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AN EXPLICIT EXAMPLE CONCERNING
THE INVARIANT SUBSPACE PROBLEM
FOR BANACH SPACES

WIESLAW SLIWA

ABSTRACT. We simplify the negative solution to the in-
variant subspace problem for Banach spaces. Developing the
ideas of Read, we give an explicit example of a continuous lin-
ear operator on the Banach space [; without nontrivial closed
invariant subspaces.

1. Introduction. By a space we mean a linear manifold over the
field K of real or complex numbers and by an operator we understand
a linear mapping. Let T be an operator on a space E. A subspace
M of E is a nontrivial invariant subspace of T if {0} # M # E and
T(M) C M. One of the most famous problems of operator theory
is the invariant subspace problem for Hilbert spaces. It asks whether
every continuous operator on an infinite-dimensional (i.d.) separable
Hilbert space has a nontrivial closed invariant subspace. This problem
is still open. A vast literature exists dedicated to the invariant subspace
problem for various important classes of Banach spaces and continuous
operators. The invariant subspace problem for complex Banach spaces
solved negatively Enflo [2] and Read [5, 6, 7]. Enflo constructed
an i.d. separable Banach space X and a continuous operator on X
without nontrivial closed invariant subspaces. The paper containing
this very difficult example was submitted for publication in the Acta
Mathematica in 1981. It was accepted in 1985 and it appeared in
1987. In the meantime, Read also constructed a counterexample and
submitted it for publication in the Bulletin of the London Mathematical
Society in 1983. The paper appeared in 1984 [3]. A shorter version of
this proof was published by Read in 1986 [5]. He also constructed
continuous operators on Banach spaces [; and ¢y without nontrivial
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closed invariant subspaces [4, 6]. This /;-example was simplified by
Davie and can be found in Beauzamy’s book [1, Chapter 14].

Note that it is not known whether there exists a continuous operator
without a nontrivial closed invariant subspace on an i.d. reflexive
Banach space.

Let P(d) be a proposition depending on a strictly increasing sequence
d = (d,) C N. We say that P(d) is true for all d increasing sufficiently
rapidly if there is a constant ¢ € N and functions f; : N* — N, i € N,
with the following property: Whenever the strictly increasing sequence
d = (d;) satisfies d; > c and d,1 > fr(d1,...,d,) for all » € N, then
the proposition P(d) is true [3, Definition 1.1]. Clearly, P(d) is true
for some strictly increasing sequences d if it is true for all d increasing
sufficiently rapidly.

All known examples of a continuous operator 7" on a Banach space F
without nontrivial closed invariant subspaces depend on some strictly
increasing sequence d = (d;) C N. It is proved that T is continuous
and has no nontrivial closed invariant subspace for all d increasing
sufficiently rapidly. However, any concrete strictly increasing sequence
d such that T is continuous and has no nontrivial closed invariant
subspace cannot be indicated by means of the proof.

In our proof we do not use the notion of sequences increasing suffi-
ciently rapidly. We indicate concrete increasing sequences d = (d;) C
N such that the operator T is continuous and has no nontrivial closed
invariant subspace. Note also that Enflo, Read and Davie used the
local compactness of K and we do not. The heart of our innovation is
Lemma 6. That is the way we can obtain an explicit growth condition.

2. Results. Let a > 8. Let dy = 2 and (d,,) C N with d,, > a?dn-1
for n € N. It is easy to see that d,,_; > 2n for n € N. Hence we have
d, > a*™, n € N. Since the function f(x) = 2%/V* is decreasing in the
interval (e2,00) we get s/ < 32/’ < 1/(") for n € N. Thus,
din < aVdn/t < dp4q for n € N.

Put vo =0, a,, = dap—1, by = d2, and v, = (n—1)(a,+b,,) for n € N.
Then 4n < o™ < ay,, aﬁ” < aVan/t < b, and bﬁ” < aVbn/t < Q41 for
every n € N. Hence, we get 8na,, < by, 8nb, < ant1, 8(vp—1+1) < an,
aa? < oVt ab? < aVPn/* and n%a? < b, for every n € N.
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For a,b € Z we denote the set {k € Z : a < k < b} by (a, b]; similarly
we define [a, b), [a,b] and (a,b).

