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ABSTRACT

The main purpose of this paper is to prove that a non-archimedean Fréchet space of countable type
is normable (respectively nuclear; reflexive; a Montel space) if and only if any its closed subspace
with a Schauder basis is normable (respectively nuclear; reflexive; a Montel space). It is also shown
that any Schauder basis in a non-normable non-archimedean Fréchet space has a block basic se-
quence whose closed linear span is nuclear. It follows that any non-normable non-archimedean
Fréchet space contains an infinite-dimensional nuclear closed subspace with a Schauder basis.
Moreover, it is proved that a non-archimedean Fréchet space E with a Schauder basis contains an
infinite-dimensional complemented nuclear closed subspace with a Schauder basis if and only if any
Schauder basis in E has a subsequence whose closed linear span is nuclear.

INTRODUCTION

In this paper all linear spaces are over a non-archimedean non-trivially valued
field K which is complete under the metric induced by the valuation
[-]: K — [0,00). For fundamentals of locally convex Hausdorff spaces (lcs)
and normed spaces we refer to [5], [7] and [6]. Schauder and orthogonal bases in
locally convex spaces are studied in [1], [2], [3] and [4].

Any infinite-dimensional Banach space E of countable type is isomorphic to
the Banach space ¢g of all sequences in K converging to zero (with the sup-
norm) (see [6], Theorem 3.16), so every closed subspace of E has a Schauder
basis.

There exist Fréchet spaces of countable type without a Schauder basis (see
[9]). Nevertheless, any infinite-dimensional Fréchet space F of finite type is
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isomorphic to the Fréchet space KN of all sequences in I with the topology of
pointwise convergence (see [3], Theorem 3.5), so every closed subspace of F has
a Schauder basis. Moreover, any infinite-dimensional Fréchet space contains
an infinite-dimensional closed subspace with a Schauder basis (see [8]). It is
also known that any closed subspace of ¢y x IK™ has a Schauder basis (see [12],
Proposition 9). On the other hand any infinite-dimensional Fréchet space
which is not isomorphic to any of the following spaces: co, K", co x K", con-
tains a closed subspace without a Schauder basis (see [12], Theorem 7).

In this paper we study closed subspaces with Schauder bases in Fréchet
spaces.

In Section 1 we investigate normable closed subspaces. First, we show that a
Fréchet space is normable if and only if each of its closed subspaces with a
Schauder basis is normable (Theorem 1.5). Then we prove that a Fréchet space
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only if (x,) has a subsequence (xi,) whose closed linear span is isomorphic to ¢
(Proposition 1.6). It is known that a Fréchet space contains a closed subspace
isomorphic to ¢ if and only if it contains a bounded non-compactoid subset
(see [4], Corollary 7.6). It follows that a Fréchet space of countable type is a
Montel space (respectively a reflexive space) if and only if each of its closed
subspaces with a Schauder basis is a Montel space (respectively a reflexive
space) (Corollaries 1.11 and 1.12).

In Section 2 we are interested in nuclear closed subspaces. First, we prove
that a Fréchet space of countable type is nuclear if and only if each of its closed
subspaces with a Schauder basis is nuclear (Theorem 2.2). Next, we show that
any Schauder basis in a non-normable Fréchet space has a block sequence
whose closed linear span is nuclear (Theorem 2.3). It follows that any non-
normable Fréchet space contains an infinite-dimensional nuclear closed sub-
space with a Schauder basis (Theorem 2.7). It is of interest to note that there
exists a non-normable metrizable Ics E such that any nuclear subspace of E is
finite-dimensional (Example 2.8). We also show that a Fréchet space E with a
Schauder basis (x,) contains an infinite-dimensional complemented nuclear
closed subspace with a Schauder basis if and only if (x,) has a subsequence
{xx,) whose closed linear span is nuclear (Proposition 2.6).

PRELIMINARIES

The linear hull of a subset 4 in a linear space E is denoted by linA4.

Let (y,) be a sequence in a linear space E. Let (k,) C N be an increasing se-
quence and let (8,) C K. Putz, = Zf":‘k‘;] Biyi for n € N. The sequence (z,) is a
block sequence of (y,) if maxy, <i<k,., |G| > Oforany n e N.

