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Moim rodzicom



Abstract

In 1996 Goulden and Jackson introduced a family of coefficients (Ci\w)

dexed by triples of partitions which arise in the power sum expansion of

in-

some Cauchy sum for Jack symmetric functions J,(,"‘). Goulden and Jack-
son suggested that there is a combinatorics of matchings hidden behind the
coefficients C;/)w‘ This Matchings-Jack Conjecture remains open.

Jack characters are a generalization of the characters of the symmetric
groups, they provide a kind of dual information about the Jack polynomials.
We investigate the structure constants gf‘w for Jack characters. They are a
generalization of the connection coeflicients for the symmetric groups. We
give formulas for the top-degree part of gﬁ",/ and cf;’,j. We present those
results in context of Matchings-Jack Conjecture of Goulden and Jackson.

We adapt the probabilistic concept of cumulants to the setup of a linear
space equipped with two multiplication structures. We present an algebraic
formula which expresses a given nested product with respect to those two
multiplications as a sum of products of the cumulants. This formula leads
to some conclusions about the structure constants of Jack characters. We
also show that our formula may be understood as an analogue of Leonov—
Shiraev’s formula.



Streszczenie

W 1996 r. Goulden i Jackson wprowadzili rodzing wspoétczynnikéw (cﬁyy)

indeksowang tréjkami partycji, ktéra pojawia sie w rozwinieciu w szereg
potegowy pewnej sumy Cauchy’ego symetrycznych wielomiandéw Jacka ,(,O‘) .
Goulden i Jackson przypuszali, ze za wspdtczynnikami C//\w ukryta jest kom-
binatoryka zwigzana ze skojarzeniami. Postawiona przez nich hipoteza ,,O
Skojarzeniach Jacka” pozostaje do dzisiaj otwarta.

Charaktery Jacka sg uogoélnieniem charakteréw grup symetrycznych oraz
obiektami dualnymi do wielomianéw Jacka. W rozprawie doktorskiej bada-
my stale strukturalne gﬁvy charakteréw Jacka. Sa one uogélnieniem statych
strukturalnych grup symetrycznych. Podajemy wzory na wspétczynniki naj-
wyzszych stopni wielomiandw g/iy i cﬁyy. Prezentujemy te rezultaty w kon-
tekscie hipotezy ,,O Skojarzeniach Jacka”.

Adaptujemy probabilistyczne pojecie kumulanty do struktury przestrzeni
liniowej z dwoma mnozeniami. Prezentujemy formute, ktéra wyraza pewien
mieszany iloczyn jako sume kumulant. Znalezione wyrazenie prowadzi do
wnioskow na temat stalych strukturalnych charakterow Jacka. Pokazu-
jemy réwniez, ze nasza formula moze zostaé¢ uznana za odpowiednik formuty

Leonova i Shiraeva.
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Chapter 1

Introduction

Jack polynomials

Jack polynomials ( T(FQ)) are a family of symmetric functions that depend

on a parameter o > 0 and is indexed by an integer partition w. They were
introduced by Henry Jack in his seminal paper [Jac71]. For certain values of
a, Jack polynomials coincide with various well-known symmetric polynomi-
als. For instance, up to multiplicative constants, Jack polynomials coincide
with Schur polynomials for o = 1; with the zonal polynomials, for a = 2;
with the symplectic zonal polynomials, for o« = 1/2; with the elementary
symmetric functions, for a = 0; and in some sense with the monomial sym-
metric functions, for a = co. Since it has been shown that several results
concerning Schur and zonal polynomials can be generalized in a rather nat-
ural way to Jack polynomials [Macl5, Section (VI.10)], Jack polynomials
can be viewed as a natural interpolation between several interesting families
of symmetric functions.

Connections of Jack polynomials with various fields of mathematics and
physics were established: it turned out that they play a crucial role in
understanding Ewens random permutations model [DH92|, generalized (-
ensembles and some statistical mechanics models [0097], Selberg-type in-
tegrals [Kan93], certain random partition models [Ker00], and some prob-
lems of the algebraic geometry [Nak96, Oko03], among many others. Better
understanding of Jack polynomials is also very desirable in the context of
generalized [S-ensembles and their discrete counterpart model [O097]. Jack
polynomials are a special case of the Macdonald polynomials [Sta89, Mac15].



Connection coefficients

In 1996 Goulden and Jackson [GJ96] introduced two families of coefficients
(cf;,,/) and (h;\w) depending on the parameter o and indexed by triples of
partitions which arise in the power sum expansion of some Cauchy sum for
Jack symmetric functions, Section 2.1.3 explains some details more in depth.
As Jack polynomials can be viewed as a natural interpolation between sev-
eral interesting families of symmetric functions, so the coeflicients (cl’\w) can
be viewed as an interpolation between the structure constants of the class
algebra and the double coset algebra.

Combinatorics of maps and matchings

A map [LZ04] is classically defined as a connected graph G (possibly, with
multiple edges) drawn on a surface X, i.e. a compact connected 2-dimensional
manifold without boundary. The notion of a map is well established in enu-
merative combinatorics. A vertex two-coloured map is called bipartite if each
edge connects vertices of different colors. For such a map we can canonically
assign three partitions describing the distributions of both kinds of vertices
and the distribution of the numbers of edges in the faces.

Matchings (also known as perfect matchings and pair partitions) are
another class of combinatorial objects appearing naturally in enumerative
combinatorics. There is a close relation between them and maps, see Sec-
tion 2.2.3.

The Matchings-Jack Conjecture

Goulden and Jackson [GJ96] observed that some specialisations of the afore-
mentioned coeflicients c;\w and hﬁ,u may be interpreted in terms of matchings
and maps respectively. Moreover, they observed that both coefficients seem
to be polynomials in the variable § := o — 1 with non-negative integer coef-
ficients. This supposition was expressed in two conjectures known today as
the Matchings-Jack Conjecture and the b-Conjecture. After more then 20
years both still remain open.

Goulden and Jackson in their Matchings-Jack Conjecture suggested that
the quantity cﬁ’g can be expressed as

o (B) =" gV,
)

where wt) is some hypothetical combinatorial statistic and the sum runs
over some special set of matchings. There are two easy specialisations of cf‘w



which indeed may be expressed in terms of matchings. Those specialisations
coincide with the connection coefficients of two commutative subalgebras of
the group algebra of the symmetric group: the class algebra and the double
coset algebra.

Except for some special cases there are no closed formulas for the co-
efficients ¢} ,. Bédard and Goupil [BG92] found a formula for c;”), in the
restricted case. Goulden and Jackson [GJ92] gave a bijective proof of this
result. Goupil and Schaeffer [GS98] provide some formulas for cgr”(), in the
general case. Morales and Vassilieva [MV13, Vas15] found closed formulas
for the expansion of the generating series of c§r”2, using bijective methods.
There are also some other results about the coeflicients cf‘w [Bia05, Irv06].

