cy(l).

This completes the proof.
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Example 2.1.4. Let ¢ : R — R be defined as v (x) = x%. Since Y (R) = [0,00), we obtain by
Lemma 2.1.3 that v is a semiproper function. In fact, it is easy to see that every polynomial of
one variable with real coefficients considered as a function acting fromR to R is semiproper.

Example 2.1.5. Lety : R — R be defined as w(x) = =~. Because the set w(R) = (0,1] is not

X2+1"
closed inR, we get from Lemma 2.1.3 that y is not semiproper.

The following proposition shows that the semiproperness of v is a necessary condition
for Cy, to have closed range. This is true for an arbitrary smooth y : R" — R™ (see [13, Prop.
1.4.1] without a proof, for the proof see [33, Prop. 2.9]). Below we present a different proof of
this fact in the one-dimensional case.

Proposition 2.1.6. Lety : R — R be smooth. If the composition operator Cy : C*°(R) — C*(R),
F — Fouw, has closed range, then vy is a semiproper function.

Proof. Let us assume to the contrary that Cy, has closed range and that ¥ is not a semiproper
function. Since every constant function is semiproper, we may assume that 1 is not cons-
tant. From Lemma 2.1.3 it follows that the set ¥ (R) is not closed in R. Thus we can find

beywR)\vR). (2.1.1)
Since v (R) is connected, either ¢ (R) < (b,00) or ¥ (R) < (—o0, b). Let us assume that
Y (R) < (b,00) (2.1.2)

(the proofin the second case goes along the same lines). Consider now the function f: R — R

defined via formula
fx) =\/wx)-b.

From (2.1.2) it is clear that f € C*°(R). We will show that
feImCy\ImCy

and this will give a contradiction with the assumption that Cy, has closed range.
First we will show that f ¢ ImCy. To do this, let us observe that from (2.1.1) and from
(2.1.2) it follows that there exists 6 > 0 such that

(b,b+6) cy(R).

If F:R — Rissuch that Foy = f, then for every y € (b, b+ 90) the equality F(y) = y/y — b must
be satisfied. But this means that the first derivative of F cannot exist at b. This shows that
there does not exist a smooth function F : R — R such that Foy = f. Therefore, f ¢ ImCy,.

Our goal now is to show that f € Im Cy,. In order to do this we have to approximate f, in
the topology of the space C*(R), by functions which are in Im Cy,. Solet K < R be an arbitrary
compact set and let n € N. Let

5 =min{y(x)-b:x€K}.
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Using (2.1.2), the smoothness of ¥, and the compactness of the set K we obtain that § > 0.
Let ¢ : R — R be a smooth function which is equal to 1 on the set [b + 6/2,00) and equal to
0 on the set (—oo, b+ 6/4]. Such a function exists in view of Proposition 1.1.7. The function
F:R — R defined via the formula

Flx) = {(p(x)-\/x—b, x=b,

0, x<b,

is clearly smooth. Therefore, Foy € Im Cy,. Moreover, for every x € 1//_1 ((b+6/2,00)) we have
that

(Fow)(x)=\/w(x)-b=f(x).

Thus the smooth functions Fo and f coincide on the open set ¢~ ((b+ §/2,00)), which
contains the compact set K. Therefore

IFoy — fllk,n = 0.

Since K and n were arbitrary, this gives that f € Im Cy,.. This completes the proof.
O

Example 2.1.7. Lety : R — R be defined as w(x) = ——~. We know that vy is not a semiproper

x24+1°

function (see Example 2.1.5). Thus, by Proposition 2.1.6, we get that Cy, does not have closed
range. In fact, the proof of Proposition 2.1.6 shows that

V¥ eImCy\ImCy.

2.2 Asufficient condition

The aim of this section is to prove Theorem 2.2.3, which gives a sufficient condition ensuring
that the range of the composition operator Cy, is closed. Before we state the result, let us
introduce the necessary notation.

Definition 2.2.1. Lety :R — R be smooth.
e Forevery b€ y(R) the setw 1 ({b}) is called the fiber of w over b.

e Iffor every n =1 we have "’ (x) = 0, then x is called a flat point of . Otherwise we say
that x is a non-flat point of v.

Example 2.2.2. Lety :R — R be defined via formula

_ Jexp(-1), x>0,
1//(X)_{o, x=0.

Then v is a smooth function and 0 is a flat point of v.
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Theorem 2.2.3. Lety : R — R be a smooth semiproper function which satisfies the following
conditions:

1. Every fiber of w over a boundary point of w(R) contains a non-flat point.

2. Every fiber of ¥ over an interior point of w(R) contains either a non-flat non extreme
point or both a non-flat local minimum and a non-flat local maximum.

Then
In the proof of this theorem, we will need the following simple observation, which can be
easily proved using the Mean Value Theorem.

Lemma 2.2.4. Let ¢ : R — R be smooth. If xy is a non-flat point of v, then there exists € > 0
such that the only possible point in [xy — €, Xo + €] at which y' vanishes is x.

We will also need the following, slightly reformulated, nice result due to Kenessey and
Wengenroth (see [34, Lemma 2]).

Lemma 2.2.5. Letvy :[a, b] — [c,d] be a smooth bijection such that the only possible point at
which y' vanishes is a (or b), which is a non-flat point of v. Let [ : [a,b] — R be a smooth
function such that for every n = 0 we have that f (a) = 0 (or £ (b) = 0, respectively). Then
the function f o w‘l :[c,d] — R is smooth and, moreover, for every n = 0 we have that

(For ™) @@ =0 (or (foy™)™"

Having those results, we are ready to prove the theorem.

(w(b)) =0, respectively).

Proof of Theorem 2.2.3. From the result of Allan et al. (see [2, Cor. 5]) we know that
ImCy < m c Ir/n?q,
Hence, to prove the theorem, it is enough to show that
mp cImCy.
Solet f e IYn’C\w be arbitrary. Please recall that
mCy={feC®R):Vbey[® IF, e C°R) Yaecy '((bh¥n=0 f"(a) = (Fpo) " (@)}.

Our goal is to find a smooth function F : R — R such that Foy = f. To do this, let us first
consider the function

F:yR) —-R, y=y(x)— f(x).
Claim 1. The function F is well defined.
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Proof of the claim. Assume that y € ¢(R) is equal to ¥ (x;) and ¥ (x,), where x; and x, are two
different points. By the definition of Im Cy, we have that f(x;) = f(x2). Therefore, the value
of F at y does not depend on the choice of x € ¢~ ({y}). This shows that F is well defined.

By our assumptions ¥ is semiproper and hence, by Lemma 2.1.3, the set ¢ (R) is a closed,
possibly unbounded, interval. We will show now that the following is true.

Claim 2. The function F is smooth on v (R).

Proof of the claim. Let b € ¢(R) be arbitrary. According to our assumptions, there are three
possible cases.

Case 1. The point b is a boundary point of ¥ (R) and the fiber of ¢ over b contains a non-flat
extreme point ayg.

Let us assume that b is the smallest value of ¥. Since v is not flat at ay, by Lemma 2.2.4
we can find € > 0 such that the only point in [ag — €, ag + €] at which ' vanishes is ay. Let us
consider the function

v : [ag, ag + €] — [w(ap), w(ap +€)l, x — y(x).

Since ¥’ does not vanish in (ay, ap + €), we obtain that ¥ is a smooth bijection. From the
definition of Im Cy, we can find Fj, € C*°(R) such that

(Fyo) ™ (ag) — f"(ap) = 0 for every n = 0.
Using Lemma 2.2.5, we obtain that the function
(Fpoy— o' : [w(ao),y(a+e)] — R
is smooth. It is clear that
(Fpow— o' = Fy—F on [y(ag),y(ao+#e)l,

and hence Fj, — F is smooth on [w(ay), v (ag + €)]. But F, € C*°(R), so F is a smooth function
on [y (ap), ¥ (ag + €)].

If b is the biggest value of v, then in a similar way we obtain that F is smooth on [b—¢, b]
for some € > 0.

Case 2. The point b is an interior point of ¥ (R) and the fiber of ¥ contains a non-flat non
extreme point ay.
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Because qy is a non-flat point, by Lemma 2.2.4, there exists € > 0 such that the only possi-
ble point in [ay—¢, ag + €] at which ¢’ vanishes is ay. Since g is a non extreme point of 7 and
ay is the only possible point at which v’ vanishes in [ag — €, ag + €], we get that v is either an
increasing or a decreasing function on [ay — €, ap + €]. Let us assume that v is an increasing
function on [ay — €, ap + €] (the proof in the other case goes along the same lines).

It is clear that the functions

Y1 : lag, ap + €] — [y (ao), w(ap + &), x— y(x),

and
Yy lag — €, ap) — [y (ap—¢€),v(ap)l, x— y(x),

are smooth bijections. Using the definition of IE_C\W, we can find Fj € C*°(R) such that
(Fpo) ™ (ag) — f" (ag) = 0 for every n = 0.
Using twice Lemma 2.2.5, we get that the functions
(Fpow —flow; ' :[y(a), wlag+¢€)] — R

and
(Fpow — o ' [w(ag—e),w(ag)] — R

are smooth and, moreover, we get that
—_1\™ —_1\(
(Fpow-pown)" wia) = (Fyoy-Nota ') wia)=0 @21
for every n = 0. Observe now that

(Fpow — f)oy; = F,—Fon [y(ag),w(ag+¢)]

and
(Fpow — f)oWs ' =Fp—F on [y(ag— &), y(ap).

Together with (2.2.1), this gives that the function Fj, — F is smooth on [y (ay—¢€), ¥ (ap+¢€)].
Thus F is smooth on [y (ag — €), ¥ (ag + €)].

Case 3. The point b is an interior point of ¥ (R) and the fiber of ¥ contains a non-flat local
minimum a; of ¢ and a non-flat local maximum a, of y.

Since v is not flat at a; and it is not flat at a,, by Lemma 2.2.4 there exists € > 0 such that
the only point in [a; — ¢, a; + €] at which ' vanishes is a; and the only point in [a, — €, ay + €]
at which v’ vanishes is a,. It is easy to see that the functions

Y1 lay, ap + €] — [y(a), via + ), x— p(x),
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and
Yy :lap—€,ax] — [W(az — €),y(ap)], x — y(x),

are smooth bijections. From the definition of Ir/n_a,, there exists Fj € C*°(R) such that

(Fyou) ™ (a1) = £ (a1) = 0= (Fpo )™ (a2) - f " (@)
for every n = 0. Using Lemma 2.2.5, we obtain that the functions

(Fpow— oy " :[w(a),w(a +¢€)] —R

and
(Fpow — o ©:[w(az—e),w(a)] — R

are smooth and, moreover,

—~_1 (n) —_1 (n)
(Fpoy= o] @@ =(Fyow-Hofn") " wia)=0
for every n = 0. Since
(Fpow— f)oy, ~=Fp—Fon[y(a),y(a +¢)]

and
(Fyoy =)oy, ' = Fy—Fon [y(az—€),y(ap)],
this gives that F}, — F is smooth on [y (a; —€), ¥ (a; + €)]. Therefore, F is a smooth function on

(w(az —¢€),y(ar +¢)l.
Altogether, the above shows that F is a smooth function on ¥ (R).

Now, we are able to finish the proof of the theorem. By Claim 2 the function F is smooth
on ¥ (R), which as noted before, is a closed, possibly unbounded interval. Using Corollary
1.1.3 we can extend F to a smooth function on R, denote this extension by F. Of course, for
every x € R we have that

(Fow)(x) = Fiy(x)) = F(y (x)) = f(x).