Let E, F be locally convex spaces. A map T : E — F is called a linear ho-
meomorphism if T is linear, one-to-one, surjective and the maps 7,7} are
continuous. E is isomorphic to F if there exists a linear homeomorphism
T.E—F.

A sequence (x,) in a lcs E is a Schauder basis in E if each x € E can be written
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uniquely as x =Y % | a,x, with (o) C KK and the coefficient functionals
fu: E = I, x — ay, (n € N) are continuous.

By a seminorm on a linear space E we mean a function p : £ — [0, 00) such
that p{ax) = |a|p(x) forall ® € i, x € E and p(x + y) < max{p(x),p(y)} for all
X,y € E. A seminorm p on E is a norm if kerp := {x € E : p(x) = 0} = {0}.

The set of all continuous seminorms on a metrizable Ics E is denoted by
P(E). A non-decreasing sequence (py) C P(E) is a base in P(E) if for every
p € P(E) there exists k € N with p < p;. A sequence (px) of norms on E is a
base of norms in P(E) if it is a base in P(E).

Any metrizable Ics E possesses a base (py) in P(E) and every metrizable Ics E
with a continuous norm has a base of norms (p;) in P(E).

A lcs E is of finite type if for each continuous seminorm p on E the quotient
space (E/ ker p) is finite-dimensional. A metrizable Ics E is of countable type if it
contains a linearly dense countable subset.

Norms p, g on a linear space E are equivalent if there exist positive numbers
a,b such that ap(x) < g(x) < bp(x) for every x € E. Every two norms on a fi-
nite-dimensional linear space are equivalent. Every n-dimensional Ics is line-
arly homeomorphic to the Banach space IK".

Let p be a seminorm on a linear space E and ¢ € (0,1]. An element x €
E is t-orthogonal to a subspace M of E with respect to p if plax+y) >
t max{p(ax), p(y)} for all « € K,y € M. A sequence (x,) C E is t-orthogonal
with respect to p if p(3°7_| aix;) >t max;<;<,p(a:x;) for all n €N and
a0, € K

Let () C (0, 1]. A sequence (x,) in a metrizable Ics E is (2 )-orthogonal with
respect to (pi) C P(E)if (x,) is ty-orthogonal with respect to p; for every k € Nl
(If tx = 1 for k£ € N, then we shall write 1-orthogonal instead of (1)-orthogonal.)

A sequence (x,) in a metrizable Ics E is orthogonal if it is 1-orthogonal with
respect to some base (px) in P(E). (In [6], a sequence (x,) in a normed space
(E,]| - |) is called orthogonal if it is 1-orthogonal with respect to the norm || - ||.)

An orthogonal sequence (x,) of non-zero elements in a metrizable Ics E is a
basic orthogonal sequence in E. A linearly dense basic orthogonal sequence in a
metrizable Ics E is an orthogonal basis in E.

Any block sequence of an orthogonal basis in a metrizable Ics E is a basic
orthogonal sequence in E.

A sequence (x,) in a metrizable lcs E is orthogonal in E if and only if it is (#)-
orthogonal with respect to some base (p) in P(E) for some (#;) C (0, 1] (see [3],
Proposition 2.6).

Every orthogonal basis in a metrizable Ics £ is a Schauder basis in E (see [3],
Proposition 1.4) and every Schauder basis in a Fréchet space E is an orthogonal
basis in E (see [3], Proposition 1.7).

A subset 4 of a lcs E is compactoid if for each neighbourhood U of 0 in E
there exists a finite subset B = {by,...,b,} of Esuch that 4 C U + co B, where
coB={3"_|abi:ai,...,an € K lai|,...,|a,| <1} is the absolutely convex
hull of B.
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A bounded subset A in a Ics E is compactoid if and only if any orthogonal
sequence (x,) C A4 tends to 0 in E (see [3], Theorem 2.2).

Let F and F be locally convex spaces. The linear map T : E — F is compact if
there exists a neighbourhood U of 0 in E such that T(U) is compactoid in F.

For any seminorm p on a lcs £ the map p : (E/ kerp) — [0, 00),x + kerp —
p(x)is anorm on (E/ ker p).

A lcs E is nuclear if for every continuous seminorm p on £ there exists a
continuous seminorm g on E with ¢ > p such that the canonical map

erq : (E/kerq),q) — ((E/ kerp),p),x + kerg — x + kerp
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(see [2], Propositions 2.4 and 3.5).