Parallel to the studies on the form of the coefficients c;\w, the suitable
statistic wt) is being sought. Goulden and Jackson constructed some statis-
tics wty for A = [1?] and A = [2,1""!] and proved the conjecture in those
cases [GJ96]. Later on, the Matchings-Jack Conjecture has been proved
[KV16] in the case m = o = (n) of the partitions with exactly one part.
Recently, this result was strengthened [KVP18] to the case when one of the
three partitions is equal to (n) (under some assumptions).

The question of existence of the suitable statistic wty still remains open.
However, it seems that the appropriate candidate n for a similar statistic
which appears in the b-Conjecture was found [La 09] as a measure of non-
orientability on a class of rooted maps.

The Matchings-Jack Conjecture and the b-Conjecture are ones of ma-
jor open questions in enumerative algebraic combinatoric. They relate as-
pects like: symmetric functions, the representation theory of the symmetric
groups, combinatorics of maps and matchings.

The first result

It was proved [DF16] that C%,o‘ are polynomials in the variable 8 := a—1 and
a satisfactory bound on their degrees was given. We investigate the leading
coefficient of the polynomials C;\r,o“ More precisely, in Theorem 2.5 we give
a sufficient and necessary condition for the polynomial c,);ﬂ to achive the
bound on its degree given in [DF16]. We show that the leading coefficient
of such c;\w is a positive integer.

We present our result in the context of Matchings-Jack Conjecture of
Goulden and Jackson. Indeed, in Section 2.3.4 we construct the statistic
stat, on a special class of matchings. We show that the leading coefficient
of the polynomials cf‘r’(, coincides with the leading coefficient relevant to the



statistic stat,,.

In fact, we adapt the statistic n of La Croix [La 09] to the case of lists of
maps. In some special cases it may be translated into the field of matchings,
however generally significant difficulties appear. Such attempts have already
been made [KVP18]; it seems that the difficulty increases with the generality.
In Section 2.3.4 we present briefly the problem of transferring the statistic n
into a satisfactory statistic which measures non-bipartiteness of a matching.

The approach we use to prove Theorem 2.5 is fundamentally different
from previous attempts of other authors to prove the Matchings-Jack Con-
jecture and the b-Conjecture. We investigate the structure constants for Jack
characters, which are kind of dual objects to Jack polynomials. Although
our research allows us so far to recover only the leading coefficients of the
structure constants and the connection coefficients, in Section 4.3 we intro-
duce a method linked with the theory of cumulants, which in the future may
give information about the remaining coefficients of the polynomials c;\r,o.

Unnormalized Jack characters

By expanding Jack polynomial in the basis of power-sum symmetric func-
tions:
I =22000) b
o

we get coefficients Gfta)()\) called unnormalized Jack characters. Jack char-
acters Ql(f‘) provide a kind of dual information about the Jack polynomials.

The coefficients appearing in the expansion of a pointwise product of
two unnormalized Jack characters in the unnormalized Jack character basis
coincide with the connection coefficients [DF16], namely

gle) . gle) = Z ok gla)

07 L
pukn

This observation encourages us to look more deeply into the field of connec-
tion coefficients via the context of Jack characters.

This kind of dual approach may be traced back to the work of Kerov and
Olshanski [KO94] on the characters of the symmetric groups. The usual way
of viewing the characters of the symmetric groups is to fix the representation
A and to consider the character as a function of the conjugacy class w. Kerov
and Olshanski suggested to do roughly the opposite. This idea was adapted
by Lassalle [Las08, Las09] to the framework of Jack characters.



Normalized Jack characters

In order for this dual approach to be successful one has to choose the most
convenient normalization constants. We define (normalized) Jack characters
Ch, as

1 Iml+£(m) IA| = |7| + my(7) ()
s s _ if > ,
Ch,(\) :=1 Va < mq () Zr O, Sy () 1AL > [

0 if |A| < |=,

where z; is the standard numerical factor, and U denotes concatenation
of two partitions, see Section 2.1.1. At the first glance this choice of the
normalization factors may be confusing, however it is the appropriate one if
we look for the asymptotic behaviour of Jack characters or for a convenient
alternative description of them. It is worth mentioning that the character
Ch; is a function on the set of all Young diagrams, which turns out to be a
powerful tool of this approach.

We would like to notice that there are conjectures similar to the b-
Conjecture and the Matchings-Jack Conjecture which involves objects dual
to Jack polynomials. Lassalle proved that the characters Ch, are poly-
nomials in terms of multirectangular coordinates and conjectured that the
coeflicients of this expression are positive integers and posses some inter-
pretation in terms of free cumulants [Las08, Las09]. Dolega, Féray and
Sniady conjectured that any given Jack character Ch, may be expressed as
a weighted sum of some simple functions indexed by maps [DFS13].

Structure constants of symmetric groups

Ivanov and Kerov [IK99] established the notion of partial permutations in
some suitable inverse limit of the symmetric group algebras C[& (n)]. For a
given partition they were adding an appropriate number of units to obtain
the partition of a relevant size. They observed that by a simple normal-
ization of the conjugacy classes Ar, of the symmetric groups & (n) the
following convolution formula

Aﬂ',n : Aa,n = Zg#,gAu,n
I

holds for any sufficiently large n. The integers g} , appearing in the formula
above are independent of the size of the group & (n). The group of finite
permutations acts naturally on the inverse limit of the semigroups of par-
tial permutations. The numbers gf , arise as the multiplication structure
constants in the algebra of orbits of this action.



Structure constants

Structure constants gf , of Jack characters are defined by the expansion of
the pointwise product of two Jack characters in the basis of Jack characters:

Chr-Chy = > g ,(6) Chy,
12

1
with the parameter § := /o — —. Explicit motivation for studying such
«

quantities comes from the special choice of the deformation parameter § = 0,
when Jack polynomials coincide with Schur polynomials. In this case, Frobe-
nius duality ensures that the structure constants g# ,(0) coincide with the
structure constants gl , for the symmetric groups introduced by Ivanov and
Kerov. It timidly suggests existence of some deformation of the symmetric
group algebra C[& (n)] depending on the deformation parameter § in which
9% o (0) are the structure constants for the hypothetical conjugacy class in-
dicators.

It has been observed [Sn16] that the quantities g »(0) seem to be poly-
nomials with non-negative integer coefficients. Since the notion of the con-
nection coefficients cff , and the notion of the structure constants gf , are
closely related, one can get an impression of triviality of this remark. Indeed,
the structure constants gf , are some weighted decompositions of the con-
nection coefficients [DF16] (see (3.3)) thus the polynomiality of both families
is equivalent. The conjectures that the coefficients of these two polynomials
are non-negative integers seem to be closely related, however they are not
equivalent.