For nonempty sets A, B C N we write A < B if 1 + max A = min B.
For n,r € N with n > r we put:

Jn,r = ((7" - 1)an + 'Un—raran)a

[ran,ran + vp—r_1],
((n=1)an + (r — Dby, r(an + b))

In,r
Ln,r
and

Ky = [r(an + bn), (n — 1)a, +rby).

These sets are nonempty and J,, < In, < Jprs1; Lny < Kpp <
Lyrq1 for n,r € Nwithn > 74+ 1and Jono1 < Inn—1, Lnpn_1 <
K, n—1 for n > 2. Moreover, X,, := Uf;ll(Jn,r Ul,,) = (vn-1,(n —
Day], Y, = Uf;ll(Ln’T UK,,) = ((n —1)ay,v,] for n > 2; so
X, <Y, <Xpyq1 forn>2and UX,(X,UY,)=N.

Let FF = KJz] and F,, = {f € F : deg(f) < n} for n € Ny, where

No =NU{0}. F is a linear algebra over K and F,, is a subspace of F
for every n € Ny. Put

xt if i = 0;

ol@r=ban=2il/Vian i if j ¢ Jn,r and n,r € N with n > r;
fi =% ap_r(2t —zt ) ifiel,, and n,r € N with n > r;

al@r=1)bn—2il/Vabn i if j ¢ L, and n,r € N with n > r;

¢ — bzt Tbn ifi € K, and n,r € N with n > r.

Clearly, lin{f; : 0 <i <n} = F, for n € Ng. Thus, (f;)2, is a Hamel
basein F. For f € F of the form f =" ¢; f; we put || f|| = D14 |eil;

Il - |l is a norm on F.

Denote by E = (E, ||-||) the completion of the normed space (F, ||-||).
The Banach space F is linearly isometric to [;.

Put 4,, = aV*m™ and B,, = aVPn for m € N. We have the following

Lemma 1. (a) Letm € N withm > 2. Then maXo<i<(m—1)a,, 2]l <
Ap and maxo<ico,, [|2°]] < Bp,.
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(b) Let n,r € N withn > r. Then ||z* —z' " || < 2a,', fori € I,
and ||zt — Lzt~ || < 20071 fori € K, .

Proof. For m € N we have [0, mam+1] = [0, vm] U UL (g1, U
Im+17‘l") and [O,Um+1] = [0, mam_H] U UT:l(L‘m-i-l,"‘ U K‘m—i—l,r)-

Clearly ||z°|| = 1. Let n,r € N with n > r. Tt is easy to check that
|2|| < eV for i € J,,, and ||zf|| < aV?" for i € Ly, .

Let ¢ € I, .. For j € [0,r) we havei jan €l,,_j,s0 a;lrﬂ.fFMH =

xifj“" - zi=(+an - Hence, ZJ 00n "ty ifija, = T — CIZi_TTI", s0
e —a'=ren || = 32770 ap L < 2051, Then ||| < 2a, + 2"~ |

and 7 — ra, € [0, v,_2].

'Le't i € Kn,. Fgrj € [0,r) we 'have i — jbp € Kpr—j, so
2i—ibn :fifjbn“l‘bnxl_(]-i_l)b Hence, z¢ = Er lbnfz jb, + 0L i—7bn
50 ||’ —bj, 2 =bn || = 77 b, < 26771, Then ||| < 265748}, [l ”’"||
and ¢ — rb, € [an, (n —1)ay].

Hence, by induction, we get maXo<;<(m-1)a,, ||z']] < a@V® and
maxo<;<y,, ||z']] < aVtm for m > 2. O

Lemma 2. The operator T : (F,| 1) = (F - ), Tf = zf is
continuous and ||T|| < a.

Proof. Tt is enough to show that ||T'f;|| < « for any ¢ € Nj. Since
1 € Jy1 wehave f; = ale2—2l/Via2y Thus, T'fy = z = o~ 192 2l/Viaz 1.
hence, ||Tfo|l < 1.