This shows that f € Im Cy, and this proves the theorem.
O
As an immediate consequence of Theorem 2.2.3, we obtain the following corollary.

Corollary 2.2.6. Let ¢ : R — R be a smooth semiproper function which has no flat points.
Then the composition operator Cy, : C*(R) — C*(R), F — F o, has closed range.

Please note, that every semiproper real analytic function satisfies the conditions of the
statement above. In particular, Cy has closed range if v is a polynomial.

Let now ¢ be an arbitrary smooth function with values in [0, 1] which is 0 on (—c0,0] and 1
on [1,00). In the following examples we will try to illustrate the conditions of Theorem 2.2.3.
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Example 2.2.7. Let

(x) = exp(l/x), x<0
Vo= p(x)(x—-1?% x=0.

Since y(R) = [0,00), by Lemma 2.1.3 we get that y is semiproper. Observe that every fiber of v
over an interior point of ¢ (R) contains a non-flat point which is not a extreme point and the
fiber over 0, which is the only boundary point of v (R), contains 1 which is a non-flat point.
Thus, by Theorem 2.2.3 the composition operator Cy, has closed range.

Example 2.2.8. Let

() = (p(—x)(x+2)3,x<0
V= Px)(x-2)3, x=0.

Since ¥ (R) = R, we get that v is a semiproper function. For every y # 0 the fiber of v over y
contains a non-flat non extreme point. Moreover, the fiber over 0 contains 2 which is a non-flat
and non-extreme point. By our theorem Cy, has closed range.

Example 2.2.9. Let

) = —p(-x)(x+1)%, x<0
Vo= Px)(x-1)2% x=0.

Then v is semiproper and for every y # 0 the fiber of W over y contains a non-flat non extreme
point. Moreover, the fiber over 0 contains —1 which is a non-flat local maximum, and contains
1 which is a non-flat local minimum. Hence the range of Cy, is closed.

Remark 2.2.10. Theorem 2.2.3 gives a description of a wide class of smooth symbols ¢ : R —
R for which the composition operator Cy, has closed range. We do not know if the range of Cy,
is closed in case if ¥ is a not constant semiproper function and does not satisfy the conditions
of this result, i.e., when either there is a boundary point b of ¥ (R) such that the fiber of 1 over
b contains only flat points of y or if there is an interior point b of ¥ (R) such that the fiber of
w over b does not contain a non-flat non extreme point and does not contain either a non-
flat local minimum or a non-flat local maximum. It is easy to see that the above conditions
precisely hold if there is b € ¢(R) such that either the boundary of the set {x € R: y(x) > b} is
nonempty and contains only flat points of  or the boundary of the set {x € R: ¢/(x) < b} is
nonempty and contains only flat points of v.

Unfortunately, we were not able to solve this problem in full generality. We only managed
to show (see Theorem 2.4.1 below) that if there exists b € ¥ (R) such that the boundary of the
set {x € R: w(x) > b} or the boundary of the set {x € R: ¢(x) < b} is nonempty and contains
only nice flat points of v, then the range of the composition operator Cy, : C*°(R) — C*(R),
F — Fow,isnot closed (the definition of a nice flat point of v is given in the next section).

Let us note that at this moment, we strongly believe that the following conjectures are
true.
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Conjecture 2.2.11. Lety : R — R be smooth. The composition operator Cy, : C*(R) — C*(R),
F — Fow, has closed range if and only if v is a semiproper function which is either constant
or it satisfies the following conditions:

1. Every fiber of v over a boundary point of (R) contains a non-flat point.

2. Every fiber of w over an interior point of w(R) contains either a non-flat non extreme
point or both a non-flat local minimum and a non-flat local maximum.

Conjecture 2.2.12. Lety :R — R be smooth. Then

ImCu/ = m[/.

2.3 Roots of smooth functions

Now, our aim is to characterize those smooth functions g : R — R such that forevery0 <0 < 1
the function |g|? is smooth (for the sake of completeness, let us note that the function |g|’
is defined via formula | glg(x) =g(x) 19 for every x € R). In the next section we will use this
characterization to obtain a necessary condition for Cy, to have closed range.

We start with the following definition.

Definition 2.3.1. Let g :R — R be smooth. We say that x € R is a nice flat point of g if for every
n=1 and every0< 0 < 1 there is a neighbourhood U of xy such that for every x € U we have

18 )] <|gx) - gx)|.

Remark 2.3.2. Let g: R — R be smooth. From the very definition it follows that every nice
flat point of g is a flat point of g.

The following proposition shows that the definition of a nice flat point can be formulated
in a formally much stronger or a much weaker way.

Proposition 2.3.3. Let g: R — R be a smooth function and let xy € R. The following conditions
are equivalent:

(1) Foreveryn=1, forevery0<0 <1, and every C > 0 there is a neighbourhood U of xy such
that for every x € U we have

g™ ()] < C|gx) - gx0)]|.

(2) Foreveryn=1 and for every0 <0 <1 thereis D > 0 and there is a neighbourhood U of xy
such that for every x € U we have

g™ )| <D|gx) - gxo)|’.



CHAPTER 2. CLOSED RANGE COMPOSITION OPERATORS FOR ONE-DIMENSIONAL
SMOOTH SYMBOLS 27

Proof. Itis obvious that (1) implies (2). So let us now assume that (2) is satisfied and let us fix
0<6p<1,neN,and C > 0. We choose 0; such that 0 < §y < 6; < 1. From our assumptions
there exists a neighbourhood U of xj such that

| (x)|<=D|gx) - g(x0)|01 for every x € U. (2.3.1)
There exists a neighbourhood W of xj such that
D|g(x) - g(xo) |‘91_90 < C forevery xe W. (2.3.2)

The set UnW is aneighbourhood of xy and, by (2.3.1) and (2.3.2), we get thatforallxe UnW
we have

g™ ()| < D|g(x) - g(x)|” < D|g(x) - gx)|” " - | g(x) - gx0)|”* = C| g(x) - g(x) |

This completes the proof.
O
Now, we are ready to formulate and to prove the main result of this section.

Theorem 2.3.4. Let g : R — R be smooth. The function |g|? is smooth for every0 <60 < 1 ifand
only if every point xo € g1 ({0}) is a nice flat point of g. Moreover, if one of the above conditions
holds, then for every0 < 0 < 1 the function |g|° is flat on g~ ({0}).

Please note that if |g|? is smooth for every 0 < 6 < 1, then |g|* is smooth for every s > 0
(just observe that |g|* = | glg'k for a suitable natural number k).

In the proof of this theorem we will need the following almost obvious lemma. We omit
its simple proof.

Lemma 2.3.5. Let g :R — R be a smooth function. Then the function |g| is smooth on the open
set{x € R: g(x) # 0} and, moreover, for every every n =1 and every x € R such that g(x) # 0 we
have

||g|(n)(x)| — |g(n)(x)|.

Proof of Theorem 2.3.4. Assume first that the function |g|? is smooth for every 0 <0 < 1.
Claim 1. The function g is flat on the set g~ ({0}).

Proof of the claim. Assume to the contrary that this is not the case, i.e., assume that there
exists xo € g~1({0}) at which g is not flat. Let 19 € N be the smallest natural number such that
g (xy) # 0. Using ny times I'Hopital’s Rule we obtain that

(no)
im 8 () _ & (x0)
x—xo (X — Xxg)"0 no!

#0.
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This shows that the one-sided limit

gl
x—»)car (x — xp)"0

exists and is not equal to 0. From this we obtain that

lim V18— *VIgho)l L I8N g[8 1
x—x X— Xy x—xf X=X x—x0 (x—xp)™ x—Xxg

1
This gives a contradiction, because this limit should be finite since the function |g|7*! is
smooth by our assumptions. This shows that the claim is true.

Claim 2. For every0 < 0 < 1 the function |g|? is flat on the set g~ ({0}).

Proof of the claim. Assume to the contrary that there exists 0 <6 < 1 and xj € g‘l({O}) such
that the function f = |g|9 is not flat at xy. Let ng be the smallest natural number such that
FU70) (x9) # 0. As in the proof of the previous claim we obtain that the one-sided limit

lim | f ()]

RY,
x—xg (X = Xp)"0

exists and is not equal to 0. This implies that

VAT S AT A0 B A Vol ey SV R S
xilg X— Xy B xlg}“ X — Xo B xlgcl+ (x— xp)"o . X — Xo B
0 0 0
But this gives that
7] [}
np+1 _ np+tl TN+l _ T+l
o= lim VIf(x)] VI f (xo)] ~ lim [glmo*t(x) —|g|mo (xo),
x—Xx3 X — Xg x—Xxg X — Xo

_0_
which is impossible since the function |g|7*! is smooth by our assumption. This proves the
claim.

Now, we will show the following claim, and this will complete the proof of this part of the
theorem.

Claim 3. For every n = 1, for every xo € g~1({0}), for every € > 0, and for every 0 < 6 < 1 there
exists a neighbourhood U of xj such that

18" (x)| <e|g(x)|° for every x € U.
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Proof of the claim. We proceed by induction on n.
Step 1.

Letn=1. Wefixe>0,0<60<1,and xy € g7 1({0}). By our assumptions, the function
|gI'~? is smooth and, moreover, by Claim 2 it is flat on the set g~ ({0}). Since (Ig| 1‘9)’ (x0) =0,
the set ,

w={x: ‘(|g|1“’) (x)‘ <(1-0)e}

is a neighbourhood of xy. If x € W and g(x) = 0, then from Claim 1 we get g’(x) = 0 and the
inequality

g =elgwl’
holds. If x € W and g(x) # 0, then calculating the derivative of |g| 1-0 at x we obtain that

1g1'(x)
1g19(x)

<(1-0)e. (2.3.3)

’(1—9)

By Lemma 2.3.5 we know that ||g|’(x)| = |g'(x)| for every x € R such that g(x) # 0. Thus the
inequality in (2.3.3) gives that
|g'(0)|<e |g(x)|9.
This proves the claim for n = 1.
Step 2.