The second result

In Theorem 3.3 we give a necessary and sufficient condition for the polyno-
mial g,)r"g to achieve the maximal degree provided by the bound of Dolega
and Féray [DF16], we also show that the leading coefficient is a positive
integer and we present it in terms of oriented maps. This is the key tool in
the proof of Theorem 2.5.

We were looking for combinatorial objects which may enumerate the co-
efficients of the polynomials gﬁ’y. There was some evidence that there is a
combinatorics of maps hidden behind them. Firstly we found a combinato-
rial formula for the top-degree part of the character Ch;, see Proposition 3.9.
This formula expresses [A™P] Ch,()\) in terms of injective embeddings of a
graph G assigned to the character Ch, into the Young diagram A. This
formula brought us closer to discovering good candidates for the top-degree

10



part of structure constants, which was one of the difficulties. It turned out
that performing the “hands-shaking procedure”, see Section 3.3.3, provides
such candidates.

In order to prove that those candidates for the top-degree part of the
structure constants gf , are truly them we adapted the probabilistic concept
of cumulants to the setup of Jack characters. We present this approach in
Section 4.3. Later on, we found a more direct proof of Theorem 3.3.

It is worth mentioning that the polynomiality of ¢f , and the bound on its
degree have been proved by Dolega and Féray [DF16] via the polynomiality
and the bound on the degree of g ,. As understanding of the combinatorics
of Jack characters may lead to a better understanding of Jack polynomials
themselves, so the combinatorial formulas for the structure constants may
lead to some combinatorial formulas for the connection coefficients. Our
result may be seen as an evidence for this general statement.

Cumulants

One of the classical problems in the probability theory is to describe the joint
distribution of a family (X;) of random variables in the most convenient way.
The most common solution of this problem is to use the family of moments,
i.e. the expected values of products of the form E (X;, --- X;,). It has been
observed that in many problems it is more convenient to make use of the
cumulants [Hal81, Fis28], defined as the coefficients of the expansion of
the logarithm of the multidimensional Laplace transform around zero. For
example, the Gaussian distribution may be characterized by the vanishing
of all cumulants except the first two (7.e. , other than mean and variance).

Cumulants allow also a combinatorial description. One can show that
the definition of cumulants is equivalent to the following system of equations,
called the moment-cumulant formula:

E(X1--Xn) =) [[r(Xizicb)
v bev

which should hold for any choice of the random variables Xj, ..., X,, whose
moments are all finite.

Generalized cumulants

The notion of cumulants was established also in a more general probabilistic
setup. One may consider the conditional expected value defined as a unital
linear map E : 4 — B between two commutative unital algebras and define
conditional cumulants similarly to the classical ones.

11



The notion of cumulants was transfered into the field of noncommuta-
tive probability theory, where the noncommutative expectation is defined as
a unital linear map ¢ on a unital algebra A [Spe94, Spe98]. Usually some
other conditions, such as the bimodule map property, are required. Roland
Speicher introduced the free cumulant functional [Spe94] in the free prob-
ability theory. It is related to the lattice of noncrossing partitions of the
set [n] in the same way as the classic cumulant functional is related to the
lattice of all partitions of that set.

Leonov—Shiryaev’s formula

In 1959 Leonov and Shiryaev [LS59] presented a formula for a cumulant of
products of random variables:

KJ( (Xl,l T thl) sy (Xl,n T Xk‘n,”))

in terms of simple cumulants. This formula was first proved by Leonov and
Shiryaev [LS59], a more direct proof was given by Speed [Spe83]. The tech-
nique of Leonov and Shiryaev was used in many situations [SSR88, Leh04]
and was further developed in other papers: Krawczyk and Speicher [KS00,
MSTO07] found the free analogue of the formula; the formula was further
generalized to the partial cumulants [NS06].

Nested cumulants

We investigate the following particular case of the conditional cumulants.
We assume that A is a linear space equipped with two commutative multipli-
cation structures, which correspond to two products: - and *. Together with
each multiplication A forms a commutative algebra. We call such structure
an algebra with two multiplications. As a mapping E we take the identity
id: (A,-) — (A4, %).

In this case the cumulants measure the discrepancy between these two
multiplication structures on .A. This situation arises naturally in many
branches of algebraic combinatorics, for example in the case of Macdonald
cumulants [Dot17a, Dot17b] and cumulants of Jack characters [DF17, Sn16].

Since the mapping E is the identity, we can define cumulants of cumu-
lants and further compositions of them. The terminology of cumulants of
cumulants was introduced in [Spe83] and further developed in [Leh13] (called
there nested cumulants) in a slightly different situation of an inclusion of al-

gebras C C B C A and conditional expectations A LNy N

12



The third result

In Theorem 4.6 we present an algebraic formula for a nested product which
involves two multiplications on the linear space A as a sum of *-products of
cumulants:

(adswal) oo maf) = Y ()" kg,
FeF(A)

where the sum runs over reduced forests with leaves labelled by elements
of the algebra A and satisfying some additional properties. Such forests
are assigned to the nested cumulants and are markers of the way they are
nested.

A simple reformulation of our formula, see Theorem 4.16, may be seen
as an analogue of Leonov—Shiryaev’s formula. Indeed, Leonov—Shiryaev’s
formula relates a cumulant of products with some products of cumulants.
In the framework of an algebra with two multiplications we can define two
types of cumulants according to each multiplication separately. For each of
them we have Leonov—Shiryaev’s formula. In Theorem 4.16 we present the
third formula, which is a mix of those two.

With the pointwise product and the, so called, disjoint product Jack
characters span an algebra with two multiplications. Observe that in this
context our formula expresses the pointwise product of two Jack characters
as a sum of disjoint products of cumulants. Together with the approximate
factorisation property of cumulants [Sn16] our formula turns out to be a tool
for capturing the structure constants gf ,, see Section 4.3.

At the initial stage of the research, this formula was an indispensable ele-
ment in the proof of Theorem 3.3. Later on, we found a more direct proof of
Theorem 3.3 based on the formula on [A*P] Ch,(A) for all Young diagrams
A, see Proposition 3.16. Originally we used a formula for [A™P] Ch,()) just
for one-row Young diagrams. This phenomenon suggests that the cumulant
formula given in Theorem 4.6 may be useful while looking for combinatorial
formulas for subdominant parts of the structure constants gf ,. We believe
that in the future the cumulant approach will bring new results about the
structure constants and indirectly about the connection coefficients from the
Matchings-Jack Conjecture of Goulden and Jackson.

Structure of dissertation

The three next chapters of the dissertation are basically devoted to proving
and discussing the three aforementioned main results.

13



Chapter 2 introduces the notions of Jack polynomials ( 7(Ta)) and their

connection coefficients ¢ ;. In Section 2.1.5 we present the Matchings-Jack
Conjecture. Theorem 2.5 presents the leading coefficient of the connection
coefficients in the context of Matchings-Jack Conjecture of Goulden and
Jackson. In Section 2.2 we introduce the terminology of maps and we inves-
tigate relations between maps and matchings. In Section 2.3 we present a
measure of non-orientability in the context of b-Conjecture. We present the
problem of transferring it into the satisfactory statistic which measures non-
bipartiteness of a matching. We discuss recent results of Dolega [Doll7¢]
about the top-degree part in b-Conjecture. Later, in Appendix A, we show
that our result about the top-degree part in the Matchings-Jack Conjecture
presented in Theorem 2.5 is equivalent to the result of Dolega.