Let ¢ € N. For some n,r € N with n > r, we have i € J, , UI,, U
L, ,UK,,. Consider four cases (and many subcases).

Case 1. i € Jy, . Then T'f; = ol(?r—1an—2il/Vian zi+1,

1.1°. i < ran, —1. Then i+1 € Jpp, 50 fiy1 = al?r—Den—20+1)]/Vian
21, Thus, Tf; = o2/V4an f, .\ Hence, |Tf;|| = o2/Vin < q.

1.2°. i = rap, — 1. Then Tf; = al?~9nl/Viangran = By Lemma 1
we have ||z"% — z°|| < 2a;',. Thus, [|z"%| < 2a;', +1 < 2 so
ITfill <a=ver/t <apt <1
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Case 2. i € I,, .. Then T'f; = a,_,(z"T! — gitl-an),

2.1°. i <rap+vy 1. Theni+1€ I, ,, so fiy1 = an_(z"F! —
g"t1=0n). Thus, [|Tfil| = || fisall = 1.

2.2°. i = ray, + vp—r—1. Then 4(i +1) < (4r + 1)a, < b,. Put
j=i—an+1.

Ifr < n—1,theni+1 € J, .4 1; 50 fiyg = lZrthan=2(+1)]/vVian i+l
Hence’ ngi""l” = a_[(27+1)an_2(i+1)]/\/‘m S a_\/ﬁ/zl_

Ifr =n—1,theni+1 € Ly 1; 50 fiy1 = albn=20+DI/Vabnzitl Hence,
Hmi-s—ln _ a—[bn—Q(i+1)]/\/4bn < a—\/IZ/4_

If7 = Land n =2, then j = 1 € Jy, and [of]| = a2 2V | <
oVl

Ifr=1and n > 2, then j € Jo_11; 50 fj = qlan—1=2i1/y/4an_1 ;i
Hence, HIJH — a—[an71—2(vn72+1)}/w/4an,1 < a,m/él‘

If 1 <7 < n—1, then using Lemma 1 we get ||z/ — z%»-~1F1]] <
Qa;ETH. Moreover, v,_r—1 +1 € Jy_y 1, SO

fv 1= a[an_rfZ(vn_r_1+1)]/w/4an_rxvn7r71+1
n—r—1 .

Hence, [lo*»—=++1]| < a=ver—/4. Thus, [l#7]| < 2a,%,, +a~va =/,

Ifr=n-1,then j€ J,,_1;50 f; = al@n=3)an—2j1/V4an i Hence,
|27 || = a~len—2/Vian < g=Van/4,

It follows that ||Tfil] < an_.(||zH|| + [|27]]) < 2an_r(ar_£r+1 +
Va4 < gt

Case 3. i € Ly, . Then Tf; = ol(2r=1)bn=2i]/Vabn gi+1,

31°. i < r(an +b,) — 1. Then i +1 € Ly,,, so fiz1 =
a([(2r—1)bn_2(i+1)]/\/4bn)$i+1. Thus’ sz = a2/v4bnfi+1. Hence,
ITfill = a¥/VPr < a.

3.2°. i =r(ap +b,)— 1. Then Tf; = al=bn=2rant2l/vVibn i where
j = r(an + bn). By Lemma 1 we have ||z — bjz"*"|| < 2b;7'. In
Case 1 we have shown that ||z7%"| < 2. Hence, ||z7|| < 3b% 1. Thus,
ITfill < 3a VP20t <b,".
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Case 4. i € K,, .. Then Tf; = z*+1 — b, 2iT10n,

4.1° 4 < (n — Va, + rb,. Then i +1 € K,,, so fiy1 =
it — bttt = Tf;. Hence, |Tf;| = 1.