Assume that Claim 3 is true for j = 1,...,n—1, fixe >0,0< 60 < 1, and xo € g~ ' ({0}). Let
A} be the set of (n —1) - tuples of nonnegative integers my, ..., m,_ satisfying

l-my+...+(n-1)-my_1=n

and let
Cmy,..omp=Bmy,..m, 1-0)-1-0-1)-...-(1-0-my—...—my +1),
where By, . m, are as in Theorem 1.1.4. We choose 6 > 0 such that
1-0)e
Z('le,---ymn—1,0| .5m1+...+mn_1) = ( 5 ) . (2.3.4)

Ap

For (my,...,m,—1) € A} let#(m,,..., m,_1) be the number of those 1 < j < n—1 for which
m; # 0. From the inductive assumption there exists a family

{Uml,...,mn_l . (ml)---)mi’l—l) € A;}

of neighbourhoods of xj such that for every (my,...,m,_1) € A},

1-0

89| =5-|gt| T R

ifxeUp,,.,m,, and 1 < j < n-—1lissuchthat m; #0.
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By our assumptions, the function | g| 1-0 js smooth and, moreover, by Claim 2, it is flat on
the set g1 ({0}). Since (|g|1—0)(’l) (x0) = 0, the set

(n) 1-0
(Igll‘e] (x)‘<( )E} (2.3.6)

Un:{x: >

is a neighbourhood of xy and hence the set

W = Un n ﬂ Um1 ..... myu—1

(m1 ..... mn_l)eAn
is a neighbourhood of xy. If x € W and g(x) = 0, then by Claim 1 we have g (x) = 0 and the
inequality

g ] =elgo]”
holds. If x € W and g(x) # 0, then using the formula (Theorem 1.1.4) for the the 7 - th deriva-

tive of |g|'~? at x and the inequality in (2.3.6) we obtain that
Oy b || -0
Z(le ..... malgl' 07" ) T (1819 0) ) =—
Ap Jjim;j#0
This gives that
|g|(n)(x) 1-0—-mi—..—m (N mj (1-0)¢
(1-6) +2.(Cmy,... n10l8l T (x) g1 (x) = .
CEERRH S JL L)<
(2.3.7)

Using Lemma 2.3.5 and the triangle inequality we obtain that

Z(le ..... T e C R | | (Igl(j)(x))mj)

j:mj;éO

<

< (Ile ..... o] 1811707 () T (’g(j)(X)])mj) (2.3.8)
A}, jim;#0

189 ()| i
Z(|Cm1 ..... mn71,0| l_[ ( 1- 1-0 y
18l

A}, Jim;#0 m -F(my .., mn) (x)

Using now the inequalities in (2.3.4) and (2.3.5) we obtain that

1-6 =T PN
) [ A L ‘ml‘-""”"-l(x)1‘[(|g|(”(x))
An j=1
<> Cmyomnro] 11 5’"") (2.3.9)
A m;j#0
1-0)e

=<

2
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Thus from (2.3.7) and (2.3.9) we obtain that

121" (x)
1g19(x)

'(1—9) <(1-0)e.

Together with Lemma 2.3.5, this gives that

|g(”)(x)| §£|g(x)|9.

By induction it follows that Claim 3 is true. This ends the proof of this part of the theorem.

Assume now that every xp € g_l({O}) is a nice flat point of g, i.e., assume that for every
xo € g~ 1({0}), for every n = 1, and every 0 < 6 < 1 there is a neighbourhood U of x; such that
for every x € U we have |g" (x)| < |g(x)|?. Fix 0 < 8y < 1. Our aim now is to show that the
function Igl‘90 is smooth.

Claim 4. The function g is flat on the set g~ ({0}). In fact, for every x € g~ ({0}) and for every
k = 1 there exists a neighbourhood U of xy such that

lg(x)| = Ix—xolkforeveryx eU.

Proof of the claim. The first assertion of the claim follows immediately from our assumptions
since for every xp € g~1({0}) and every n = 1 we have that

18" (x0)| < 1 (x0)|% = 0.

Let now x, € g1 ({0}) be arbitrary. By Taylor’s Formula there exists a neighbourhood U of x
such that
1g(x)] < |x — x| for every x € U.

This proves the claim.
We will show now the following is true and this will complete the proof of the theorem.
Claim 5. Let n = 1 be arbitrary. The n-th derivative of |g|% exists on R and this derivative

vanishes on the set g_1 ({0}). Moreover, for every x € g_l({O}) there exists0<1<1,C >0, and
a neighbourhood U of xy, such that

‘(Igl("’)(n) €

< Clg(x)|* foreveryxe U.
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Proof of the claim. We proceed by induction on n.
Step 1.
Let n = 1. It is clear that the first derivative of Iglg0 exists on the open set

{xeR: g(x) #0}.

Let xo € g1 ({0} be arbitrary and let k = 1 be such that k-6, > 1. Using Claim 4 we can find a
neighbourhood U of xj such that

1g(x)] < |x — xo|* for every x € U.
For every x € U we have that

1g1% (x)
X — X0

0< < |x_x0|k’90

|x — Xol

and this implies that

0o _lo|f0 0o
lim 18170 (x) — 18170 (x0) ~ lm |g1”° (x) _
X— X0 X — Xo X—=X0 X—Xo

0.

Thus the first derivative of |g|% exists on R and, moreover, it is equal to 0 on the set g~ ({0}.
Let us now fix xg € g‘1 ({0}) and 0 < 7 < 1suchthat0<1-60y+7 < 1. From our assumption
there exists a neighbourhood W of xj such that

1-6p+1

g’ ()] =gl (x) for every x € W. (2.3.10)

Let C = 0y. We will show that
!/
‘(Iglg(’] (x)‘ < Clg(x)|" for every x € W.

and this will end Step 1 of the proof.

So let x € W be arbitrary. If g(x) = 0, then we have that (I g|9°)' (x) = 0 as we have proved
above, and hence the desired inequality is satisfied. If g(x) # 0, then from Lemma 2.3.5 we
get that

(Ig) 0 =1g' G-
Calculating the derivative of |g|?% at x and using the inequality in (2.3.10) we get that

(1g1%) 0] =[60- |8 0110
=6-|g|”" ™" 0 -1g' ()|

SBO . |g|90_1 (x) . |g|1—90+T(x)
=C-lgI".
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This completes the proofin case n = 1.
Step 2.
Assume now that Claim 5 is true for j = n—1. It is clear that the n-th derivative of | glg0

exists on the open set
{xeR: g(x) #0}.

Let xo € g~ ({0} be arbitrary. By the inductive hypothesis there exists 0 < 7,y <1, C,,_1 >0,
and a neighbourhood W of xj such that

o= 1) .
(lgl ") (x) < Cy—11g(x)|"" for every x € W.

Let k = 1 be such that k-7, > 1. From Claim 4 there exits a neighbourhood V of x( such
that
lg(x)| < |x — xo|F for every x € V.

For every x € V.n W we have that

’(Iglg")(n_l) (x)

This easily implies that

B kT
< Cp11g(X)|71 < Cpoqlx — x| 1

00\ 1=D) (1 g0y (D) INCEY
i (1g1%)"™ “(x) - (1g1%)™ ™ (x0) ~ lim (Igl”)™ " (x)
X—Xg X — Xo X=X X — X0

=0.

Thus the n-th derivative of |g|% exists on R and this derivative is equal to 0 on g~ ({0}).
Let us now fix xp € g71({0}) and let

le ..... my —Bm1 ..... mn'90'(90_1)'---'(9_m1_---_mn+1)»
where By, . m, are as in Theorem 1.1.4. Moreover, let A, be as in Theorem 1.1.4 and let
C= Z |Cm1 ..... mnl
Ap

Choose now 0 < 7 <1 and 0 < a < 1 such that the following holds: if an n-tuple of nonnega-
tive integers m,, ..., m, satisfies

l-my+...+n-m,=n,

then
O+ (a-1D(m+...+my) >T1.
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It is clear that we can find such a and 7. By our assumptions we can find a neighbourhood
W of xy such that

’g(j)(x)’ <|g|%x) foreveryxe Wand j=1,...,n
Let
U=Wni{x:|gx)| <1}
Clearly U is a neighbourhood of xy. We will show that

0 (n) -
(Igl 0) (x) < Clg|" (x) for every xe U

and this will complete the proof of the inductive step.

If g(x) = 0, then we already know (see the previous page) that (|g|90)(") (x) = 0 and thus
the desired inequality is trivially satisfied. If x € U and g(x) # 0, then, by Theorem 1.1.4, we
have

'(|g|90)(n)(JC) (le ))))) mn'|g|90_m1_"’_m"(X)' H (|g|(j)(x))mj)‘

j:l’)’lj?fo

<Z(|le ..... my| - 1g100 7T () (|g|(”(x) j)
J:mj#0

(Icml ..... m| - 1g1%0 7™ " () ] (|g|“(x))’”f)

j: mj;th

n

Z“le ..... mnl |g|00+(a—1)(m1+...+mn)(x))

n

A
Z(|Cm1 ----- mn| gI" (x))

An
=Clgl" ().

By induction it follows that Claim 5 is true. This completes the proof of the theorem.
O

Corollary 2.3.6. Let g : R — R be a smooth nonnegative function such that every point in
g 1 ({0}) is a nice flat point of g. Then the function h = /g is smooth. Moreover, every point in
h=1({0}) is a nice flat point of h.

Proof. The first assertion follows immediately from Theorem 2.3.4. The same result implies
that for every 0 < 0 < 1 the function hf = g%g is smooth. Using again Theorem 2.3.4 we obtain
that every point in h~1({0}) is a nice flat point of h.
O
The following examples show that the most standard flat points of smooth functions are
in fact nice flat points.
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Example 2.3.7. Let g:R — R be defined via the formula

g(x):{exp( 1), x>0,
0, x<0.

It is clear that for every 0 < 6 < 1 the function g° is smooth. Theorem 2.3.4 implies that 0 is a
nice flat point of g. Moreover, every x € (—o0,0) is a nice flat point of g.

Example 2.3.8. Let g:R — R be defined via the formula

1
gx) = {eXp(_W)y p(x) >0,
0 p(x) <0,

where p : R — R is a real analytic function. One can check that g is a smooth function and
that for every 0 < 0 < 1 the function g° is smooth. Theorem 2.3.4 implies that the set g~ ({0})
consists only of nice flat points of g.

Remark 2.3.9. In 1963, in [26], Glaeser gave an example of a nonnegative smooth function
g : R — R which is 0 only at 0 and flat there, such that the function ,/g is not even twice
differentiable. In view of Theorem 2.3.4 this means that in this case 0 is a flat point of g but
itis not a nice flat point of g.

For more information about the properties of the square root of a nonnegative smooth
function we refer to [17].

The following example is taken from [1, page 5].

Example 2.3.10. Let g:R — R be defined via the following formula

g(x):{exp(—%)sin (1) +exp(-2), x>0,
0, x=<0.

It is easy to verify that g is a smooth function which is flat on the set g1 ({0}). For every x > 0
we have that

==

)

dexp(—2) —exp(—1)sin? (1) +2exp(—1)cos® (1) —4exp (—1)sin (1) cos (L
2x4-\/exp( 1)sin? (1) +exp (-2)
+2exp(—%)—exp(—%)sinz(;)+Zexp( 1)sin(1)cos (1)
x3- \/exp (-1)sin® (1) + exp (-2)
2exp(-2) ~exp(-)sin’(2) ~2exp(-Ysin(Heos(})
22+ (exp (~3)sin? (1) + xp (~2))
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One can easily calculate that
. " 1
i (V8)' (57 ) =0

Therefore, the function /g is not smooth. Thus, from Theorem 2.3.4 it follows that the point 0
is not a nice flat point of g.

2.4 Anecessary condition

The goal of this section is to prove the following theorem which gives a necessary condition
for Cy to have closed range. Let us emphasize that together with Theorem 2.2.3, this re-
sult does not give a full description of closed range composition operators corresponding to
smooth symbols ¥ : R — R (see Remark 2.2.10). Nevertheless, together with Theorem 2.2.3 it
gives such a characterization in a special case (see Corollary 2.4.3).

Theorem 2.4.1. Lety :R — R be smooth. If there exists b € w(R) such that the boundary of the
set{x e R:y(x) > b} or the boundary of the set {x € R: y(x) < b} is nonempty and contains only
nice flat points, then the range of the composition operator Cy : C*(R) — C*(R), F— Foy, is
not closed.

Please note that the assumptions of the theorem above imply that v is not constant.