Chapter 3 is devoted to the dual approach, i.e. Jack characters Ch,
and their structure constants gf ,. In Section 3.1 we show the relation
between the structure constants gf , for Jack characters and the connection
coefficients cf , for Jack symmetric functions. We give a formula for the
top-degree part of g/ , and translate this result into the field of connection
coeflicients cf ;. We prove this formula in Section 3.3.

Chapter 4 introduces the notion of cumulants in the classical probability
theory and adapts this probabilistic concept to the setup of algebras with
two multiplications. Theorem 4.6 gives an algebraic formula which involves
those two multiplications as a sum of products of cumulants. In Section 4.2
we present this formula as an analogue of Leonov—Shiraev’s formula. We
finish with some conclusions about the structure constants of Jack characters
presented in Section 4.3.

14



Chapter 2

Connection coefficients of
Jack polynomials

2.1. Jack Polynomials and connection coefficients

In this section we introduce Jack polynomials and their connection coeffi-
cients. Theorem 2.5 presents the leading coefficient of connection coefficients
in the context of Matchings-Jack Conjecture of Goulden and Jackson.

2.1.1. Partitions

A partition X\ of n (denoted by A F n) is a non-increasing list (Aq,..., ;) of
positive integers of sum equal to n. Number n is called the size of A and is
denoted by |\|, the number [ is the length of the partition, denoted by £ ().
Finally,

mi(A) == [{k : A\ = 4},

is the multiplicity of ¢ > 1 in the partition A.
There are many orders on the set of partitions. Beside the one shown in
Definition 2.3 we introduce the dominance order. We say that A < p if and

only if
YN

i<j i<j
holds for any positive integer j.
For given two partitions A and p we construct their concatenation (de-
noted A U ) by merging all parts from A\ and p and ordering them in a
decreasing fashion.

15



2.1.2. Jack polynomials

JT(ra)) are a family of symmetric functions that depend

Jack polynomials (
on a parameter o > 0 and is indexed by an integer partition m. They were
introduced by Henry Jack in his seminal paper [Jac71]. Jack polynomials
can be viewed as a natural interpolation between several interesting families
of symmetric functions. For instance, up to multiplicative constants, Jack
polynomials coincide with Schur polynomials for « = 1; with the zonal
polynomials, for a = 2; with the symplectic zonal polynomials, for o = 1/2;
with the elementary symmetric functions, for &« = 0; and in some sense with
the monomial symmetric functions, for o = oco. There are many ways to
define Jack polynomials, we present one of them [Macl5, Section VI.10].

Let us consider the vector space Ag(q) of the symmetric functions [DKB66]
over the field of rational functions Q(«) and its basis (py), of power-sum
symmetric functions, i.e. the symmetric functions given by

pA(x) = HPAi(X), pr(x) =2 +ak 4+

The following scalar product on Ag(q) is defined on the power-sum basis
by the formula

<p)\7 pu>a = O/(A) Z/\(S)\,,u,
where

N = H’Lm’(/\) mz()\)'

and further extended by bilinearity. This is a classical deformation of the

Hall inner product, which corresponds to a =1 [JacT71].

Jack polynomials are the only family of symmetric functions (Jfra))

which satisfies the following three criteria:
1. J/(\a) = > u<A anmy,, where a), € Q[al,
2. [myn] J/(\a) = ai\w = Al
3. (S, JiM)a = 0 for A # 1,

where m) denotes the monomial symmetric function associated with A.

16



2.1.3. Connection coefficients for Jack symmetric functions

Goulden and Jackson [GJ96] defined two families of coefficients (c>‘ ) and

o
(h;\r,a) depending implicitly on the deformation parameter o and indexed
by triples of integer partitions m,o, A = n of the same integer n. These
coefficients are given by expansions of the left-hand sides in terms of the
power-sum symmetric functions:

1 N N N
> m%g (%) 5 () S ()t =
geP Vv
)\
S A P pe(Ypa@). (21)
n>1 A, m,obn
and

() (c) _
at log ( EP Jg,Jg (X)JG (¥)Jy (z)tgl) =
D Y W opr(X)pe(y)pa(2), (2:2)

n>1 A,mobn

see [GJ96, Equations (1),(5) and Equations (2),(4)].

Dolega and Féray showed that the connection coefficients (c;a) are poly-
nomials in the variable 5 := o — 1 with rational coefficients and proved the
following upper bound on the degrees of these polynomials [DF16, Proposi-
tion B.2.]:

degg cﬁ,a <d(m,o;)\), (2.3)

where

d(m,0;0) = (x| = &) + (lo| = &(0)) = (1N = £(V)).

One may wonder of the use of the new variable 5, but this shift seems to
be the adequate one in order to look at the connection coefficients from the
combinatorial point of view.

2.1.4. Matchings

We present the well established terminology of matching given in [GJ96].
For a given integer n we consider the following set

Nn:{l,i,...,n,ﬁ}.
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We denote by F,, the set of all matchings (partitions on two-elements sets)
on N,,. For matchings 41, 2, ... € F,, we denote by G(d1, 2, ...) the multi-
graph with the vertex set A, whose edges are formed by the pairs in
01,02, . ... For given matchings d1, 2 the corresponding graph G(d1,d2) con-
sists of disjoint even cycles, since each vertex has degree 2 and around each
cycle the edges alternate between §; and d2. Denote by A(dy,d2) the parti-
tion of n which specifies halves the lengths of the cycles in G(d1,d2). More
generally, denote by A(d1,...,ds) the partition of n which specifies halves of
the number of vertices in each connected component of G(d1,d2,...) (it is
an easy observation that such numbers form a partition of n).

We call the sets {1,...,n} and {i,...,7} classes of N,,. A pair in a
matching is called a between-class pair if it contains elements of different
classes. A matching ¢ in which every pair is a between-class pair is called a
bipartite matching (in this case G(9) is a bipartite graph on the vertex-sets
given by the two classes of AV},).

We introduce two specific bipartite matchings in the set JF;,. First, let

€:= {{1,1},...,{n,ﬁ}};

second, for a given partition u F n, let

on = {{1,21, 42,3} fu = 1, X, D, 1),
a4 1A% 2h o A = L A Da A 1y

see Figure 2.1. Observe that both matchings: € and §, are bipartite and
A(e, dy) = A

2.1.5. Matchings-Jack Conjecture

Definition 2.1. For given three partitions m, o, A F n, we denote by er"g the
set of all matchings 6 € F,,, for which A(d,€) =7 and A(J,d)) = 0.