4.2°. i = (n—1)a, +rb,. Put j =¢+1—0b,. Then j € L, ,, so
fi = al(2r=1)bn=2j1/v4bn i Hence, 27| = o~ 1@r+1)bn—2(i+1)]/v/4by <
a~Von/4,

Ifr <n—1,theni+1 € Ly r11;50 fiy1 = al@r+1)bn—2(i+1)]/ Vb, pit1
Hence, |21 = ||27|| < a=Von/4,

Ifr=n—1,theni+1e Jnt1,15 50 fiy1 = alan+1 =20+ D)]/\/4ant1 i+l

Hence, [|z'T!|| < a=v@n+1/4 < o~Vbn/4 Thus, we have |Tf;|| <
|+ + ball2d ]| < 2bpa—VE/A < 1. o

From now on, by T" we will denote the continuous operator on E such
that Tf = «f for all f € F; clearly ||T|| < |a|-

By the proof of Lemma 2 we get the following

Remark 3. If n,r € N with n > r, then |Tf.q, -1l < a,?,
IT franton—oall < agly and 1T frqa, 40,1l < b5

Let m € N with m > 2. Put S,, = Uy, 1 Innm. Let Qp i F —
F(m—1)a,, be an operator such that

fi if i € [0, (m — 1)am]
Qmfi= —amzi~(m—m)an  ifiec o andn >m
0 ifi e (N\ Sp) withi > (m—1)a,.

Clearly, [|Qmfill = 1 for 0 < i < (m — 1)am, and [|@mfil| <
amBm-1 < VAp for i € Inpn_m, n > m. Thus, sup;cn, [|Qmfill <
V/A,; so the operator Q,, : (F,||-||) — (F,|| - ||) is continuous and
|Qm|l < vVAn,. From now on, by Q,, we will denote its continuous
extension on (E, || - ||).

We have the following lemma.

Lemma 4. Let m € N with m > 2, and let s € K;,1. Then
IT° = T°Qun < c.
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Proof. Tt is enough to show that ||T°f; — T°Qu fi|| < a for every
i € No. If i € [0, (m — 1)am], then T*f; — T*Qyn f; = 0.

Let ¢ > (m — 1)a,,. For some n,r € N with n > r we have
i1€Jp, Ulpr ULy UKy, . Ifi € J, ULy, UKy, then i ¢ Sp,; so
Qmfi=0and T°f; = T°Qufi = T*f;.

Consider four cases.

Case 1. i € J,,. Then T%f; = ol?r=Dan=2i/Vianyits  We have
m < m, since (m — 1)am, < i < (n—1)a,. Thus, s < 2b,, < \/ayp.

1.1°. i < ra, —s. Theni+s € Ty SO fivse = al@r—1)an—2(i+s)]/Vian
z'ts, Hence, T° f; = o*/V3n f;, .. Thus, ||T*fi|| < a.

1.2°. i > rap—s. Then Tits—rantly | — ol@r—Dan=2(ran—1)]/vdan
xS, since ra, — 1 € J,,. It follows that T°f; = al?ran—2i-21/Vian
Tits—ranTf., 1. Using Remark 3 we get ||T°fi|| < aaits Tenq, 1 <
afa,l < oz%f"a;zl+1 <1

Case 2. i € I,,. Then T°f; = a,_, (2" — 2"*579n). We have
n > m, since (m — 1)a, < i < rap + vp—r—1 < (n — 1)a,. Thus,
4(i+s) < (4r + 1)ay, < by,.

21°. r = n—m. Then i = ra, + j for some j € [0,v,_1]
and T°Q,fi = —anz’™*We have i + s € Jy,41, SO fits =
a[(2r+1)an72(i+s)]/\/ml,i+s‘ Hence, ||l,i+sH < a*\/an/4 < a:bl. Us-
ing Lemma 1 we get ||z("~Vantits — gi+s|| < 24, % . Thus, |T°f; —
TSmei” — ameers _ (a,/,l*an‘i"s _ m]+s)|| < 3ama7—n1+1 < 1.

22°. r#n—m. Theni ¢ Sy, 80 Qufi =0 and T°f; — T*Qm fi =
Tsf,.