Proof. Let us assume that there exists b € ¥ (R) such that the boundary of the set
{xeR:y(x)> b}

is nonempty and contains only nice flat points of ¢ (the proof in the other case goes along
the same lines). Our aim is to show that the range of Cy, is not closed. In order to do this, we

will construct a smooth function g € Im Cy\ Im Cy,.
Let us first consider the function % : R — R defined via formula

I = v(x)—b, %fu/(x) > b,
0, ify(x) <b.

It is clear that this function is continuous. Even more, outside the boundary B of the set
{x e R:y(x) > b} it is smooth and for every xo € B and every n €N

. h"M ()
lim =0.
X— X0 b xo
x¢B

Thus inductively, by 'Hopital’s Rule, 1" exists and vanishes on B for all 7 € N. For reader’s
convenience we provide some details.
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Claim 1. For every n =1 the n-th derivative of the function h exists and, moreover,

(n) .
h(n) (x) — {1// (X), lf’(,l/(X) > b,
0, ifw(x) <b.

Proof of the claim. We proceed by induction on n.
Step 1.

Let n = 1. It is clear that the first derivative of h exists on the open set {x € R: y(x) # b}.
It is also clear that k' (x) = ¥’ (x) for every x € R such that w(x) > b and that h’(x) = 0 for every
x € Rsuch that y(x) < b.

Let now xp be such that w(xp) = b. If there exists a neighbourhood U of xy such that
w(x) < b for every x € U, then h(x) = 0 on U and hence the first derivative of & exists at x
and h'(xg) = 0. If such a neighbourhood does not exists, then xo must be in the boundary of
the set {x € R: ¢ (x) > b}, and hence, by our assumptions, x, must be a nice flat point of y. In
particular, xp must be a flat point of . Thus

¥ (x) = (xo)

X— X

lim
X— X0

=0. (2.4.1)

Observe now that
0<|h(x)| =< |1,1/(x) - b\ for every x e R.

Together with (2.4.1) this gives that

. h(x)=h(x) . hx)
lim ————— = lim =

X=X  X— X X—Xo X — Xo

0.

This completes the proofin case n = 1.
Step 2.

Assume that Claim 1 is true for j = n— 1. It is obvious that the n-th derivative of / exists
on the open set {x € R:y(x) # b}. It is also clear that h (x) = ¢ (x) for every x € R such
that w(x) > b and that 1" (x) = 0 for every x € R such that y(x) < b.

Let us fix now x( such that y(xg) = b. If there exists a neighbourhood U of xj such that
h"=Y(x) = 0 for every x € U, then the n-th derivative of h exists at xo and h"? (xq) = 0. If such
a neighbourhood does not exists, then it is easy to see that b must be in the boundary of the
set {x € R: y(x) > b}, and hence b must be a nice flat point of ¥. In particular, xo must be a
flat point of w. Thus

(n-1) (n—1) _a(n—=1)
lim y ) = lim L4 )~y (x0) =0,
x—Xo X— X X— Xo X— Xg
and therefore 1)
-
lim W—(X) =0. (2.4.2)
X—Xo| X— X
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Let us observe now that
0= |n" V)| = [p" V(x| for every x e R.
Together with (2.4.2) this gives that

WY@ - V) RV W)
lim = lim ———— =
X— X X — Xo X—Xo X— Xg

0.

This completes the proof of the inductive step. By induction, Claim 1 is true.
Claim 2. Every point in h='({0}) is a nice flat point of h.

Proof of the claim. Letus fix xo € h}({0}), n =1, and 0 < 6 < 1. If there exists a neighbourhood
U of xj such that y(x) < b for every x € U, then h(x) = 0 for every x € U. This easily implies
that

|h(”) (x)| < |h(x)|? for every x € U.

If such a neighbourhood does not exists, then it is easy to see that xyp must be in the boundary
of the set {x e R: y(x) > b} (in particular, ¥ (xp) = b). Thus, by our assumptions, xo must be a
nice flat point of . Therefore, there exists a neighbourhood W of xj such that

[y ()| < |wx) - b|’ for every x € W. (2.4.3)
If x € W and h'" (x) = 0, then the inequality
|h" ()] < [h(x)|° (2.4.4)

is trivially satisfied. If x € W and h(x) # 0, then from Claim 1 we get that w(x) > b and
h™ (x) = " (x). From (2.4.3) we thus get that

|h ()| = |y )| < [wx) - b|° = 1hx)° (2.4.5)
Connecting (2.4.4) and (2.4.5) we obtain that
|h" (x)| < |h(x)|° for every x € W.

This proves the claim.

Let us now consider the function

g=Vh.

From Claim 1, Claim 2, and Corollary 2.3.6 we obtain that g is a smooth function and, more-
over, that every point in g1 ({0}) is a nice flat point of g. We will show that

g€ImCy\ImCy



CHAPTER 2. CLOSED RANGE COMPOSITION OPERATORS FOR ONE-DIMENSIONAL
SMOOTH SYMBOLS 39

and this will complete the proof of the theorem.
Claim 3. We have that g ZImCy,.

Proof of the claim. The assumption that there exists b € ¥ (R) such that the boundary of the
set {x € R:y(x) > b} is nonempty implies that there exists § > 0 such that

[b,b+0) cy(R). (2.4.6)

If G:R — Ris such that Goy = g, then for every y € [b, b+6) the equality G(y) = /y — b must
hold. But this implies that the first derivative of G cannot exist at b. This shows that there
does not exist a smooth function G : R — R such that Goy = g. This proves the claim.

Claim 4. Let K be a compact subset of R,0< 0 <1, and N € N. There exists a natural number
ko such that for every k = ko, for every x € K, and every 1 < i < N the condition g(x) < 1/k
implies that

jg(”(x)( < (1/k)°.

Proofofthe claim. Assume that this is not the case. Then there exists 1 < iy < N, an increasing
sequence {n}en of natural numbers and a sequence {xy, } xen Of points from K such that for
every k € N we have

> (1/ny)°. (2.4.7)

g(xp) <1/ni and ’g(iO) (Xn,)

Since the set K is compact we may assume that the sequence {x,, } ren converges to a point
Xo € K. From (2.4.7) we obtain that g(xp) = 0 (the function g is nonnegative) and hence
w(xp) < b. Since the derivatives of g are nonzero only at points from the set {x eR:y(x) > b},
we get from (2.4.7) that for every k € N we have

Xn, € {xeR:y(x) > b}

Therefore, xj is in the boundary of the set {x € R: ¥(x) > b}. Since x € g_1 ({0}), we have that
Xo is a nice flat point of g. Thus we can find a neighbourhood U of x( such that

‘g(iO)(x)‘ < |g(x)|9 for every x € U. (2.4.8)

Because the sequence {x, } reny converges to xp, we can find an index kyp such that Xy, inU.
Combining (2.4.7) and (2.4.8) we obtain a contradiction

. 0
(1/ng,)° < ‘g(l‘))(xnko)‘ < )g(xnko)’ < (1/ng,)’.

Claim 5. We have that g € ImCy,.
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Proof of the claim. In order to prove the claim, we have to approximate the function g by
functions from Im Cy, (in the topology of the space C*(R)).

By Lemma 1.1.8 there exists a sequence {C,},en Of positive numbers such that for every
natural number k there exists a smooth function @ : R — R with the following properties:

1. 0=sdp(x)<1forall xeR;
2. ®p(x) =0 for x € (—o0, 5z, Pr(x) = 1 for x € [}, 00);
3. |(q)k)(i) (x)| < C; -k forall x € R and every i € N.

For every k=1 let
8k:=8 (Prog).

Let us observe that for everyk = 1 the function

m@k(m),ifxzb,

0, otherwise.

Gr(x) = {

is smooth and Gy oy = gi. Therefore, g € Im Cy, for every k > 1.
k—o0

We will show now that gi g in the topology of the space C*°(R) and this will com-
plete the proof of the claim. So let K be an arbitrary compact set and let n be an arbitrary
natural number. We have to show that

sup ‘g(ﬂ) (x) — gl(cn) (x)‘ IH_OO, 0.
xeK

Using the product rule and Faé di Bruno’s formula (Theorem 1.1.4) we obtain that
g™ (x)-gx) = g™ (x) - (g (@rog)" (x)
" [n » .
=g" ()~ g™ () Pr(g (1) ~ (i)g(” V(0 @k )" (x)

i=1

=g (x)— g™ (x) Dr(g(x))

_ Z ((?)g(n—i) (x) - ZBm1 ..... m; .®§€m1+m2+...+mi)(g(x)) . H (g(j) (x))mj))
i=1

Al' j:m]'?fo
We choose now 0 < 6 < 1 such that for every 1 < i < n the following condition holds: if an
i - tuple of nonnegative integers m,, my, ..., m; satisfies

IL-mi+2-mp+---+m;-i=1i,

then
0+@-1D(m+mo+---+m;)=1/2.
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It is easy to see that such a 0 exists. Using now Claim 4 we can find kjy € N such that for every
k = ko, for every x € K, and every 0 < i < n the condition g(x) < 1/k implies that

jg‘”(x)( <17k,

Case 1. If k = ky, x € K and g(x) > 1/k, then from the properties of the function ®; we have

that
(@rog)(x)=1and (Prog)¥(x)=0forseN.

This gives that for all x € K such that g(x) > 1/k we have
g™ (x) - g,(C”) (x) = 0.
Case 2. If k = ko, x € K and g(x) < 1/k, then

|8 00 - g (0| <[g™ ()] + g™ (1) - Dk (g (1))

N TR ey
= i

J:mj#0

1 1 n (1 1\0mi
S—+—+C' __ka1+mz+...+m,~_ l_[ (_) )

k0 KO izl(kg Aj Jjim;#0 k

2 n 1 0+(0-1)-(my+mo+...+ m;)
el

k? is\a \k

-0 (i)
<—+D-|=],

Ko k

where the constants C and D depend only on n.
Altogether, the above gives that

sup|g™ () - g™ (0] == 0.
xeK

This proves the claim and completes the proof of Theorem 2.4.1.

Example 2.4.2. Let vy :R — R be defined via the formula

exp(-1), x>0,

1/j()c):{o, x=0.
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Observe that 0 is the only point in the boundary of the set {x € R:w(x) > 0}. From Example
2.3.7 we know that 0 is a nice flat point of y. By Theorem 2.4.1, the range of Cy is not closed.
In fact, the proof of that theorem shows that /i € Im Cy\Im Cy,.

We were not able to obtain a full characterization of closed range composition operators
corresponding to smooth symbols ¥ : R — R. Nevertheless, we have the following special
result.

Corollary 2.4.3. Lety : R — R be a smooth function such that every flat point of v is a nice flat
point of v. The range of the composition operator Cy : C*°(R) — C*(R), F — Fow, is closed
if and only if v is a semiproper function which is ether constant or it satisfies the following
conditions

1. Every fiber of w over a boundary point of w(R) contains a non-flat point.

2. Every fiber of w over an interior point of w(R) contains either a non-flat non extreme
point or both a non-flat local minimum and a non-flat local maximum.

Proof. Combine Lemma 2.1.6, Theorem 2.2.3, and Theorem 2.4.1.



CHAPTER 3

DYNAMICAL PROPERTIES OF WEIGHTED
COMPOSITION OPERATORS

Throughout this chapter C*°(Q) is the space of real or complex valued smooth functions
on Q. All the results below are valid in both cases (of course, if we consider the weighted
composition on the real space C*°(Q2), then the weight has to be real valued).