Goulden and Jackson observed that the specializations of c;\w(ﬂ) for
B € {0,1} may be expressed in terms of matchings, namely

& (0) = ‘{5 €Gp, 0 is bipartite}‘,

Us

.1 =53,

In fact, those specialisations coincide with the connection coefficients of two
commutative subalgebras of the group algebra of the symmetric group: the
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A= (4,2,2)

on = {{1,2},{2,8},{3,4},{4,1},{5,6},{6,5}, {7.8}, {8,7} |

A1=4 Ao=2 A3=2

Figure 2.1 — An example of matchings € (dotted line) and ) (continuous
line) for A = (4,2,2). Observe that both matchings: € and §) are bipartite
and A(e, dy) = \.

class algebra and the double coset algebra (6 = 0 and [ = 1 respectively)
[HSS92].

Based on this observation Goulden and Jackson conjectured that the
family (07);70.) of polynomials may have a combinatorial interpretation. The
conjecture is known as the Matchings-Jack Conjecture.

Conjecture 2.2 (Matchings-Jack Conjecture). For any partitions w,o, A -
n the quantity ¢ _ can be expressed as

oL (B)= > B,

8€GR o

where wty : Q’fr‘ﬁ — No is some hypothetical combinatorial statistic, which
vanishes if and only if 6 is bipartite.

Clearly, it seems that the statistic wty should be a marker of non-
bipartiteness for matchings. Matchings-Jack Conjecture remains still open
in the general case, however some special cases have been settled. Goulden
and Jackson constructed some statistics wty for A = [1?] and A = [2,1"71]
and proved the conjecture in those cases [GJ96]. Later on, the Matchings-
Jack Conjecture has been proved by Kanunnikov and Vassiliveva [KV16] in
the case m = o = (n) of the partitions with exactly one part. Recently, in
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Figure 2.2 — A pair of partitions A = (4,3,1,1) and u = (5,3, 1) presented
as Young diagrams. Partition A is sub-partition of u; indeed, each part of u
is given as a sum of different parts of \.

a joint paper with Promyslov [KVP18], they proved the conjecture in the
case when one of the three partitions is equal to (n). They made use of the
measure of non-orientability 6 defined by La Croix in his PhD thesis [La 09].
The measure of non-orientability € is a statistic defined on a class of rooted
maps. In some special cases it may be translated into the field of matchings,
however generally significant difficulties appear. We also shall use the same
statistic.

2.1.6. The first result

In this dissertation we give a necessary and sufficient condition for the poly-
nomial c;a to achieve the maximal degree given by (2.3). Moreover, we show
that the leading coefficient of c;\r’g of this maximal degree is a non-negative
integer and we present it in the context of Matchings-Jack Conjecture.

Definition 2.3. Consider two integer partitions A and p of the same integer
n, let k = ¢(X) and m = ¢(u) be the lengths of the partitions. We say that
A is a subpartition of p (denoted A =< ) if there exists a set-partition v of

[k], such that
Wi = Z Aj
JEV;

for any i € [m], see Figure 2.2. We denote A < p if A < pand A # p.

Definition 2.4. For given partitions 7, o, A, u - n, we denote by gﬁg the set
of all matchings ¢ € gﬁw which are p-connected, i.e. A(d,€,0,) = p.

The class QT)F"J splits naturally into the classes gﬁg, namely

A A;
gﬂ,a_ |_| gﬂ,g'

A=
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Contrary to previous works on the Matchings-Jack Conjecture we do not
attempt to define the statistic wty on g;a for a particular class of partitions
A, mor 0. We define the statistic "stat," on the class Q’fr‘é‘

Theorem 2.5 (The first result). For any triple of partitions w,0,A F n
the corresponding polynomial cﬁp(ﬁ) achieves the upper bound on the degree
given in (2.3) if and only if © and o are sub-partitions of p. For such
partitions, the leading coefficient ofc;\w(,é') may be expressed in two different
Manners:

Lgd(mg;)\)} C;\r,a _ ‘5 e g;)é‘ : 0 is unhandled ‘ =

ZQ

viv=\ v

RS Qﬁ;‘ : 0 is bipartite |,

for notion of unhandled matchings see Definition 2.28. Moreover, there
exists a statistic stat, : gfr‘[,\ — No, which satisfies

dmoN] A [ g stat, (5)
R e A DO

5€GNy

and for § € Q,)T‘(),‘ the statistic stat,() vanishes if and only if ¢ is bipartite.

2.2. Matchings and maps

In this section we shall present the notion of maps. We also show relations
between them and matchings.

2.2.1. Maps

In the literature a map [LZ04] is classically defined as a connected graph
G (possibly, with multiple edges) drawn on a surface X, i.e. a compact
connected 2-dimensional manifold without boundary. We assume that a
collection of faces (i.e. ¥\ &) is homeomorphic to a collection of open discs.
A choice of an edge-side and one of its endpoints is called a root of the map,
see Figure 2.3. A map together with a choice of a root is called a rooted
map.

A vertex two-coloured map is called bipartite if each edge connects ver-
tices of different colors; for simplicity we set that there are white and black
vertices, we denote by W (B) the set of white (black) vertices. By conven-
tion, from a rooted bipartite map we require that the rooted vertex is black.
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Ar (M) =(4,2,2)
f Aw (M) = (6,2)
Ag (M) =(2,2,2,2)

<
N

Figure 2.3 — Example of a rooted bipartite map M on a projective plane. The
left side of the square should be glued to the right side, as well as bottom to
top, as indicated by the arrows. We present also the face, white and black
vertex distributions.

Figure 2.3 presents an example of a rooted bipartite map M. For a given
bipartite map M with n edges we establish two integer partitions of n:

Aw (M) and Ag (M),

given by the degrees of white/black vertices, For such a map we assign also
the third partition

Ar (M)
of n, which describes the face structure of M it is specified by reading halves
of the numbers of edges fencing each face (since the map M is bipartite, for
each face there is an even number of edges adjacent to the face). The
partition Az (M) is called the face-type of the map M.

Definition 2.6. For three given partitions m,0, A - n we denote by M2 ; the
set of all bipartite, rooted maps M with n edges, for which Ay (M) = 7
and Ag(M) = 0. Moreover we denote by MQ‘?U the set of all such a maps M
which additionally have the face-type A, i.e. Ax(M) = A, see Figure 2.3.

Due to the nature of our result we extend this definition slightly, namely
we waive the assumption of connectedness in the definition of a map. There
are two natural ways to generalize the notion of connected maps to non-
connected ones: either we consider [lists of connected maps or we consider
collections of them.