Let B = (by ») be an infinite matrix consisting of positive real numbers such
that by, < bgs1, for all k,n € N. The Kéthe space associated with the matrix B
is the space K(B) = {(a,) C K: lim, |a,|br, = 0 for all k£ € N} with the fol-
lowing standard base of norms (px): pix((an)) = kmax, |a,|bg .,k € N. The
space K(B) is a Fréchet space and the sequence (e,,) of coordinate vectors forms
the standard Schauder basis in K(B) (see [2], Proposition 2.2). The basis (e,) is

1-orthogonal with respect to the base (py).

1. ON NORMABLE CLOSED SUBSPACES

Using the ideas of the proofs of Lemma 1, [8], Theorem 2, [8], and Proposition
9, [12], we show the following three lemmas.

Lemma 1.1. Letn € Nandlet py,...,p, be continuous seminorms on a metrizable
les E of countable type. Let M be a finite-dimensional subspace of E. Then for ev-
ery t € (0,1) there exists a closed subspace L of E with dim(E/L) < oo such that
any x € Lis t-orthogonal to M with respect to p; forall 1 <i<n.

Proof. Let | <i<nand F; = E/kerp;. Let 7, : E — F; be the quotient map-
ping. Denote by (G, p;) the completion of the normed space (F;,p;) of coun-
table type . Then there exists a linear continuous projection Q; of G; onto m;(M)
of norm less than or equal to +~! (see [6], Theorem 3.16 and its proof). Let
H; = F;NnkerQ; and E; = 7rl."1(H,~). Any x € E; is t-orthogonal to M with re-
spect to p;. Indeed, let a € K,;m e M,z =m;(m) and y = m(x). Since z =
Qi(ay + z), then p;(z) < t7'pi(ay + z). Hence pi(ay + z) > tmax{p;(ay),pi(z)}
(see [6], Lemma 3.2). Thus p;(ax + m) > tmax{p;(ax), pi;(m)}.

Let L=[);_, Ei. Any x € L is r-orthogonal to M with respect to p; for all
1 <i < n. Clearly, Lis a closed subspace of £ and
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dim(E/L) < Y. dim(E/E) = z m(F,/H,)

IN

far EM=

m(G,/ ker Q,) <oo. U

Lemma 1.2. Let E be a metrizable lcs with a base (pi) in P(E). Assume that
(s2) € (0,1) with s = [1,_, sy > 0. Then any sequence (y,) C (E \ ket p\) such
that y, 11 is 8,4 1-orthogonal to in{y,, ..., y,} with respect to p; forall 1 <i<n
andn € N, is orthogonal in E.

Proof. It is enough to show that the sequence (y,) is (1,,)-orthogonal with re-
spect to (py,) for some (2,,) C (0, 1] (see [3], Proposition 2.6).

Letme Nand oy,...,q, € K. Then
m m
pi (Z ain) > (H Si> max pi(a;yi).
i=1 i—1 lgism

Let E, =lin{y|,...,ym}. Since the norms p;|E,,, pm|En are equivalent then
there exists d,, € (0, 1) such that for arbitrary a),. .., @, € K we have

m
Pm<z afyi> > d, max pu(c;yi).

i—1 1<i<m

Letk > mand ay,...,0, € K. Then

k k
v ] > . v > AN
pm(Z a,y,> > ( I1 s,) dm lrgggkpm(a,y,) > sdy, JQ?SX,J’"'(“'«VI)

i=1 i=m+1

Thus the sequence ( y,) is (sd,,)-orthogonal with respect to (p,,). 0O

Lemma 1.3. Let E be a Fréchet space with a base of norms (py) in P(E). Assume
that for any k € N the norms p| and py. are equivalent on some subspace Ej of finite
codimension in E. Then E is normable.

Proof. First, we show that for any k € N the norms p; and p; | are equivalent
on some dense subspace F of the normed space (E, p). Let k € N. Denote by
Gy the closure of Ej 1 in (E, pi). Put n = dim(E/Gy). Clearly n < oo.

If n = 0, then we can take Fj; = E; ..