The goal of this part of the thesis is to investigate several dynamical properties of com-
position operators and weighted composition operators on the space of smooth functions.
In Theorem 3.2.6 we characterize weakly mixing weighted composition operators. Corollary
3.2.7 gives a characterization of hypercyclic weighted composition operators under the as-
sumption that the weight is real valued. In Theorem 3.2.9 we give a description of mixing
weighted composition operators. As an immediate consequence of those results, we ob-
tain characterizations of hypercyclic, weakly mixing, and mixing composition operators (see
Theorem 3.3.1 and Theorem 3.3.2). In the last section we show that the classes of hyper-
cyclic, weakly mixing, mixing, and chaotic weighted composition operators coincide in the
one-dimensional case (see Theorem 3.4.4). From what follows it will be clear that the dyna-
mical properties of the weighted composition operator Cy,y heavily rely on the dynamical
properties of the function ¥ and that the weight function w plays a secondary role in this
context.

3.1 Notation

For all the basic notions and facts from linear dynamics we refer to the Preliminaries of this
dissertation. In this section we will fix up some notation and we will introduce some specific
concepts which will be important in studying dynamical properties of (weighted) composi-
tion operators.

Since the main point of our interests is the behaviour of the iterates of (weighted) com-
position operators acting on the space of smooth functions, we start with the following defi-

43
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nitions.

Definition 3.1.1. Let Q c R? be open and lety : QO — Q, w : Q — C be smooth. For everyn =1,
the operator Cy,, : C*(Q) — C*(Q) is defined as the n-th iteration of Cyy, i.e.,

CZ}»WZCWYWO.“OCWyU/'

n times

Let us emphasize that in the following definition we do not assume that the function vy is
surjective.

Definition 3.1.2. Let Q c R? be open and lety : Q — Q.
* Wedefinewy,:Q— Qaswyy(x) = x forevery x € Q.

e Foreveryn=1 wedefiney,:Q — Q inductively via the formula y(x) = v (¥ ,,—1(x)) for
every x € ().

» Ify is injective, then for every n < 0 we define v, : v_,(Q) — Q via the rule: v,(x) =y
ifand only ifw_,(y) = x.

Remark 3.1.3. Let Q c R be open and let ¥ : Q — Q, w: Q — C be smooth. Then for every
F € C*(Q) and every n = 1 we have that

Flyn(x).

n—1
(CZMII(F)) (x) = (1‘% w(y;(x))

The following notions are crucial in studying dynamical properties of (weighted) compo-
sition operators.

Definition 3.1.4. Let Q c R? be open and lety : Q — Q.

» We say thaty has therun-away property if for every compact set K < Q) there exists n € N
such thaty,(K)NK = @.

* We say that v has the strong run-away property if for every compact set K c Q there
exists N € N such that v ,(K)N K = @ foreveryn= N.

Remark 3.1.5. Let Q c R? be open and let ¢ : Q — Q. It is clear that if y has the strong run-
away property, then ¥ has also the run-away property. In Lemma 3.4.2 we will show that the
converse is true if we assume that ¥ : R — R is smooth and injective. We doubt if this is also
true in higher dimensions.
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Example 3.1.6. Lety : R? — RY be defined via the formula
VX1, Xg)=x1+1,..., x4 +1).

It is easy to verify that v has the run-away property and the strong run-away property.
Example 3.1.7. Lety : R? — RY be defined via the formula

W(xy,...,xq) = (e™,...,e").

One can easily check thaty has the run-away property and the strong run-away property.

3.2 Hypercyclic, weakly mixing, and mixing weighted
composition operators

In this section we characterize hypercyclic (for real weights), weakly mixing, and mixing
weighted composition operators. First, in the following four lemmas, we show that if the
operator Cy,y is hypercyclic, weakly mixing, or mixing, then the functions w and y have to
satisfy some quite natural conditions. Please recall that if Q c R is open and  : Q — Q is
smooth, then for every x € Q the derivative of y at x, which we denote by ¥’ (x), is a linear
map from R? to R. By [y (x)] we denote the Jacobian matrix of v at x. Similarly, if f: Q — C
is a smooth function, then the derivative of f at x, which we denote by f’(x), is a linear map
from R to R?.

Lemma 3.2.1. Let Q c RY be open and let y : Q — Q, w : Q — C be smooth. If the weighted
composition operator Cy,y : C°(Q) — C*(Q), F — w-(Fov), is hypercyclic, then the following
conditions are satisfied:

1. For every x € Q we have that w(x) # 0.
2. The function y is injective.
3. For every x € Q we have that det[y’(x)] # 0.

In the proof of this lemma we will several times use the following simple observation: if the
the set InCy,yy = {w- (Foy) : F € C*(Q)} is not dense in C*(Q), then the operator Cy
cannot be hypercyclic.

Proof.
1. Assume to the contrary that Cy,, is a hypercyclic operator and that there exists xo € Q with
w(xp) = 0. Then for every F € C*°(Q2) we have

(Cuyyy (F)) (x0) = w(xo) - (F o) (x0) =0.
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This gives that
ImCy,y < {f € C®(Q) : f(x0) =0}.

But the set {f € C*(Q) : f(x) = 0} is a proper and closed linear subspace of C*(Q), so the
operator Cy,,, cannot be hypercyclic. This gives a contradiction.

2. Assume to the contrary that the operator Cy, is hypercyclic and that we can find two
distinct points x;, x, € Q with ¥ (x;) = w(x2). By the first part of this lemma we know that
w(x) # 0 for every x € Q. For an arbitrary F € C*°(Q2) we have

w(x) w(xy)
(Cuny () (o) = wia) - Fy (1) = — ) W) Flwe) = e (Cuy (F)) (x2).
This gives that
00 _ wlxy)
Im Cyy © {f €C®(Q): flx) = %) f(xg)}.

But the latter is a proper and closed linear subspace of C*°(Q2), and hence the operator Cy
cannot be hypercyclic. This gives a contradiction.

3. Assume that Cy, is hypercyclic. By the first part of this lemma we have that w(x) # 0 for
every x € Q. Let us suppose that there exists xp € Q with

det[y/ (xp)] = 0.
Simple facts from linear algebra allow us to find 0 # h € R? such that
' (x0)h = (0,...,0).

For every F € C*°(Q2) we have

(Cuy (B)) (xo)h = (w- (Foy)) (xo)h
=F(y(x0)) w' (xo) h + w(xg) - F' (W (xo)w' (x0) h
=F(y (xo)w' (xo)

() (Fy(xp))) - 0P
= 0 Y (X 10(x0)
B w'(xo)h
= (Cuyy (F)) (x0) G
Therefore e
Im Cyyy {f €C®Q): f'wo)h = Flxp)- ww((’jf)) }
0

But the latter is a proper, closed linear subspace of C*(Q) and therefore the operator Cy
cannot be hypercyclic. This gives a contradiction.
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O
Unfortunately, we can only prove the following lemma in case if the weight is a real valued
function. We do not know if it is true for complex valued weights.
Please recall that for a complex number z, Re(z) denotes its real part.

Lemma 3.2.2. Let Q c RY be open and let y : Q — Q, w: Q — R be smooth. If the weighted
composition operator Cy,y, : C°(Q) — C*(Q), F— w- (Fow), is hypercyclic, then y has the
run-away property.

Proof. Assume to the contrary that Cy,y is a hypercyclic operator and that the function y
does not have the run-away property. Let .4 be the family of those natural numbers m
which satisfy the following condition: there exists a compact set K < Q whose intersection
with precisely m connected components of Q) is nonempty and, moreover, there exists a na-
tural number N such that v, (K) N K # @ for every n = N. The assumption that ¢ does not
have the run-away property, together with the fact that every compact subset of Q is con-
tained in finitely many connected components of Q, gives that .4 is nonempty. Let m, be
the smallest element of .#. There are two possible cases: either my =1 or my > 1. We will
show that each of this cases leads to a contradiction and this will end the proof.

Case 1. Assume that my = 1. From the definition of m and the definition of the family .#,
there exists a compact set K < Q) which is contained in a connected component of Q, we
denote this component by Qy, and there exists N € N such that

Yn(K)NK # @ foreveryn = N. 3.2.1)

Claim 1.1. For every n =1 we have that v ,(Q) < Q.
Proof of the claim. We know that

WN(K)NK # @ and 941 (K) N K # 8.

Therefore
WN(Qo) € Qo and ¥ 41 (Q0) < Qo.

This gives that ¢ maps the set ¥ (Qg), which is a subset of Q, into Q. Therefore ¥ (Qy) <
Qy, by connectivity of Q, and from this it follows that v, (Qy) < Qg for every n = 1. This
proves the claim.

Claim 1.2. Foreveryn=1 and every x € Qo we have that
2n-1

[T w0 >o0.

i=0
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Proof of the claim. Since the operator Cy,y is hypercyclic, we get from Lemma 3.2.1 that
w(x) # 0 for every x € Q. Because Qy is connected, this gives that w has constant sign on
Qy. From Claim 1.1 we obtain that for every x € Qy and every n = 1 the signs of w(x) and
w(w,(x)) are equal. This implies that for every x € Q¢ and every n = 1 the desired inequality
holds, since the product of an even number of nonzero numbers which have the same sign
is always positive.

We are now ready to finish the proof in this case. By our assumptions the operator Cy,,,
is hypercyclic. Using Ansari’s result (see Theorem 1.2.9) we obtain that the operator Cfu_w
is also hypercyclic. Because the set of hypercyclic vectors of Cﬁw is dense in C*°(Q) (see
Birkhoff’s Theorem 1.2.4), we can find h € C*°(Q) which is a hypercyclic vector of Cfu_w and
which satisfies the inequality

Re(h(x)) > 1 forevery x € K. (3.2.2)

Since h is a hypercyclic vector of wa, we can find an increasing sequence {n} ey of natural

numbers such that the sequence {Ci,n{,j(h)}k N converges (in the topology of C*(Q)) to the
’ €
function which is equal to —1 on Q. In particular, there is ky € N such that

Re ((Ci,nl’,j(h)) (x)) <0 for every x € K and every k = ky. (3.2.3)

Let k1 > ko be such that2ny, = N. In view of (3.2.1) we can find xo € K such that Vony, (xo0) € K.
From (3.2.3) (see also Remark 3.1.3) we obtain that

2nk1—1
( [ W(U/i(xo)))'Re(h(UJanl (xo))) <o.

i=0
Using (3.2.2) we thus get that

anl -1

[ wwixp)<0

i=0
and this gives a contradiction with the statement of Claim 1.2. This completes the proof in
this case.

Case 2. Assume that my > 1. From the definition of m, and the definition of the family ./,
there exists a compact set K < Q2 whose intersection with precisely m(y connected compo-
nents of Q2 is nonempty and, moreover, there is a natural number N such that

wa(K)NK # @ for every n = N. (3.2.4)

LetQy,...,Q, be those connected components of Q2 whose intersection with K is nonempty.
Moreover, for 1 < i < mylet K; = KNnQ;. Itis clear that K; is a compact set for every 1 < i < my.
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Claim 2.1. Foreveryl < i < my thereexists 1 < j < my and there is n € N such that

Wn(€2) CQj-

Proof of the claim. Assume that this is not the case, i.e., assume that there exists 1 < ip < my
such that for every 1 < j < my and every n = 1 we have

Yn(Qip) £€Qj.