2.2.2. Lists and collections of maps

Definition 2.7. Let p = (p1, ..., 1) be a partition of an integer n. A list of
maps (M, ..., M) is called a p-list of maps if the map M; has u; edges for
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Ar (M) =(4,2,2)
Aw (M) = (4,4)
AB (M) = (2’27272)

Vi
A))

\
4
@ p =4 @ po =4

Figure 2.4 — Example of a rooted, bipartite p-list of maps for p = (4,4).
The first map is drawn on a torus, the second one on a projective plane.
We present also the face, white vertices and black vertices distributions. By
erasing the roots and the numbering of the connected components we obtain
a bipartite p-collection of maps.

N

each i € [k]. We say that such a list is rooted, respectively bipartite if each
map M; is so. For a bipartite u-list of maps we associate three partitions
describing the black vertex, the white vertex and the face structures

k k k

1=1 i=1 i=1

where | denotes the concatenation of partitions.

Definition 2.8 (Extension of Definition 2.6). For given partitions m, o, u F n,
we denote by M2L the set of all bipartite rooted p-lists of maps M which
satisfy

Aw(M) == and Ag(M) = o,

see Figure 2.4. Moreover, for a given partition A\ - n we denote by M?C’j the
set of all y-lists of maps M € Mz# which have face-type A, i.e. Ax(M) = A.

Definition 2.9. Let p = (u1,...,pr) be a partition of an integer n. A set
of maps {Mq, ..., My} is called a p-collection of maps if the map M; has p;
edges for each i € [k]. We say that such a collection is rooted or bipartite
if each map M; is so. For such a collection of maps we associate three
partitions describing black, white and face structures as in Definition 2.7.
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Roughly speaking, a u-collection of maps could be created from a p-list
of maps by erasing the numbering of the connected components, i.e. the
order on the connected components (see Figure 2.4).

2.2.3. Matchings and maps

Matching and maps are closely related notions. Roughly speaking, a bipar-
tite matching can be treated as a (possibly non-connected) bipartite map
with rooted and numbered faces. We shall discuss relations between match-
ings and rooted list of maps with the same face, black vertices and white
vertices distribution.

Definition 2.10. Consider two partitions A, u = n. We say that a bipartite
p-collection M of maps with the face distribution given by A has rooted and
numbered faces if all faces of M are rooted (i.e. on each face there is one
marked edge-side) and the face labelled by the number 7 is surrounded by
2); edges, for each i, see Figure 2.5. The set of such collections of maps
with the face, black vertices and white vertices distributions given by the

partitions A\, w, o F n is denoted by M (gﬁg)

Remark 2.11. Observe that rooting a face is nothing else but choosing one
of the face corners adjacent to some black vertex and orienting the face.
Through a map (or a list/a collection of maps) with rooted faces we can
understand a map with oriented faces and chosen black corners for each of
the faces, see Figure 2.5. Similarly, rooting a map is choosing one corner of
a black vertex and orienting the face adjacent to this corner.

We consider four partitions: m, 0, A\, 4 F n. To a given matching § € gﬁg

we associate a bipartite u-collection Ms € M (ggg) given by the following
procedure.

1. The matchings € and §) determine the polygons with the vertices la-
belled by N, see Figure 2.1. We take theirs duals, i.e. the polygons
with the edges labelled by N, see Figure 2.6. The consecutive poly-
gons have 2A1,2)g, ... edges. Observe that the parts of € (respectively
dy) can be identified with the black (respectively white) vertices as it
is shown on Figure 2.6;

2. The matching 0 determines the unique way of gluing the edges of the
polygons in such a way that black (white) vertices are glued with black
(white) ones. Figure 2.7 presents such a gluing for the matching

§ = {{1,6},{1,5},{2,8},{2,7},{3,7},{3,8},{4,6}, {4,5}}.
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Figure 2.5 — Example of a bipartite (4,4)-collection of maps with rooted
faces. By rooting faces we understand choosing one edge-side of each face
(drawn as a black half-arrow going from a black vertex) or, equivalently,
orienting each face (the rounded arrows) and choosing one black vertex for
each face (the red arrows).

Observe that the distribution of black (respectively white) vertices is
given by A(J, €) (respectively by A(d,y)). Moreover, = A(d, €,0y).

3. Each face is canonically numbered by an integer s related to the poly-
gon g, i.e. the edge-sides of this face are labelled by the elements

51 51 1 s—1
DALY N ALY N+ A A
=1 i=1 =1 =1

Such a face is canonically rooted by selecting the edge-side labelled by
the number Zf;ll A + 1, see Figure 2.7.

4. We remove the labelling by the elements from N,.

Corollary 2.12. The procedure described above gives a bijection § — Mgy be-
tween the set of matchings gﬁg and the set of collections of maps M (g,ég)

We compare the terminologies of matchings and maps in the table below.
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Figure 2.6 — Duals of the polygons created by the matchings e and &y pre-
sented on Figure 2.1. Black (respectively white) vertices of such polygons
are labelled by the elements of e (respectively d) ), the edges by the elements
from M.

§ = {{1,6}, {1,5},{2,8},{2,7}, {3, 7}, {3, 8}, {4, 6}, {4,6}}

Figure 2.7 — Matching § on the set Ng describes the way of gluing the
sides of the polygons from Figure 2.6. Labels from Ng determine the way
of numbering and rooting faces of such a map (in general it could be a
collection of maps), the roots (presented as half-arrows) correspond to the
labels 1,5,7. Numbers of faces are presented in black circles.
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Matching d | p-list of maps M

face-type A Ar(M)
distribution of black vertices A(d,€) Ag(M)
distribution of white vertices A(6,0,) Aw (M)
connected components A(0y,€,0) 7

p-collections of maps with given faces,
black and white vertices distribution g,)r‘f,‘ M (g{)ﬁﬁ)
and with rooted and numbered faces

2.2.4. Matchings and lists of rooted maps

We showed that matchings are equivalent to collections of maps with rooted
and numbered faces. However, collections of maps with rooted and num-
bered connected components (i.e. lists of rooted maps) are much more nat-
ural objects. We give a relation between those two ways of numbering and
rooting collections of maps. More precisely, we present a relation between
the set M (gﬁrg) and the set M;r\[;

What is common for those two classes is the fact that by rooting and

numbering faces or connected components, the group of automorphisms be-
comes trivial.
Definition 2.13. For a given pu-collection of maps with rooted and num-
bered faces M € M (gf;f,‘) we define the set R(M) of all numberings of the
connected components and rooting each of them in such a way that with
respect to them M becomes a p-list of maps from MT)F‘(’; We call R(M)
the set of components-labellings of M. For a given r € R(M) we denote
(M,r) € MNE.