If n > 0, then by Lemma 3.14, [6], there exist e, ..., e, € E such that
lin{ey,...,e,} + Gy = E and

n
pk(z e + x) > 27" maX{lrgglg"pk(afef), Pi(x)}

i=1

forallay,...,a, € Kand x € Gi. Set Fy, = lin{ey,...,e,} + Ex+1. Of course, Fy
is dense in (E, py). The norms py, pr 41 are equivalent on F. Indeed, put

C= max{lrg'ag"[PH 1(e:)/pr(e], X?Eaé] [Pk +1(x)/pr(x)]}-
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Clearly C < . Let oy, ...,a, € Kand x € E; ;. Then

n
Pk+1 (Z aiei+x> < max{llg.ag(npk+l(aiei)vPk+l(x)} <
i=1 sSis

n
Cmax{lllllaz(npk(aiei), pr(x)} < 2"Cpk(z1 aje; + x).

<i< iz
We shall prove that the normable space (E, p;) is complete. Let (f}!) be a Cau-
chy sequence in (E,p1) and k0 = n,n E N. Then there exists a subsequence (k)
of (k?) such that pl(fkl ka )<n ' ,neN. Since F; is a dense subspace
of (E,p;), we can choose a sequence (ka) C F, with p](fkl fkl) <n ' neN.
Clearly, (/kl) 1s a Cauchy sequence in (E p1)- Since the norms p;, p; are equiv-
alent on F| and (fk,) C Fjy, then (fkl) is a Cauchy sequence in (E, p2). In this way
we can choose in turn for every v € N a subsequence (kV) of (k¥ !) with
pv —f{..) <n”',n €N, and asequence (™) € Fywith p (£ = f511) <

n e N ’
For any n € N there exists s € N with 5 > n such that krfl =k Since
p,,(f,f? —fk’2 ) <iln<i<s—1, then p,(fis — k"*‘) < n~!. Moreover,

pn(]}cn+l kri,i—1l) pn(j;(n n+1) < s < n 1‘

Hence p, (/3 —f"fif) < n~',n € N.This follows that p;(f¢; —f::trl}) — Ofor any
i € N. Thus () is a Cauchy sequence in E. Let f be the limit of (/) in E. Since

nif —f) < max pf —fi")

<1<m<ax pilfis fk’nH)<n U neN,
i

and p\(fs —f) — 0, then pi(fs — /) — 0. Hence pi(f{| —f) — 0, because (f}})
is a Cauchy sequence in (E, p;). Thus we have proved that the normable space
(E,p1) is complete. By the open mapping theorem the Fréchet space E is
normable. [

Immediately by Lemma 3 we obtain the following.

Proposition 1.4. Let E be a non-normable Fréchet space with a base of norms (py)
in P(E). Then there exists a subsequence (py,) of (px) such that for any k € N the
norms p,, and p,, . are non-equivalent on any subspace of finite codimension in E.

Now we can prove our first theorem.

Theorem 1.5. A Fréchet space is normable if and only if each of its closed sub-
spaces with a Schauder basis is normable.

Proof. Itisenough to show that any non-normable Fréchet space E contains a
non-normable closed subspace G with a Schauder basis. Consider two cases.

Case 1. E has a continuous norm. It is easy to see that £ contains a non-
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normable closed subspace F of countable type. Let (N;) be a sequence of pair-
wise disjoint infinite sets with |J;—; N« =N and let (s,) C (0,1) with
[1,-, s» > 0. By Proposition 1.4 there exists a base of norms (pi) in P(F) such
that for any & € N the norms p; and pi . ; are non-equivalent on any subspace of
finite codimension in F. Then using Lemma 1.1, we can construct inductively a
sequence (x,) C F such that x, is s, ;-orthogonal to lin{xy, ..., x,} with re-
spect to p; for 1 <i<n,ne N, and pi(x,) <n 'prsi(x,) foralln € Ny, k € N.
By Lemma 1.2, (x,) is orthogonal in F. Clearly, inf, c n[px (Xn) /Pi < 1(x5)] = O for
any k € N. Hence for every k € N the norms p, and p; , | are non-equivalent on
the closed linear span G of (x,). Thus G is a non-normable closed subspace with
a Schauder basis in E.

Case 2. E has no continuous norm. Then F contains a closed subspace G
isomorphic to KN (see [2], Proposition 2.6), so it has a non-normable closed

il a1zt o QAalenai A ae oo oin M
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Our next result states when a Fréchet space with a Schauder basis possesses an
infinite-dimensional normable closed subspace with a Schauder basis.