Because for every n € N the set ¥, (Q;,) is connected, this means that

mg
Y Qi) N[ Qi | =@ forevery n=1. (3.2.5)
i=1
In particular,
Wn(Ki)) NK = ¢ forevery n=>1. (3.2.6)
Let us now consider the set
M := K\Kj,.

Itis clear that M is compact. Moreover, the intersection of M with precisely my—1 connected
components of Q is nonempty. We will show that there exists a natural number N, such that
W n(M)NM # @ for every n = Nyy. This will give a contradiction with the assumption that mj
is the smallest element of .Z.

In order to show that there exists a natural number N); such that for every n = Ny, we
have v, (M) n M # @, let us first observe that there exists N; € N such that

(M) N K;, = ¢ for every n = Nj. (3.2.7)

Indeed, if this would not be the case, then it would be possible to find 1 < j # iy < m and
n; < np such that
Wi, (Kj) N Ky # @ and v, (Kj) N Kjy # .

Hence vy, (K;) < Q;, since the set K| is contained in the connected component Q; of Q. But
this impossible in view of (3.2.5) since

my
U
i=0

Let now Ny; = max{N, N;}. From (3.2.4), (3.2.6), and (3.2.7), for every n = N,; we obtain that

an (K]) N Kio = an—nl (U/nl (K])) N Kio = U/nZ—nl (Qio) N Kio c Ufng—nl (Qio) N =Q.

@ £Wn(K) N K =9, (MU Kj) N (MUK;,)
=(y (M) N (MUK;))) U (¥n(Ki) N (MUK;))
=y (M) N (MUK;)
= (Y M) N M) U (¥, (M) NK;)).
=y,(M)n M.
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Hence
wn(M)N M # @ for every n = Ny,.

As explained above, this gives a contradiction with our assumptions. This completes the
proof of the claim.

Claim 2.2. For every 1 < i < my there exists 1 < j; < my and there are two natural numbers
N;1 < Nj, such that
Wn;, Qi) €Qj, and VN, Qi) € Qj,.

Proof of the claim. Let us fix 1 < iy < my. By Claim 2.1 there exists n; e Nand 1 < i; < mg such
that

17[/7’11 (Qlo) c Qll .

Using Claim 2.1 once again we can find n, € N and 1 < iy < my such that
1//n1+n2 (Qlo) = 'an (Qll) = Qiz'

Hence inductively we can find a sequence {1} ren 0f natural numbers and a sequence {iy} xen
of natural numbers between 1 and iy such that

Wiy +..+n, (Q4,) € Q;, for every k e N.

By the Pigeonhole Principle we can find k; < k; such that iy, = ix,. This proves the claim.

Let Ny = max{N,-,l l<is< mo}, where the numbers N;; are chosen according to the
statement in Claim 2.2. We will investigate now the properties of the compact set

L:=ypn,(K).
Claim 2.3. Foreveryn= N we have thaty,(L)NL# @.

Proof of the claim. Since the operator Cy, is hypercyclic, by Lemma 3.2.1 we obtain that y
is an injective function. By (3.2.4) we thus obtain that for every n = N we have

D # YN, (W n(K)NK) =N, (W, (K) NN (K) =W n(@n, (K) Ny (K) =y,(L)NL

and this proves the claim.

Claim 2.4. Lets= H;’f’l (N2 — N; 1), where the numbers N; 1 and N, » are as in Claim 2.2. Let
U be a connected component of Q) such that UNL # @. Then w(U) c U. In particular, for
every x € L the points x and vy ;(x) belong to the same connected component of Q.
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Proof of the claim. Let x € LN U be arbitrary and let 1 < i < my be such that

X € Y, (Kj).

We have that
X € YN (Ki) = WnNg-N;, W, (Ki)) €Y Np—N;; (7).
Moreover, it is easy to see that
vs(Q)) Q.
Thus
Ys(X) €Ws(Wng-N;, () = WNg-N;, (Ws(Q5)) € W ing—n;, ().
This shows that x and ¥(x) belong to the same connected component of Q. Since ¥ maps
connected components of 2 into connected components of Q, this implies that

ws(U) c U.

Claim 2.5. Lets= ]'[;'i‘)l (N;j2— Nj1), where the numbers N; 1 and N; » are as in Claim 2.2. For
everyn =1 and every x € L we have that

2ns—1

[T wwix)>o.

i=0

Proof of the claim. Since Cy,y is a hypercyclic operator, by Lemma 3.2.1 we get that w(x) # 0
for every x € Q. This implies that w has constant sign on every connected component of Q.
Let x € L be arbitrary. From Claim 2.4 we easily get that for every x € L the points x and ¥ (x)
belong to the same connected component of Q) for every k = 0. Therefore, for every x € L,
for every k = 0 and every i = 0 the points y;(x) and ys;(x) belong to the same connected
component of Q. Thus for every x € L, for every k = 0 and every i = 0 we have that

2n-1
[T wks+i(x) >0 for every n = 1.
k=0

Hence for every x € L and every n = 1 we get that
2ns-1 s=1(2n-1
[T wa:n=1] ( I1 w(UJks+i(x))) >0.
i=0 i=0\ k=0
This ends the proof of the claim.

We will now proceed as in the proof in case 1. By our assumptions Cy,y is a hypercyclic
operator. Let

my
s= H (Ni2—Nij1),
i=1
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where the numbers N; ; and N; » are as in Claim 2.2. Using Ansari’s result (see Theorem 1.2.9)
we obtain that the operator Cfufw is hypercyclic. Since the set of hypercyclic vectors of Cfufu,
is dense in C*°(Q) (see Theorem 1.2.4), we can find h € C*°(Q2) which is a hypercyclic vector
of ijw and which satisfies the inequality

Re (h(x)) > 1 forevery x € L. (3.2.8)

Because h is a hypercyclic vector, we can find an increasing sequence {n;}ren of natural

numbers such that the sequence {Cifff,’“ (h)}]C N converges (in the topology of C*°(Q)) to the
’ €

function which is equal to —1 on Q. In particular, there is kjy such that

Re ((Cifﬁk (h)) (x)) <0 for every x € L and every k = k. (3.2.9)
Let k1 > ko be such that 2sn;, = N. In view of Claim 2.3 we can find xo € L such that
Vosny, (x0) € L. From (3.2.9) (see also Remark 3.1.3) we obtain that

anl_l
( I w(w,-(xo)))-Re(h(wnkl (xo)))<0.

i=0
Using (3.2.8) we thus get that
2sng, -1
[T wilx)<o.
i=0
But this gives a contradiction with the statement of Claim 2.5. This completes the proof in
this case.
O
Please recall that for a complex number z, by Arg(z) we denote the principal value of the
argument of z, i.e., Arg(z) € [0,2m). For complex valued weights we must assume more in
order to obtain the conclusion of Lemma 3.2.2.

Lemma 3.2.3. Let Q c RY be open and let y : Q — Q, w: Q — C be smooth. If the weighted
composition operator Cy,y : C*(Q) — C®(Q), F — w- (F o), is weakly mixing, then y has
the run-away property.

Proof. Assume to the contrary that Cy,y, is a weakly mixing operator and that the function
does not have the run-away property. From Lemma 3.2.1 we obtain that w never vanishes.
Since v does not have the run-away property, there exists a compact set K < Q such that

Yn(K)NK # @ forevery n = 1. (3.2.10)

Let
U, = {fe C®(Q): |f(x)| >1and Arg(f(x)) € (0,%) foreveryxeK}
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and
U, = {f(-: C®(Q):|f(x)|>1and Arg(f(x)) € (n,%) foreveryxeK}.

Clearly U; and U, are both nonempty and open in C*°(Q2). By the definition of a weakly
mixing operator we can find n € N such that

C{f,,u,(Ul) NU; # ¢ and Cﬁ,ﬂ,,(Ul) NnU; #@.
From (3.2.10) we can find xj € K such that v, (xp) € K. Let fi € U; be such that
Cly(f) el
Since Arg(f(x)) € (0,7/4) for every x € K and v, (xg) € K, we have that
/4
Arg(fWato)) € 0.7).

Since xp € K, ¥, (x9) € K, and CL’}W(f) € U, we have that f(y,(xp)) # 0 and

n-1 T
Arg((CL'f,'w(f)) (xo)) =arg|([1 w(wi(xo))) -f(u/n(xo))) € (O’Z)'
i=0
The above facts imply that

Arg

n-1
[Twwix) | e 0.5\ u(Z,2x). (3.2.11)
4)7\ 4
i=0

Let now g € U; be such that
CZ/:W (g) € Ug.

Since Arg(g(x)) € (0,7/4) for every x € K and v ,(xp) € K, we have that
Arg(g(yn(xo))) € (0,7/4).
Since X € K, ¥»(xo) € K, and Cy, ,, (g) € U> we have that g(y»(xo)) # 0 and

Arg((Chy (8] (x0)) = Arg

n-1 57.[
[T wwixo)) |- gwn(x0)) | € (n, —) .
i=0 4
Connecting this two facts together we get that

3m 571
) . (3.2.12)

n-1
Arg 111) W(U/i(xo))) € (I’T

This gives a contradiction since (3.2.11) and (3.2.12) cannot hold at the same time. This
proves the lemma.
O
The proof of the next lemma is very similar to the previous one. We include it for the sake
of completeness.
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Lemma 3.2.4. Let Q c R be open and let y : Q — Q, w: Q — C be smooth. If the weighted
composition operator Cy,y, : C*°(Q) — C*(Q), F — w- (Fov), is mixing, theny has the strong
run-away property.

Proof. Assume to the contrary that Cy, is a mixing operator and that the function ¥ does
not have the strong run-away property. From Lemma 3.2.1 we obtain that w never vanishes.
Since ¥ does not have the strong run-away property, there exists a compact set K < Q2 and
an increasing sequence {7} xen Of naturals numbers such that

Wn, (K)NK # @ forevery k = 1. (3.2.13)

Let
U, = {f(-: C®(Q):|f(x)|>1and Arg(f(x)) € (0,%) foreveryxeK}

and
U, = {fe COO(Q);|f(x)| >1and Arg(f(x)) € (n,%) foreveryxeK}.

Clearly U; and U, are both nonempty and open in C*°(Q2). From the definition of a mixing
operator we can find N large enough such that for every n = N we have

C{f,,u,(Ul) NU # @ and Cﬁ;,u/(Ul) NU; #@.
Choose k € N such that n; = N. We can find xy € K with v, (xo) € K. Pick f € U; such that
Cory () € UL

Since Arg(f(x)) € (0,7/4) for every x € K and v, (xp) € K, we have that

ATg(f Wn, (x0)) € (0, %) .

Since xo € K, ¥p, (xo) € K, and CZ,’fw(f) € Uy we have that f (i, (x0)) # 0 and

ni—1

11 w(u/i(xo))) : f(Tl/nk(xo))) € (0, %)

Arg((Cli, (D) (x0)) = Arg [T

Connecting this two facts together we obtain that

ni—1

b4 e
11 w(wi(xo))) e o Z) U (I,Zn). (3.2.14)

i=0

Arg

Pick now g € U; such that
Coy (&) € Un.
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Since Arg(g(x)) € (0,7/4) for every x € K and vy, (xo) € K, we have that
b2
Arg(g(Wn, (x0))) € (0, Z) .