Similarly, for a given p-list of maps M € M we define the set £(M) of
all numberings of the faces and rooting each of them in such a way that M
becomes an element from M (g,ég) We call L(M) the set of faces-labellings

of M. For a given | € L(M) we denote (M,l) € M (Qf;g‘)

Observation 2.14. Let us fix partitions w,o, 4, A = n. For each My €
M (er‘:éf) and Ms € M;r\j# we have
‘R(Ml)’ = 24(“),@ and ’C(Ml)‘ = 2N,
g

Proof. Let us take M € M (g)ﬂ) There is []; mi(p)! ways of numbering
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the connected components and []; (2i)mi(“ ) ways of rooting each of them.
We may carry out a similar deduction for M € M;‘f,‘ O

Observation 2.15. For given partitions 7, o, u, A - n we have

ZAQZ()\)‘ A;M‘
2, 20 [T

A
g

_ ‘M (gﬁjg) ‘ _

Proof. The first equation follows from Corollary 2.12. We investigate the
second one. Each collection of maps from M (gﬁg) has rooted and num-

bered faces, each collection of maps from M,i‘f; has rooted and numbered
components. From each of them we can get a collection of maps which have
rooted and numbered both: faces and components. The number of ways of
doing it is given in Observation 2.14. We use the double counting method
and conclude the second equation. ]

2.2.5. Orientable maps and bipartite matchings

By an orientable map we understand a map which is drawn on an orientable
surface. An orientation of a map is given by orienting each face in such
a way, that the two edge-sides forming the same edge are oriented in the
opposite way. We say that such an orientation of faces is coherent. Orient-
ing any face is equivalent to orienting a map. Observe that a rooted map
possesses the canonical orientation given by the root, see Remark 2.11. By
a rooted orientable map we understand an orientable map together with the
orientation given by the root, see Figure 2.8.

Definition 2.16. We use the following notation:
Mi"ff = {M € M;‘fj : M is orientable} ,
M;g = {M € Myt M is orientable} ,
57);(‘; = {5 € g,ég 10 is bipartite}.

The notion of bipartiteness of a matching is closely related to the notion
of orientability.

Observation 2.17. For given partitions 7, o, t, A = n, we have

’~>\§M‘ _ Q"M&u‘
o | T o |°
“n
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Figure 2.8 — Example of a rooted oriented map M drawn as a graph on a
torus (on the left). There is the canonical orientation (grey arrows) given
by the root. We are going to present oriented maps in such a way that
their orientation is consistent with the clockwise orientation of the page
(grey arrows) or, equivalently, the counter-clockwise orientation around each
vertex (red arrows). The distinction between chosen orientations of the page
and the vertices may seem awkward. However, it is more convenient for the
purpose of Section 2.3.2. With this convention we can present the root
of a map (similarly roots of lists of maps) by an arrow going out from a
black vertex. Since M is oriented, it can be recovered from a graphical
representation on the plane as a graph with a fixed cyclic order of outgoing
edges around each vertex together with a choice of the root (on the right).
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Proof. We identify a matching § € Q,)r‘f; with a collection of maps My €

M (gﬁg) with rooted and numbered faces by the procedure described in
Section 2.2.3. Observe that a bipartite matching corresponds to a collection
of oriented maps. Indeed, the orientations of faces given by the edge-sides:
1,A\1 +1,... are coherent. Observation 2.15 gives a relation between collec-
tions of maps with rooted and numbered faces and collections of maps with
rooted and numbered components (lists of maps). An analysis similar to the
one given in Observation 2.15 convinces us that the quantity 2 IL imi(Y)
specifies the number of manners of rooting the faces in a coherent way and
[1; mi(M\)! specifies the number of manners of numbering the faces. On the
other hand, the quantity zu2£(“) is relevant for numbering and rooting the
connected components. We use the double counting method and conclude
the statement. O

2.3. Measures of non-orientability and
non-bipartiteness

In this section we shall present a measure of non-orientability 7 in the context
of b-Conjecture. We present a problem of transferring 7 into a satisfactory
statistic which measures non-bipartiteness of a matching. We discuss the
result of Dolega [Doll7c] about the top-degree part in b-Conjecture.

2.3.1. The b-Conjecture

Equations (2.1) and (2.2) define two families of coefficients (cf;l,) and (hﬁw)'
Goulden and Jackson [GJ96] discussed some specialisations of the family
(cf;yl,) and hypothetical combinatorial interpretations of the polynomials
¢ in terms of matchings known as the Matchings-Jack Conjecture, see Sec-

IJ‘7V
tion 2.1.5. In the same paper they observed that specializations of hﬁﬁ(/@’)

for 5 = 0,1 may be expressed in terms of rooted maps, namely
h;\r,a(o) = ‘{M € M{r\,o : M is orientable}‘,

hao(1) = |{M € M, }

Based on this observation Goulden and Jackson conjectured that the fam-
ily (hﬁﬂ) of polynomials may have a combinatorial interpretation. The
conjecture is known as the b-Conjecture.
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Conjecture 2.18 (b-Conjecture). For any partitions 7,0, A = n the quantity
h) _ can be expressed as

hj\r,o(ﬁ) = Z BU(M)7

MeM ,

where 1 : M;‘J — Ny @s some hypothetical combinatorial statistic such that
n(M) =0 if and only if M is orientable.

2.3.2. Root-deletion procedure and a measure of non-orientability

The statistic n from b-Conjecture should be a marker of non-orientability
of maps. We shall present the definition of the measure of non-orientability
introduced by La Croix [La 09, Definition 4.1], which seems to be a good
candidate for the hypothetical statistic conjectured by Goulden and Jackson.
We adapt the statistic given by La Croix to the case of lists of maps.

Definition 2.19 (Root-deletion procedure). Denote by e the root edge of the
map M. By deleting e from M we create either a new map, or two new
maps. We give the canonical procedure of rooting it or them. By rooting a
map we will understand choosing an oriented corner, see Figure 2.9. Denote
by ¢ the root corner of M.

Suppose that M \ e is connected. Observe that ¢ is contained in the
unique oriented corner of M \ e, we define such an oriented corner as the
root of M \ e.

Suppose that M \ e has two connected components. One of them can be
rooted as above. Observe that the first corner in the root face of M following
c is contained in the unique oriented corner of the second component of
M \ e, see Figure 2.9. We define such an oriented corner as the root of this
component.

Remark 2.20. The Root-deletion procedure is defined for all maps, not nec-
essary bipartite. In particular, we do not require that the rooted vertex is
black.

We classify the root edges of maps. Let f be the number of faces of a
map M with the root vertex e;

1. e is called a bridge if M \ e is not connected,
2. otherwise M \ e is connected and e is called

e a border if the number of faces in M \ e is equal to f — 1,
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Figure 2.9 — The oriented corner ¢ (red arrow) equivalent to the root (the
black arrow) of a map. The first corner in the root face of the map following
¢ is labelled by ¢’ (red arrow). By deleting the root edge the map splits
into two new maps. The oriented corners ¢ and ¢’ are contained in two
oriented corners of the new maps. They give the roots of those maps (the
blue arrows).

e a twisted edge if the number of faces in M \ e is equal to f,

e a handle if the number of faces in M \ e is equal to f + 1.
Remark 2.21. A leaf (i.e. an edge connecting a vertex of degree 1) is con-
sidered as a bridge.