(@) » > n—m. Then for j = i+ s we have j —a, € Jp,, SO
fi—ay = al®r=Dan=2(—an)l/vVEangj—an_ Thus, ||z7=| < a=Venr/4,

Ifr+1<n,then j € Jy,r41;50 fj = al@ritan—2jl/vianpi  Hence,
l27]] = f|lzi=en || < amven/s,

Ifr+1=mn, then j € Ly1; so f; = albn=271/V4bn 27 Hence,
27| < a~—Vbn/4,

It follows that |T°f;|| < an_r(||27| + |27~ |]) < @p_1(a=Ver/* +
a Van/ty <1,
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(b) » <m—m. Then i = ra, + j for some j € [0, v, r_1].

Ifj+s<vn ., 1,theni+s € I, ;50 firs = ap (T —gits—on) =
T5f;. Thus, ||T¢f;|| = 1.

If j +5 > vy_p_1, then we have T°f; = an_,(z'+® — zits7on) =
TSJrjiv"*T*l[anfr(xra"+v"*T*1 _ x(rfl)anjtvn,r,l)] — Ts+i—vn-r_1—1
Tfra,4v, . ,- Using Remark 3 we get || T f;|| < asti—vn—r-1-1g 1 <
asa;ir < osz"La;llel <1.

Case 3. i € L,,. Then T°f; = l?r=Dbn=2i/Vangi = where
j =1+ s. We have n > m, since v;,—1 < am < i < r(an + bn) < vp.
Thus, 47 < ap41.

3.1°. n=mand j > v,. Then j€J,1,1; 50 fj:a[““+1_2j]/v4““+1:cj
and ||z = a7l 2/ VA < gmVani/4 T Thus | (|IT3f]] <
a\/ﬁ/2||wj|| <1.

3.2°. n=m and j < wv,. Then j > na, +rb, and r < n — 1.

(a) If j < (r4+1)(an+by), then j € Ly, »11; 50 f; =al(3r+1)bn=2i1/vV4bn g5
Thus, ||T°f;|| = al=2n+2s1/V4n < o since s — by, < \/by,.

(b) If (r+1)(an+bn) <j < (n—1)a,+(r+1)b,, then using Lemma 1
we get |lzd — brtlgd (Db < 207 and [jzf(THD|| < A, < b,
Thus, [|27]] < 267 46712 < 3b2 < aVbr/%. Moreover, we have | T f;|| =
ol Cr=10bn=2i]/VAbn|| 27 || < q=Vn/4|| 2] ||, since 47 = 4(j—s) > (4r—1)by,.
It follows that | T f;]| < 1.

(c)Ifj>(n—1)a,+ (r+1)b,, then r <n—2 and j € L, ,12; s0
fj — a[(2r+3)bn72j}/\/4bnmj‘ Thus, HTSfZH — a[2574bn]/\/4bn < a.

33°. n > mand j < r(ap + b,). Then j € L,,, so f; =
alCr=10bn=241/V4bn 1i - Thus, ||T* f;|| = o2/V¥n < q, since s < 2by, <
V.

3.4°. n>mand j > r(an+b,). Put k =r(a,+b,). Clearly, k —1 €
L,y 80 fr—1 = al@r=1bn=2(k=1))/Vabn pk=1  Hence, TI~FTfj,_; =
ol@r=1bn—2(k=D)I/Vabn 1 Thus, ||27]| < o [2r—Dbn—2(k=1)]/vabu||T||s—1
|ITfe—1]- By Remark 3 we get [|[Tfr_1|| < b,!. It follows that
|75 fi|| < aPE—i=DI/Vabngs—1p-1 < osp-1 < oz2bmb,_nf|r1 < 1, since
k—i—1<s5<2by, <by.
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Case 4. i € K, . Then T°f; = 27 — bz~ where j =i+ s. We
have n > m, since (m — 1)a,, <i < (n—1)a, + b, < vy,.

4.1°. n=mand j < (n—1)an+ (r+1)b,. Then j > (r+1)(as +by),
sor+1<n-1andj€ K, 4. Thus, fj—mjfb =t =TS f; so
|7 fill = 1.

42°. n=mand j > (n— 1)a, + (r + 1)b,. Then 45 < (4r + 5)b,, <
Ap+1-

If » <n—2, then j € Ly,42 and f; = al(Zr+3)bn=2j1/Vabn gj . g0
J27]] < 1.