Since xo € K, ¥p,, (xo) € K, and CZ]fw(g) € U, we have that gy, (xo) # 0 and

n nk—l 571,
arg((Clt, (@) o)) = Arg| | [T wiwitxo) |- g, (x0) e(nfzj.
i=0
Those two facts give that
=1 37 57
Arg| [T wwi(xo) e(—,—). (3.2.15)
i=0 44

This gives a contradiction since (3.2.14) and (3.2.15) cannot hold at the same time. This
completes the proof.
O
The following technical lemma will be crucial in proving that under certain conditions
on ¥ and w the operator Cy,, is hypercyclic, weakly mixing, or mixing.

Lemma3.2.5. Let Q c R? be open and lety : Q — Q, w: Q — C be smooth functions satisfying
the following conditions:

1. For every x € Q we have that w(x) # 0.
2. The function y is injective.
3. For every x € Q we have that det[y'(x)] # 0.

Assume that K is a compact subset of Q) and ny € N is such thaty ,,(K)NK = @. Letl €N, >0
and f, g € C*°(Q) be arbitrary. Then

C{fjfw ({heC®Q):llh-fliki<e})n{he C Q) :|1h—glik, < €} # 2.
Proof. Our goal is to find a function h € C*°(Q2) such that
IIh—fllK,l<EaHdIICZ,(fw(h)—gIIK,z<E-

In order to do this let us first observe that the set y,,(K) is contained in the image of the
function y; forevery i = 1,..., ny. Using our assumptions and the Inverse Function Theorem
we obtain that there exists an open subset W of 2, containing the set y,,(K), and such that
the functions y_; are well defined and smooth on W, fori =1, ..., ny.

We know that the compact sets K and v ,,(K) are disjoint, and thus we can find disjoint
open subsets U; and W’ of Q such that K c U; and y,,,(K) € W'. Let V; = WnW'. We choose
open subsets U, and V> of Q such that

KcUy,cU,cUand @, (K) < Vo Vo c V.
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Let ¢ : O — Rbe a smooth function such that ¢, =1 on U, and ¢, = 0 on Q\U;. Moreover, let
@2 : Q — R be a smooth function such that ¢, =1 on V; and ¢, = 0 on Q\V;. Such functions
exists by Proposition 1.1.7.

Let us now consider the function % defined via formula

p1(x) f(x), for x e Uy,
_ . 8W—ny (X))
h(x) = { ¢2(x) T w0’ for xe 1,
0, for x e Q\(U; U 11).

It is easy to verify that h € C*°(Q). Since ¢; = 1 on U, we obtain that the functions & and f
agree on the open set U,, which contains K. This implies that

llh—= fllg,1=0. (3.2.16)

For every x € y_,, (1), the fact that ¢, = 1 on V; implies the following equality

no—1
(cin, ) ) ={ TT wawit)|- hwn(x)
i=0
no—l
g('(//—no(u/no(x)))
= wy;(x) |-
il:!) Vi H?ﬁlw(il/—i(wno(x)))
no—1
gx)
= wyi(x)) |- —
[ ww s wyi(x)
=g(x).

Thus the functions g and Cg,?w(h) agree on the open set ¥_j,,(V»), which contains K. This
implies that
1CL2y () = gllx,1 = 0. (3.2.17)

This completes the proof.
O
We are now ready to prove the main theorems of this section.

Theorem 3.2.6. Let Q < R? be open and lety : Q — Q, w: Q — C be smooth. The weighted
composition operator Cyy, : C°(Q) — C*(Q), F — w- (F o), is weakly mixing if and only if
the following conditions are satisfied:

1. For every x € Q we have that w(x) # 0.
2. The function v is injective.

3. For every x € Q we have that det[y’(x)] # 0.
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4. The function ¥ has the run-away property.

Proof. Let us assume that the operator Cy,y, is weakly mixing. By Lemma 3.2.3 we have that
¥ has the run-away property. Since every weakly mixing operator is hypercyclic, we obtain
by Lemma 3.2.1 that the first three conditions in the theorem are satisfied. This proves the
necessity part of the theorem.

Let us now assume that w and v satisfy the conditions 1 — 4 of the theorem. In view of
Theorem 1.2.10 we have to prove the following: for every two nonempty open sets U and V
in C*°(Q) and every k € N there is n € N such that

ChynV#gfori=1,..,k.

So let us take U and V to be two nonempty open sets in C*°(Q2) and let k € N. From the
description of the topology of C*°(Q)) we can find a compact set K c Q, [ € N, € > 0 and
f,8 € C®(Q) such that

{he C®Q):llh-fllk <ecU (3.2.18)
and
{heC®Q):Ilh-gllk <€} V. (3.2.19)
Let
k
L:={Jvy K.

i=0
Itis clear that L is a compact set. Since ¥ has the run-away property, we can find ny € N such
that

Yny(L)NL=@.
This gives that for every 1 < i < k we have
Vnps i (K)NK =9 (Wi (K) NK cyp(L)NL=g.
Thus, for every 1 < i < k, from Lemma 3.2.5 we get that
Croat ({he C®(@:1Ih- fllk, < e}) n{he C(Q:lIh-gllk, < e} # o.

This proves the theorem.
O
In the real weight case we obtain the following corollary.

Corollary 3.2.7. Let Q c R? be open and lety : Q — Q, w: Q — R be smooth. The following
conditions are equivalent:

(1) The operator Cy,y : C*(Q) — C®(Q), F — w- (F o), is weakly mixing.

(2) The operator Cyy : C*°(Q) — C*(Q), F — w- (Fov), is hypercyclic.
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(3) The following conditions are satisfied:

* For every x € Q we have w(x) # 0.

* The function vy is injective.

* Forevery x € Q we have det[y'(x)] #0.

* The functiony has the run-away property.

Proof. It is obvious that (1) implies (2). From Lemma 3.2.1 and Lemma 3.2.2 we obtain that
(2) implies (3). Finally, Theorem 3.2.6 shows that (3) implies (1).
O

Remark 3.2.8. 1. The equivalence of hypercyclicity and the weak mixing property of the
weighted composition operator Cy,y,, where w is a real valued weight, is not surprising. In-
deed, if w is a real valued weight, then the operator Cy,,, acting on the complex space C*(Q2)
is the complexification of the corresponding operator Cy,y acting on the real space C*(Q).
By Proposition 1.2.11, such a complexification is hypercyclic if and only if it is weakly mixing.
2. We do not know if Corollary 3.2.7 is true when the weights are allowed to be complex. To
obtain an analogous result for complex weights, one would have to prove Lemma 3.2.2 for
complex weights. Unfortunately, this is out of our range now.

3. Please note that the condition (3) in Corollary 3.2.7 does not depend on the field (real or
complex).

Theorem 3.2.9. Let Q c R? be open and lety : Q — Q, w: Q — C be smooth. The weighted
composition operator Cy,y : C*°(Q) — C*(Q), F — w- (Fov), is mixing if and only if the
following conditions are satisfied:

1. For every x € Q we have w(x) # 0.

2. The function y is injective.

3. For every x € Q we have det[y’'(x)] # 0.

4. The function v has the strong run-away property.

Proof. Assume first that Cy, , is mixing. Since every mixing operator is also hypercyclic, from
Lemma 3.2.1, we obtain that the first three conditions in the theorem are satisfied. Lemma
3.2.4 tells us that the fourth conditions is also true.

Let us now assume that the conditions in the theorem are satisfied. We have to show that
the operator Cy,;, is mixing. So let U, V be two nonempty open subsets of C*°(2). Our goal
is to find N € N such that

Cuy NV # ¢ for every n= N. (3.2.20)

Let K cQ be compact, [eN, € >0, and f, g € C*°(Q2) be such that

{heC®QQ):llh-fllx<etcU (3.2.21)
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and
{heC®Q):lh-gllk <€} V. (3.2.22)

Since the function ¥ has the strong run-away property, we can find N € N such that
Yn(K)NK =@ foreveryn= N.
Using Lemma 3.2.5, we obtain that for every n = N we have
CZW ({heC®Q:Ilh-fllk <e})n{he C®Q): IIh—gllk < e} # B.

Connecting this with (3.2.21) and (3.2.22), we get that (3.2.20) is true. This completes the
proof.
O

Remark 3.2.10. Please note that every mixing operator is weakly mixing and hypercyclic.
We do not know if every every hypercyclic (weakly mixing) weighted composition opera-
tor is already mixing. In order to find a counterexample to this statement, in view of the
above results, one would have to find a smooth and injective function ¥ : Q — Q, such that
det[v'(x)] # 0 for every x € Q, which has the run-away property but does not have the strong
run-away property (comp. Remark 3.1.5).

3.3 Hypercyclic, weakly mixing, and mixing composition
operators

In the previous section we obtained characterizations of hypercyclic, weakly mixing and mix-

ing weighted composition operators Cyy : C°(Q) — C*(Q), F — w- (Fovy) (see Theorem

3.2.6, Corollary 3.2.7, and Theorem 3.2.9). As an immediate consequence, taking w:Q — R

to be equal 1 on the whole set 2, we obtain the following characterizations of hypercyclic,
weakly mixing, and mixing composition operators Cy, : C*°(Q2) — C*(Q), F— Foy.

Theorem 3.3.1. Let Q c R% be open and let v : Q — Q be smooth. The following conditions
are equivalent:

(1) The operator Cy : C*(Q) — C*(Q), F — Fo, is hypercyclic.
(2) The operator Cy, : C*(Q) — C*(Q), F — Fow, is weakly mixing.
(3) The following conditions hold:

* The function v is injective.
e Forevery x € Q we have det[y'(x)] #0.
* The function v has the run-away property.
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Theorem 3.3.2. Let Q) c R? be open and let vy : Q — Q be smooth. The composition operator
Cy : C*(Q) — C*(Q), F — Fov, is mixing if and only if the following conditions are satisfied.:

1. The function y is injective.
2. Forevery x € Q we have det[y'(x)] #0.

3. The functiony has the strong run-away property.

3.4 Dynamics of weighted composition operators in the
one-dimensional case

The goal of this section is to prove Theorem 3.4.4 which shows that various dynamical pro-
perties of the weighted composition operator Cyy : C*°([R) — C*(R), F — w- (Foy), are
equivalent. We start with the following simple and well-known lemma. Please recall, that if
¥ :R — R, then every x € R such that w(x) = x is called a fixed point of .

Lemma 3.4.1. Let ¢ : R — R be smooth and injective. If w has no fixed points, then v is
increasing.

Proof. The condition that ¥ has no fixed points implies that either ¥ (x) > x for every x € R
or ¥ (x) < x for every x € R. Assume first that

w(x) > x for every x € R. (3.4.1)

If v is not increasing, then the injectivity of ¥ implies that v is decreasing. Since y(0) > 0,
this gives that
v (p(0) <w(0).

But his is impossible in view of (3.4.1).
Assume now that
w(x) < x for every x e R. (3.4.2)

As in the previous case, assume that v is not increasing. Since v is injective, this gives that
v is decreasing. Because ¥ (0) < 0, this implies that

Wy (0) >y (0)

and this gives a contradiction with (3.4.2).
O
In the proof of the main theorem of this section we will need the following simple obser-
vation.

Lemma 3.4.2. Lety : R — R be smooth and injective. The following conditions are equivalent:



CHAPTER 3. DYNAMICAL PROPERTIES OF WEIGHTED COMPOSITION OPERATORS 61

(1) The functiony has no fixed points.
(2) The function v has the run-away property.
(3) The function v has the strong run-away property.

Proof.