Proposition 1.6. A Fréchet space E with a Schauder basis (x,) contains a sub-
space isomorphic to co if and only if (x,) has a subsequence (xy,) whose closed
linear span is isomorphic to cy.

Proof. Assume that (x,) is 1-orthogonal with respect to a base (p;) in P(E) and
F is a subspace of E isomorphic to ¢o. Then there is k € N such that pi|F is a
norm on F and

(%) Vi >k 3s; > 0Vy € F:pe(y) > sip;(»)-

Put N; = {n € N : pr(x,) > s;pj(xn)} for j > k. It is easy to check that there ex-
ists a sequence (y,) C (F\ {0}) such that y, =37, anixi,n €N, for some
(an)i—, C K.

Let n,j € N with j > k. Then pi(y,) = max; s, px(anixi) = pr(cn;, x;,) for
some i, >n, and p;(y,) = max;>,pj(anx;) > pj(on;,xi,). By () we get
prlani,xi,) = pr(¥n) = 5p;(¥n) 2 sipj(0m,,Xi,). Hence pi(xi,) = 5pj(xi,), s0 iy €
N;. Thus {i,:ne N} C ﬂj‘ik N;. Since i, > n for any ne N, the set Ny =
/<« N;isinfinite. Denote by G the closed linear span of {x, : n € No}. Clearly,

(%) VnenoVJ = k2 pi(Xn) 2 5ipj(Xn) = 8pr(Xn).

Since Vn € Ng 3j > k : pj(x,) > 0, then Vn € Ny : pr(x,) > 0. Hence p|G is a
norm on G. Moreover, Vj > k Vx € G : pi(x) > s;p;(x). Indeed, let j > k and

x € G Thenx =3} _y anx, forsome (a,),cy, C Kand by (+x) we have

pi(x) = ’I,Ig}él’k(anxn) > 5 }}g}ggpj(anxn) = s;pj(x).

This follows that for any j > & the norms p;|G and p|G are equivalent. Thus G is
normable, so it is isomorphic to ¢g. [
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Corollary 1.7. A metrizable lcs E with an orthogonal basis (x,) contains an in-
finite-dimensional normable subspace if and only if (x,) has a subsequence (xy,)
whose closed linear span is normable.

By the proof of Proposition 1.6 we obtain

Remark 1.8. Let (x,) be a Schauder basis in a Fréchet space E. Assume that (x,)
is 1-orthogonal with respect to a base (pi) in P(E). Then (x,) has a subsequence
(xx,) whose closed linear span is isomorphic to ¢ if and only if there exist an in-
finite subset M of N, a sequence (di) C (0,1) and ko € N such that py(x,) >
A 1pr+1(xy) >0 forallk > koandn e M.

Clearly, any Fréchet space which contains a closed subspace isomorphic to ¢y is
non-nuciear. The following exampie shows that the converse is not true.

Example 1.9. Let (V;) be a sequence of pairwise disjoint infinite scts with
U7, Ni=N. For i e Nand n € N; we put by, = k' if k <1i, and by, = k™ if
k > i. Clearly, 0 < by, < by, forall k,n € N. Let B = (b .} and E = K(B).

The Kéthe space FE is non-nuclear and has no subspace isomorphic to cy.

Indeed, let (e,) be the standard basis in E and let (p) be the standard base in
P(E). Since [py(e,)/pi(en)] = i fori € Nand n € N, then lim,[p; (e,)/pi(e,)] =
0 for none of i € N. Thus F is non-nuclear.

Let Ny be an infinite subset of N, If the set M; = Ng N N; 1s infinite for some
i €N, then limy ¢ v, [px(en)/px + 1)) = limy ¢ a1, [k / (k + 1) = 0 for any k > i;
so the closed linear span Xg of {e, : n € Ny} is non-normable. If the set M; is fi-
nite for any i/ € N, then there exist two increasing sequences (#;), (m;) C N such
that n; € M,,, for any i € N. Thus limy[px (e,,)/px +1(en,)] = lim;[k/(k + 1)]" =0
for any £ € N; so Xj is non-normable, too. By Proposition 1.6 we infer that E
has no subspace isomorphic to ¢o.