It r > n—2, then j € Jpi11 and f; = alan+1=2il/V4antigd, g
2]} < 1.

Ifr<n—1, then j —b, € L, 41 and

fj—bn — a[(2T+1)bn72(j7bn)]/V4bn$j*bn;

s ||zi=bn|| < aVEa/4 < L,
Ifr=n—1, then j — b, € Jpt1,1 and

fice, = alan+1=2(7=bn)]/y/4an+1 zi~bn

s0 [[&77bn || < Jaf VIt < apy.
It follows that | 7% f;|| < ||@7]| + by||z || < 2 < o

43°. n > m and j < (n — l)a, + rb,. Then j € K, , and
fi =27 =byai=tn =T fi; 50 |T*fi]| = 1.

4.4°. n>mand j > (n —1)a, + rby. Then 45 < (47 + 1)by, < any1.

If r <n—1,then j € L1 and f; = al@r+Don=2i1/Vabngi. g4
l2?] < 1.

If r =n—1, then j € Jpt1,1 and f; = alan+1=2]l/v4ant1 i, g0
J27]] < 1.

Moreover, we have j — b, € L, , and

Fiop, = al(r=1bn=2(=bn))/Vbn zi=bn

so ||lzi=tn|| < a=VPn/t < b7l Tt follows that ||T5f] < [j@f] +
bollz? || <2 < a. o
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For f € F of the form f = > ;" c;z* we put |f| = Y-, |ci|. The

functional |- | : F — [0,00), f — |f| is a submultiplicative norm on F.

It is easy to check that for m € N with m > 2 and y € F,,,_1)4,, We
have ||y|| < Am|y| and [y| < maxo<i<(m-1)a,, [filllyl] < vV Amlly]-

For n € Ny we denote by P, the linear projection from F' onto F,
such that P,(z*) = 0 for 4 > n. We have z(P,,v) = Ppt1(zv) forn € N
and v € F.

We need two other lemmas to prove our theorem.

Lemma 5. Lete € E with e #0 and k € N with k > 2. Then there
exists an m € N with m > k such that |Pim_i)a,, (Qme)| > at.

Proof. Suppose by contradiction that for every m € N with m > k
we have

(1) ‘P(m—k)am(Qme” < a;n]-

For some (ej) € 11(No) we have e = 332 e;f;. Then ||
Z?io lej| > 0. Put ¢, = (n — 1)a, for n € N. For n € N we have
St eifi = 2 5mg Yn,ja! for some (Yn,j)j~o C K. For n > 2 we obtain
QW(E] cn+1 le]) Zfigl vaiml7 where

(2) Zng = —0n Z €it(m—n)am -

So we get

Un—1

(3) Que = Zwav # 3 e

From (1) and (3) we obtain for m > k

(m—k)am

(4) Z |ym,j| < a:nl

J=Vm-1+1

Let m > n >k and My = (M — n)am + vn_2, (M — n)am + v, 1]
Clearly, My, 5, C [am,cm] = Use; 1I sUUTL zlJm sand f; = @y o(2t —
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zi=%m) for i € Ins, s € [1,m) and f; = al@s—Dam=2i/Viamgi for
i € Jms, s €[l,m). If j € My, p, then j € Im,m,n; if i € [am,cm] and
t—am € My, pn, then ¢ € Jy m—nto. Thus, ym ; = ane; for j € My, 5.
Clearly, M, C (Vm—1,(m — k)a,,]. Using (2) and (4) we obtain for
n >k,

VUn—1 Vn—1
(5) Z |Zn]| < Z Z an|ej+(m—n)am|
J=Vn_2+1 m=n+1j=v, 2+1

0o
Z Z |ym,] <a !