(1) = (3) From the assumption that ¥ has no fixed points we obtain that either y(x) > x for
every x € R or 1 (x) < x for every x € R. Moreover, from Lemma 3.4.1 we obtain that y is an
increasing function. Thus

w(lc,d]) =[y(c),w(d)] forevery c < d.

Let K c R be an arbitrary compact set. Our aim is to find N € N such that v ,(K) n K = ¢ for
every n = N. Enlarging K if necessary, we may assume that K = [a, b].

Case 1. Assume that ¥ (x) > x for every x € R. For every n = 0 we have that

Yn(a) <yuii(a).

This shows that the sequence {v¥,(a)},en is increasing. We claim that this sequence is un-
bounded. If not, then there exists ay € R such that

nh_IEou/n(a) = ap.
Using the continuity of ¢ we get
ap = r}l_IEOUJn(a) = r}i_r)rolol//n+l(a) = r}l_l:go'W(Wn(a)) = '(V(r}l_l:rolo”Wn(a)) =y (ap),

which is impossible because from our assumptions ¥ has no fixed points. Thus we have
shown that the sequence {y,,(a)},en is increasing and unbounded. Therefore, there is N € N
such that ¢ ,(a) > b for every n = N. Thus for every n = N we have

Ya(K)NK=vyy(la,b)nla, bl =[yn(@),yn(D)]Nla, bl =@.

This finishes the proofin this case.

Case 2. Assume now that ¥ (x) < x for every x € R. It is easy to see that this implies that the
sequence {,(b)}en is decreasing. Assume for a moment that this sequence is bounded.
Then there exists by € R such that

r}l—r»{olo Wn(b) = by.

The continuity of ¢ implies that

bo = im g, (b) = lim g1 (B) = lim y(y, (B) = y( lim (b)) = (o).
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But this is impossible because ¥ has no fixed points. Therefore the decreasing sequence
{1, (D)} en is unbounded. Thus we can find N € N such that y,(b) < a for every n = N. For
every n = N we have

Ya(K)NK=vyy(la bl)nla,bl = [y,(a),yn(D)]Nla, bl = 2.

This finishes the proof of this part of the lemma.

(3) = (2) This implication is obvious.

(2) = (1) Assume to the contrary that ¢ has a fixed point xy, i.e., ¥(xp) = xp. For every n € N
we have

Yn({xo}) N {xo} = {xo},

and hence ¥ cannot have the run-away property.
0

Lemma 3.4.3. Lety : R — R, w: R — C be smooth. If the weighted composition operator
Cuy : CPR) — C*°(R), F— w- (Fov) is hypercyclic, theny has no fixed points.

Proof. Assume to the contrary that Cy, is hypercyclic and that there exists xo € R such that
¥ (xo) = Xo. Let h be a hypercyclic vector of Cy,  such that h(xg) # 0. For every n = 1 we have
that

(Cg,w(h)) (x0) = (w(x0))" h(xp).

Since h is a hypercyclic vector of Cy, y, the set

{(ciy ) o) : neny
has to be dense in the real or complex field. But this is impossible because if |w(xp)| < 1, then
the set {(Cg,w(h)) (xg):ne I\I} is bounded, and if |w(xg)) | > 1, then
Iim |(Cl, (1)) (x0): n €| = o0

This completes the proof of the lemma.
O

Theorem 3.4.4. Lety :R— R, w:R — C be smooth and assume that w(x) # 0 for every x € R.
The following conditions are equivalent:

(1) The operator Cy,y : C*([R) — C*(R), F— w- (F o) is hypercyclic.
(2) The operator Cy,y : C°(R) — C*(R), F— w- (F o) is weakly mixing.
(38) The operator Cy,y : C°(R) — C*(R), F— w- (F o) is mixing.

(4) The operator Cyy : C*°([R) — C*(R), F — w- (F o) is chaotic.
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(5) Forall x € R we havey'(x) # 0 andy has the run-away property
(6) For all x € R we havey'(x) # 0 and v has the strong run-away property
(7) Forall x € R we havey'(x) # 0 and v has no fixed points.

Proof. It is clear that (3) implies (2) and that (2) implies (1). It is also clear that (4) implies
(1). From Lemma 3.2.1 and Lemma 3.4.3 we obtain that (1) implies (7). From Lemma 3.4.2
we get that (7), (6), and (5) are equivalent. By Theorem 3.2.6, (6) implies (3). To complete the
proof of the theorem it is enough to show that (5) implies (4).

So let us assume that (5) holds. From Theorem 3.2.6 we obtain that the operator Cy,y, is
weakly mixing, in particular that it is hypercyclic. In order to complete the proof we have to
show that the set of periodic points of Cy, is dense in C*°(R). Thus for every f € C*(R), for
every compact set K c R, for every n € N and every € > 0 we have to find p € C*°(R) which is
a periodic point of Cy,, and satisfies || f — pllx,n <.

Let us fix f € C*(R), a compact set K < R?, n € N and ¢ > 0. Enlarging K if necessary, we
may assume that K = [a, b] for some a < b. Let

L:=[a-3,b+3].

Moreover, let ¢ : R — R be a smooth function which is equal to 1 on [a -1, b + 1] and equal
to 0 on [R\~[a —2,b+2]. Such a function exists in view of Proposition 1.1.7. Consider now the
function f: R — R defined via formula

FX) =) f(x).
Clearly f is smooth and, moreover,
I1f = Fllin =0 (3.4.3)

By our assumptions v is an injective function and has the run-away property, hence by
Lemma 3.4.2 it has the strong run-away property. Thus we can find N € N, such that

vu(L)NL=@ forevery n= N. (3.4.4)

For every integer n =0 let
Ll’l = Wn(L)»

and for every integer n < 0 let
Ly:= Wn(L N W—n(R))

Claim 1. Let k <[ be two integers. Then

LinNLiy=®.
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Proof of the claim. Assume that this is not the case, i.e., assume that there exists

XeELinnNLiy#®.

This means that we can find [}, > € L such that the function yy is well-defined at [;, the
function vy is well-defined at I, and

vin(h) =win(l).

Since by our assumptions v is an injective function, this gives that

h=vu-pn).

Therefore
Vi-pNL)NL#@.

But this is impossible in view of (3.4.4). This finishes the proof of the claim.

Consider now the function p : R — R defined via formula

Fa_un o) - (MZ) (MY, w_en—i ()™, x€ Ly, where n>0,
p(x) = (C;@N(f)) (x), x€L,n, where n<0, (3.4.5)

0, X €R\ (Upez Lun) -

Please note that Hiio = 1 by definition.

From Claim 1 and from the definition of the sets L,,, we easily observe that the function
p is well-defined. Please note that v, is a diffeomorphism from L onto L,y for every n = 0.
Thus for every n = 0 the function fo w_,y has a compact support contained in the interior
of L,n. In case n < 0, the set L,y is either a compact interval, or a closed halfline, or an
empty set. In the first case, the function C;,ZI,N (f) has a compact support contained in the
interior of L,y. In the second case, the function y_, maps the halfline onto the interval
(¢,b+3] for c>a-3, oronto [a—3,c) for c < b+ 3. In both cases, the function C,;,ZZVN(]?) has
support containing in the interior of the halfline. Summarizing, the sets L, are closed and
disjoint (possibly unbounded) intervals and the function p as defined has support contained
in the interiors of those intervals. Since ¥ has the run-away property (and hence also the
strong run-away property), those intervals cannot accumulate at a point. This shows that
the function p is smooth.

Let us now observe that the functions p and f are equal on the compact set L. Since the
set K is contained in the interior of L, this gives that

ILf = pllx.n = 0.

Thus from (3.4.3) we have that

f = pllikn=If = pllikn=0.
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We will show now that p is a periodic point of the operator Cy, and this will finish the proof
of the theorem.

Claim 3. We have that CNw(p) p, i.e., p isa periodic point of Cyy .
Proof of the claim. We have to show that
(Cllf,yw(p)) (x) = p(x) for every x e R.

There are several possible cases.
Case 1. Assume that

xeR\(ULnN).

ne”Z

Then it is easy to verify that
’WN(X) € R\ ( U LnN) .

nez

Therefore

N-1
(Cﬁ,u,(m) (x) = ( [ W(U/i(x))) PN (X)) =0=p(x).
i=0

Case 2. Assume that x € L, , where n < —1. Then it is clear that ¥ (x) € L,+1)n and, there-
fore,

(Chy ) 0 = Hw(w,(x))) PN ()

N ~
( w(w,(x))) (Con ™M) )
i=
(¥ (CaN D)) @
=(Car¥ ) @
Case 3. Assume that x € L_y. Then v (x) € L and this gives that

N-1 N-1

(Chyp) 0= ( [1 w(w,-(x)))-p(wmx)) =(H w(wi(x)))- Fanton = (Cly (D) 0 = p).

i=0 i=0
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Case 4. Assume that x € Ly, where n = 0. Then ¥ (x) € L(;+1)n. Therefore

N-1

(Cﬁw(m) (x) = ( I1 W(Wi(x))) -pyn(x)

i=0

[

k
5 wyi)) (lﬁl (
MY, wy— i) iz

_ MV wy(x) ( n (N ))‘1
= Fy_nn(x)- WY s N—i (X))
fW-nn Y wws () I}:[l l:Hl V(-k+)N

N -1
(1‘[ (w_kN_i(wN(x)))))

i=1

N-1 _
= ( I1 w(wi(x))) SfWCn-yN@N () - (

n
i=0 =0
N
[[w

i=1

-1
= _nn(x)- w(W_kN- Z(WN(X)))))

_ n-1 -1
=fp_pn(x))- (]_[ (H W(Tl/—kN—i(x))))

k=0 \i=1
=p(x).

The above are the only possible cases. This ends the proof of the claim and completes
the proof of the theorem.

O
3.5 Examples
In the following examples we will try to illustrate the results of this chapter.
Example 3.5.1. Lety :R? — RY be defined via formula
v(xX1,...,Xq) = (X1 +v1,...,Xqg + Vg),
where (v1,...,v4) in a non-zero vector in R%. Clearly v is a smooth and injective function.

Moreover, for every x € R we easily calculate that det[y’'(x)] = 1. It is also clear that the func-
tiony has the strong run-away property. Thus for an arbitrary weight w : R% — C which does
not vanish onR%, we obtain from Theorem 3.2.9 that the operator Cuw,y is mixing. In particu-
lar, the operator Cy, is mixing.

Example 3.5.2. Lety : R — RY be defined via formula

W(xlr---vxd) = (w1(xl)r'-')Wd(xd))r

where for every 1 < i < d the function y; : R — R is smooth and satisfies y;(x) # 0 for all x € R.

Of coursey is a smooth and injective function and for every x € R? we have that det[y’ (x)] # 0.
One can easily check that the functiony has the strong run-away property if and only if it has
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the run-away property, which happens if and only if there is 1 < i < d such that the function
v has no fixed points.

Thus, if there is 1 < i < d such that the function v; has no fixed points, then for an arbi-
trary weight w : R* — C which does not vanish on R?, we obtain from Theorem 3.2.9 that the
operator Cy,y, is mixing.

Example 3.5.3. Lety :R — R be defined as
vx)=x+1.

Sincey'(x) = 1 for every x € R and sincew has no fixed points, we get from Theorem 3.4.4 that
foran arbitrary weight w : R — C which does not vanish onR, the operator Cy,y, is mixing and
chaotic. This also holds ify : R — R is defined via the formula y(x) = e*.
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