Since a Fréchet space of countable type is a Montel space if and only if it has no
subspace isomorphic to ¢g (see [4], Corollary 7.6), then we get

Corollary 1.10. A4 Fréchet space F with a Schauder basis (x,) is a Montel space if
and only if (x,) has no subsequence (xy,) whose closed linear span is isomorphic to
Cop.

Corollary 1.11. A Fréchet space E of countable type is a Montel space if and only
if each of its closed subspaces with a Schauder basis is a Montel space.

Using [7], Corollary 9.9, Theorem 10.3 and Theorem 10.4 we obtain

Corollary 1.12. A Fréchet space of countable type is reflexive if and only if each of
its closed subspaces with a Schauder basis is reflexive.
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2. ON NUCLEAR CLOSED SUBSPACES

First, we show the following lemma.

Lemma 2.1. Let E be a metrizable lcs with a base (py) in P(E). Assume that

Vk e N Im(k) >k Ve >0 3F < E:dim(E/F) < 0o Vx € F: pr(x) < €pmig (%)

Then E is nuclear.

Proof. Let k € N;m = m(k) and E; = (E/ ker p;) for i € N. We shall prove that
the canonical map

¥ (Emvp_"_l) - (Ek,p_};),X‘ir‘ kerpm - X +kerpk

is compact. Let € > 0. Then there exists a subspace F of E with dim(E/F) < oo
such that pi(x) < 2 'ep,(x) for any x € F. Without loss of generality we can
assume that F D ker p,, and G,,, = (F/ ker p,,,) is a closed subspace of the normed
space (Ey,Pm)- Put B, = {z € E,, : P(z) < 1}, By = {z € Ey : pr(z) < €}, and
n = dim(E/F). Clearly, pr(p(»)) < 2 'ep(y) for y € G,

Ifn = 0, then ©(B,,) C B.

If n > 1, then by Lemma 3.14, [6}, there exist z;,...,z, € E,, such that
lin{z; : 1 <i<n}+G, =E,and

() pe( £ ety ) 2 2O max max, pters). 7))
i=1 <i<
forall oy, ..., a, € Kand y € G,,. Clearly, we can assume that p,,(z;) > 2 for all
1 <i<n Then

@(Bm) Ccofp(z): 1 <i<n}+ B

Indeed, let z € B,,. Then there exist ay,...,qa, € K and y € G, such that z =
Y1, iz +y.By (%) we get 1 > p(2) > max{maxi<;<, o], 27 pm(»)}. Hence
max, << |ai] < 1and pr(p(r)) < 2-'epm(y) < €. Since (z) = S, onplzi) +
o(y), then @(z) € co{w(z;) : 1 <i<n} + By. This follows that ©(B,,) is com-
pactoid in (Ey, pr). Thus ¢ is compact. Hence E is nuclear. [

Theorem 2.2. A metrizable Ics E of countable type is nuclear if and only if each of
its closed subspaces with an orthogonal basis is nuclear.

In particular, a Fréchet space of countable type is nuclear if and only if each of
its closed subspaces with a Schauder basis is nuclear.

Proof. Itis enough to show that any non-nuclear metrizable ics E of countable
type contains a non-nuclear closed subspace with an orthogonal basis. Let (py)
be a base in P(E). By Lemma 2.1 we get

ko € NVm > koJe,, > OVF < E: dim(E/F) < 00

(*) dx e F Zpko(x) > 6rnpm(x);
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clearly, we can assume that ko = 1. Let (V) be a sequence of pairwise disjoint
infinite sets with (J,_, Nm = N and let (s,) C (0,1} with [[;7_; s, > 0. By (%)
and Lemma 1.1 we can construct inductively a sequence (y,) C E such that
Pn+118 8p4 1-orthogonal to lin{yy, ..., y,} withrespecttop;for1 <i<nneN,
and p1(yn) > empm(yn) for all n € N,,,m € N. Hence pi(y,) > 0 for any n € N
By Lemma 1.2, (y,) is orthogonal in E, so it is I-orthogonal with respect to
some base (gx) in P(E). Of course, we can assume that ¢; > p;. Let k € N and
m € N with pm > gi. Then [q1(ya)/qr(¥n)] = [p1(92)/Pm(¥n)] > € for any n €
N, Thus limy[q1(yn)/qk(yn)] = 0 for none of k € N. Therefore the closed linear
span of (y,) is non-nuclear. []

Now we show that any non-normable Fréchet space with a Schauder basis
contains an infinite-dimensional nuclear closed subspace with a Schauder ba-
sis.