= n -
m=n+1jEM,, »

From (3) and (1) we get for n > k

Un—1

(6) > Unj + 20l < |Pa, (Qne)| < ay’t

j=0
Hence, by (5), we have for n > k,

Un—-1

(7) > yngl <apt+a,t =24,

Jj=vn—2+1

Let n > k. Put M,, = Z] 2 o 41 ejfj — E] D on 141 yndaﬂ

Clearly, (vy_1,¢n] = Us;l (Jns ULy s). Ifi € US;1 Jn,S U U’;;zlfms,

then P, .fi = 0; if ¢ € I,;, then P, 1(fi) F, .. Thus7
P'Unfl(Mn) € Fy,_,; but M,, = Z;nol Yn,jo’ — o €ifi € Fo,y)

so M, € F, ,. Hence, Z.‘;lvi—2+1 ejfi — Z;"ui . Ynjrd =
>ins’ tn,j fj for some (¢ ;)" C K. By (7) and Lemma 1, we get

VUn—1 VUn—1 Un—2
Soolel < DD eifi— Y taifi
j=vn_a+1 j=vn_a+1 i=0
Vn_1
2B, , 1
< Y ymglBaa < —— < 75
Jj=vn_2+1 " an
Hence, for m > k, we have >°" . lej| < 375" . el

a;i/f < ap'. Using (2) we get for n > k: 35"z <
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aan n+12] =0 ‘€J+m nam| = aan n+123 —— 1+1|ej‘ < ap
1/2 1/2 -1
Z::L) n+1 m-l—/l <2a‘" n+/2 S n+1‘

Let n > k. Applying (6), we obtain

L <Zn: ejfj> ‘ = |Po,_, <Zn:ymw7> ‘
=0 =0
Un—1

=3 |ynjl <a,' +ayty <2a,
j=0

Moreover, we have

Pun_1< > 6jfj>‘§ > el max ]|Pun_1(fj)|

J=vn—1+1 jmon a1 JEn-en
-1
S A, An-—1-

Thus, | 32520" €;fil = |Po,_, (3520 €5 fi) — Fon. 1(25"% 1 6ifi)l <

n—1 _ Un—1 7
2a;, an—1. Forsome (s, ;);" " CK we have Y77 e fj = > 5" sn i’
Hence,
Vn—1 Un—1 Un—1
d el =] Y snga?| < D snjlBa
Jj=0 Jj=0 Jj=0
Vn—1
; 2an 1
Z - -1
sn,jwj anl < anl < a,_1
. n
Jj=0
oo
for every n > k. It follows that 3 .~ lej| = 0, so e = 0; a

contradiction. |

Lemma 6. Letn € N. Letm € [0,n], 0 <e <2 !l and2 < M <
e~!. Assume thaty € F,, with |y| < M and |P,,(y)| > Me. Then there
exists a q € F,, with |q| < e~ such that |P,(qy) — ™| < ¢.

Proof. Clearly, y = Y7, y;z* for some (y;)"_, C K. By assumption,
we have Y7 |y;| < M and 37" |yi| > Me.

If n=1and m =0, then ¢ = yalwo — yazylxl satisfies our claim.
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If n =1 and m = 1, then we can take ¢ = y; 'z if |yo| < 272 M,
and q = y, 'zt if |yg| > 2712 M.

Suppose that our claim is true for n = k > 1. We shall prove that it
is true for n = k + 1.

Let m =0,0<e<2'and 2 < M < e~!. Then we put qO:ya1
and g;41 = fyo_l 23111 YjGi+1—j for 0 < i < kand ¢ = Zfiol gzt Tt is
easy to see that Pr11(qy) — 2° = 0 and

SIS Bl EP(SE RPCTAES
1 —(k+2 —(2k+2)!
lal = Zlqll < ZE “lyo| 7t < Ms(s ) <€ <e _

Let 1 <m<k+1,0<e<2tand 2 < M < e L. Consider two
cases.

Case 1. |yo| < (£/2)R)'+1 Then ¥ |y < M and 7 |yi| >
M (g/2). By the inductive assumption for § = 21 1 iz~ 1, there exists
agq =Y, g with |Q| < (¢/2)” " and |Pi(qg) — ™ 1| < (/2).
Then we have |q| < &~ (2k+2)! and

|Prt1(ay) — 2™ = |Pesa(g(2g + yoa®)) — z2™ |
= |e(Pi(qg) — =™ ") +yod| <e.