Theorem 2.3. Let E be a non-normable Fréchet space with a Schauder basis (x,).
Then {x,) has a block sequence (y,) whose closed linear span is nuclear.

Proof. Consider two cases.

Case 1. E has a continuous norm. Assume that (x,) is 1-orthogonal with re-
spect to a base of norms (py) in P(E). Without loss of generality we can assume
that for any k € N the norms p, and pys; are non-equivalent. Then
inf,[pr(x4)/Prc+ 1{xn)] = 0 for k € N. Let m,n € N. We can construct a finite
sequence (a,...,q; ) C (K\{0}) with m=14 <---<i,;; such that
pl(ail'xil) 2 17pk(aik+1xik+l) <1 and pk+‘(aik—lxik+l) 2n maX{gjngk(Q[jX,‘/)
for any 1 <k<n Let y,= ZJ'-’;] a;x; and 1 <k <n Then pi(yn) =
max <;<.+1p1(0;x;) > 1and

max  pla;x;) < . max p;1(ex;) <1< piag xi,)

k<j<n+1 <j<n+1
< lrgfgkpk(ai,xi,)v
Hence
Pe(vn) _ maxj <j<n+1Pk{Q;Xi,) <maXIS,iSkpk(aijxij)<n-1.
Prest(¥n)  maxicj<ni1Pesr(Xy) = Prei(Qy X)) T

Thus we can construct inductively a block sequence (y,) of (x,) such that we
have [pk(¥n)/Pk+1(yx)] < n7! for all k,n € N with k& < n. Clearly, (y.) is 1-or-
thogonal with respect to (px) and lim,[px(yn) /P +1(¥n)] = 0,k € N. Hence the
closed linear span of (y,) is nuclear.

Case 2. F has no continuous norm. Assume that (x,) is 1-orthogonal with
respect to a base (pg) in P(E). It is easy to see that there exist two increasing
sequences (k,), (m,) C N such that x;, € (kerp,, \ kerpm,.,),n € N. Then the
closed linear span F of (xz,) is isomorphic to K. Indeed, for any (a,) C I the
sequence {a, Xy, ) is convergent to 0 in E. Hence, by the closed graph theorem
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the linear map 7 : KN - F, (an) = 37| @nXk,, is an isomorphism. Clearly,
(xx,) is a block sequence of (x,) and F is nuclear. [

Corollary 2.4. Let E be a non-normable metrizable Ics E with an orthogonal basis
(x,). Then (x,) has a block sequence (y,) whose closed linear span is nuclear.

The following example shows that there exists a non-normable Fréchet space H
with a Schauder basis (x,) such that for any subsequence (x, ) of (x,) the closed
linear span of (xi,) is non-nuclear.

Example 2.5. Let (N;) be a sequence of pairwise disjoint infinite sets with
U, Ny=N.Forie Nandn € N;weput by, = 1ifk <i,and by, = nifk > i.
Clearly, 0 < by, < bgy1.nforallk,n € N. Let B = (bt ,) and H = K(B). Let (e,)
be the standard basis in H and let (p;) be the standard base in P(H). Since
[Pe(en)/pr +1(en)] = n~! for any k € Nand n € Ny, then H is non-normable.

Let Ny be an infinite subset of N, If the set M; = Ny N N, is infinite for some
i € N, then the closed linear span of {e, : n € M;} is isomorphic to ¢y, since
prlen) = pile,) forany k > iand n € M;. If the set M; is finite for any i € N, then
there exist two increasing sequences (n;), (m;) C N such that n; € M,,, for any
i € N. Thus pi{e,,) = pr+1{en,) for all i,k € N with i > k + 1; so the closed lin-
ear span of {e,, : i € N} is isomorphic to ¢q.

This shows that for any infinite subset Ny of N the closed linear span X of
{e, : n € Ny} contains a subspace isomorphic to cy; so X is non-nuclear.

In fact, the space H has not any infinite-dimensional complemented nuclear
closed subspace with a Schauder basis. This follows from our next result.

Proposition 2.6. Let E be a Fréchet space with a Schauder basis (x,) and F its
infinite-dimensional complemented closed subspace with a Schauder basis (y,). If
Fis nuclear (respectively a Montel space), then (x,) has a subsequence {x, ) whose
closed linear span is nuclear (respectively a Montel space).

Proof. Consider two cases.

Case 1. E has a continuous norm. Denote by P a linear continuous projec-
tion from E onto F. Let (f,) and (h,) be the sequences of coefficient functionals
associated with the bases (x,) and (y,), respectively. Put g,(x) = h,(Px) for
n € Nand x € E. Since

L= lga(rn)l = lga( 3 fily)xe)]

k=1

=13 felomlealeol < max|fe(sm)ga(vol, n € .

then for any n € N there exists ¢, € N with |f,, (yn)ga(x:,)] > 1.
Assume that (x,) is l-orthogonal with respect to a base of norms (px) in
P(E). For any k € N there exist g € P(E), sx € N with pp < g <p, and
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gr o P < p,, such that (y,) is 1-orthogonal with respect to g;. For all n,k € N we
obtain

Pe(fr,(yn)x,) < mrsxl’k(fm(yn)xm) = pr(¥n)
< 'gn(xln)lil mrsx lIk(gm(Xt,,)ym) = |g"(xtn>|-lqk(Px’n)
< P51, (¥n)x1,)-

() pilf (vn)X0) < pe(vn) < ps (o (vn)xs,) for all k, n € N,

Put ri(y) = max, (A (V) |pe(fs, (yn)x1,), k €N, y € F.

By (x), we get ri(¥) < max, |h,(y)|qu(yn) = qx(¥) < py,(y), and
pe(y) < maxy, |hy(p)pe(yn) < max, b (y)|ps (£, (¥a)x,,) = 1 ().

ry) is a base of norms in P(F). Clearly, (y,) is 1-orthogonal with re-

) ol (X)) pi(x,)

= = for all k, ne N.
rk+1(yn) Pk+l(ffn(yn)xt,,) pk+l(xtn)

If F is nuclear, then for any k € Nthere is my € Nwith lim, [rx(¥,) /¥, (¥2)] = 0.
Hence lim,[pi(x;,)/pm, (x;,)] = 0 for any k € N. Thus the set {#, : n € N} is in-
finite and the closed linear span of (x;,) is nuclear.

If F is a Montel space, then by Corollary 1.10, Remark 1.8 and (*x), the set
{ts : n € N} is infinite and the closed linear span of (x,,) is a Montel space.

Case 2. E has no continuous norm. As in the proof of Theorem 2.3 one can
prove that (x,) has a subsequence (x,) whose closed linear span is isomorphic
to K™, Clearly, kM is nuclear, so it is a Montel space, too. [

Lemma 5, [11], states that any non-normable Fréchet space E of countable type
which is not isomorphic to ¢y x KM or KV contains a non-normable closed
subspace with a continuous norm. It is obvious by its proof that any Fréchet
space which is not isomorphic to the product of a Banach space and K" con-
tains a non-normable closed subspace with a continuous norm. Hence, using
Theorems 1.5 and 2.3, we get the following.

Theorem 2.7. Any non-normable Fréchet space E contains an infinite-dimen-
sional nuclear closed subspace F with a Schauder basis. If E is not isomorphic to
the product of a Banach space and K", we can claim additionally that F has a
CONtinUOUs norm.

Next example shows that there is a non-normable metrizable Ics £ such that:
(i) any subspace of E with an orthogonal basis is normable (compare with
Theorem 1.5);
(i) any nuclear subspace of E is finite-dimensional (compare with Theorem
2.7).
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Example 2.8. Let E be a dense subspace of ¢y x K" with a continuous norm
(see [10], Proposition 8 and its proof). Clearly, E is non-normable.

Let G be a subspace with an orthogonal basis in E. It is easy to check that the
closure F of G in ¢y x K" has a continuous norm (see [10], Proposition 8). But
any closed subspace of ¢y x K" with a continuous norm is normable (see [12],
Proposition 9), so G is normable.

Let X be an infinite-dimensional subspace of E. Then X contains a subspace
with an orthogonal basis (x,) (see Lemmas 1.1 and 1.2 or [8], Theorem 2). Thus
X contains an infinite-dimensional normable subspace. Hence X is non-nu-
clear.
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