Case 2. |yo| > (5/2)(2’“)!*1.‘ Then we put ¢; = 0 for 0 < 7 < m,
m = yo_1 and g4 = —yo_1 > Yidm+j—i for 1 < j <k+1—m. For
q= Zfiol g;x! it is easy to check that Py 1(qy) — =™ = 0 and

k+1-m k+1-m j
1 M
la| = Z |Qm+j| < ﬁ Z <|—)
= vl 4= \lvol
< L (M/lyo)** -1 < g (2h+2)! O
ol (M/lyol) — 1

Remark. It is easy to see that the assumption y € F,, in Lemma 6
can be replaced by the assumption y € F.
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Now we are ready to show our main result.

Theorem 7. Assume that di > a* and dpt1 > a(ndn)! for every
n € N. Then the linear continuous operator T on E has no nontrivial
closed invariant subspace.

Proof. Let M be a closed subspace of E with M # {0} such that
T(M) C M. Then g(T)(M) C M for every g € F. Let e € M with
0 < |le|| < 1. We shall prove that for every § > 0 there exists an
f € F such that |[f(T)e — 2°|| < 6. Let 6 > 0. Let k > 2 with
ak—1 > 607", By Lemma 5 we have |P(y,_)a,, (Qme)| > a;;! for some
m > k. For Ry, = (amAy,)2Mm=2ml" we have aamAmRm < bm,
since amA, < a® and al@m—Veml' < p . Put y = Qne. Then

Y| < VAR [|@mlllle] < Am

By Lemma 6 there exists a q¢ € F(,,_2)q,, With |¢| < R, such that
(8) | Pln—2)a,, (qy) — 2™ P | < (amAm) .

(S1) Put f = b lta*mTtmg and S = K, 1. Then f = > _gt.a°
for some (ts)ses C K. Let z = fy. Using Lemma 4 we get
(T )6 -zl = stes s(T° = T°Qum)ell < Xoyesltsla = |fla =

lglab,,! < Ryab,! < a,,

(S2) Let a = (m — 1)am + by, and b = 2(m — 1)ay, + by,. Clearly,
z € Fyp; 50 z = Z?:o s;a’ for some (s;)5_y C K. Then [z — Pyz|| =
b . b - . .

I E; at1 558 | < D05 apy [sjlmaxacjcp [|27] < |z], since [la/|| =
—[3bm —25]/V4bm < o~ lbm—4(m— Dam]/v4abm <1forj € (a,b] C L
Wehave lz| < |flly] = b allyl < b R A < al. Thus, ||2—P, z|| <
ayt.
(S3) Let ¢ = z%mqy and ¢ = (m — 1)am,. Clearly t € Fy; so
t = ZZC _v;a? for some (v;)3%, C K. For j € [am,c|, we have
J+bm € Kmyl Thus, [|b;,! ;c”b - :1:7|| = b_1||fj+bm\| = b,1. Hence,

we get [[Paz— Bt = |1Pa(btebot) Pl = [P (3225, bt +om)
2c

P (Z] . rnyJ)H - || Z] =am 7Jb 1x]+b Zj:am ’Y]"L‘ || S Zj:am |’Y]‘

oy taitom —2d|| < |t|b L. Thus, |P,z— P.t|| < b 'R, A, < al, since

t] < lally] < RimAm
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(S4) Using (8) we get |P.t — x(m—ktham| — |gam(P, , (qy) —
x(m_k)“m)\ = |Pim—2)a., (qy) — ;c(m_k)“'"\ < (amAn)~t. Hence, ||P.t —
x(m—k-l—l)am” < a;"l_

(S5) By Lemma 1 we have |[z(m~k+Dam — 20| < 24! . Since
f(Me—x2° = (f(T)e—2)+(z— Pyz)+(Pyz— Pot) 4+ (Pot —a(m—F+1)em) 4
(z(m—k+Dam _ 20) we obtain || f(T)e — 2°| < 6a,t, < 4.

We have shown that for every § > 0 there exists an f € F such that
| f(T)e — 2°|| < §. It follows that z° € M. Hence, 2" = T"z° € M for
all n € Ny. Thus, F C M,so M = FE. ]
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