Definition 2.22. [La 09, Definition 4.1] For a rooted map M, an invariant
n(M) is defined inductively as follows.
1. If M has no edges then n(M) = 0.
2. Otherwise M has the root edge e,
o n(M) = n(M1)+n(My) if e is a bridge, while M; and Ms are the
connected components of M \ e,
o n(M)=n(M\e)if e is a border,
o N(M)=n(M\e)+1if eis a twisted edge,

e if e is a handle, there exists a unique map M’ with the root edge
e’ constructed by twisting the edge e in M, in such a way that ¢’
is a handle and the maps M \ e, M'\ e are equal. In this case we
require that

{n(M),n(M")} = {n(M \ e),n(M\ e)+1}.
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At most one of the maps M, M’ is orientable. For such a map
M we require n(M) =n(M \ e).

We call such an invariant a measure of non-orientability.

Observe that the above definition introduces the whole family of mea-
sures of non-orientability 7 and among of them there is no canonical measure
of non-orientability.

Remark 2.23. For a given rooted map M
n (M) = 0 if and only if M is orientable.

Indeed, removing twisted edges or handles during the root-deletion proce-
dure are the only possibilities of increasing the recursively-defined statistic 7.
An orientable map does not have any twisted edges (a map with a twisted
edge is embedded in a surface which contains the Mdbius strip, hence is
nonorientable). The recursive definition of 7 guarantees that removing han-
dles from an orientable map does not increase the statistic . Hence for
an orientable map M, we have n(M) = 0. A reverse analysis or a simple
induction on the number of edges provides the reverse implication.

Definition 2.24. For a rooted p-list of maps M = M, ... M we define a
measure of non-orientability n of M by

n (M) = (M) + - -+ g (M)

for any measures of non-orientability 7; from Definition 2.22.

2.3.3. Unhandled and unicellular maps

Definition 2.25. The rooted map M is called unhandled if by iteratively
performing the root-deletion process (see Definition 2.19) it does not have
any handles. The map M is called unicellular if it has only one face.

From now on we fix one of measures of non-orientability n of the class
of maps. Dotega [Doll7c, Section 4] showed that for such a measure 7 the
polynomial H,, given by the sum

(Hn);g = Z 577(M)

MeM ,

has degree at most equal to n + 1 — ¢(7) — ¢(o) and the leading coefficient
is enumerated by unhandled unicellular maps. In particular, (Hn);\r , may

achieve this bound of the degree only if A\ = (n). He also showed that the
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aforementioned leading coefficient is also enumerated by oriented maps with
arbitrary face-type, namely

’M € My, : M is orientable ‘ = ’M € Mﬁfg : M is unhandled |.

In fact, there is an explicit bijection between those two families of maps.
Dolega proved [Doll17c, Theorem 1.4] that for the statistic n

hgr?a(ﬁ) = Z 577(M)

MeM™)

holds true for g € {—1,0,1}, moreover for M € M7(rn02 the statistic n(M) =0
vanishes if and only if M is orientable; furthermore n(M) = n+1—£4(7)—{(0)
if and only if M is unhandled and unicellular.

The result of Dolega is easily transferable to the context of u-lists of
maps. Let us choose the measures of non-orientability n; for i € [k], k = €(u),
which form the measure n as it is described in Definition 2.24.

Lemma 2.26. For the statistic i, the polynomial (Hn):‘r’; given by the sum

(Hy)ye = > (Hy)yh (2.4)
WA
where
(H)¥hB) =Y, p) (2.5)
MeMy¥

is of degree at most d(m,o;\). Moreover, a p-lists of maps M contributes
to the ground term if and only if M is a list of orientable maps. The p-lists
of maps M contributes to the leading coefficient if and only if M is o list of
unicellular and unhandled maps, in particular p = .

Proof. Each M = (My,...,My) € M?[; decompose into a list of maps

Al . o
M; € Mﬂlfz,g‘w for some partitions m,,, 0|, Ay,  pi satisfying

k k k
Um =7 Uop =0 UAu =
=1 =1

=1

We denote by P¥ the set of lists of partitions (7’['““, e 7”\%)7 where 7, F p;

and
k

U Mg = T

i=1
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Observe, that (2.4) can be rewritten in such a way:

k
M) i (M
- 2 U x e
T k Mog=1 i
e,
(AL, AF)ept

q:

We use the result of Dotega for each most right side sum separately. Each
such a sum has degree at most equal to u; + 1 — £(7?) — £(c*) and the
top-degree coefficient is enumerated by unhandled unicellular maps. Since

k
)= (i +1— €)= €(eh),

=1

n+L(p) —l(r

we conclude that (2.4) has degree at most equal to d(m,o; \) and the top-
degree coefficient is enumerated by p-lists of unhandled unicellular maps. [J

Corollary 2.27. For three given partitions m, 0, A\ F n we have
‘M € My : M is orientable ‘ = ‘M € MY+ M is unhandled ‘

Proof. Fix a list M € M[} of unhandled and unicellular maps. For each
connected component of M we use the aforementioned bijection between
such maps and oriented maps with arbitrary face-type given by Dotega
[Dot17c, Corollary 3.10]. We get a p-list of orientable maps with arbitrary
face type. O

2.3.4. Measure of non-bipartiteness for matchings

The hypothetical statistic wty from the Matchings-Jack Conjecture should
be a marker of non-bipartiteness for matchings. Naturally, matchings cor-
respond to lists of maps, in particular bipartite matching to lists of oriented
maps.

The naive thought how the statistic wty should be defined is to adapt the
measure of non-orientability introduced by La Croix by the correspondence
between matchings and collections of maps given by Corollary 2.12. Regret-
fully, the measure introduced by La Croix is defined for lists of rooted maps,
however there is no canonical way to create such a list from an element of
M (GXe).

However, there is one special class of matchings, which may be identi-
fied with lists of rooted maps, namely Qf;é‘ When the number of faces is
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equal to the number of connected components, numbering and rooting faces
overlap with numbering and rooting components. For a fixed measure of
non-orientability 1 we define

stat,, : Q;‘é‘ —  [d(m, 03 N)]
§ +— stat, (0) :=n(M;)

For given partitions A, 7,0 - n we define the following polynomial

(G = > g, (2.6)

5€Gas

Definition 2.28. We say that a matching ¢ € gﬁg is unhandled if the corre-
sponding map Ms € M,i‘é‘ is so.

Lemma 2.29. For any triple of partitions m,0, A\ = n the corresponding
polynomial (Gn):‘r’; is of degree at most d(mw,o;\). Moreover, the matching
0 contributes to the ground term if and only if § is bipartite. The match-
ing § contributes to the leading coefficient if and only if § is an unhandled
matching.

Moreover, the top-degree coefficient may be enumerated in two different

manners:

\5 € GX) : § is unhandled ‘ -y 2

viv=\ v

o€ g;;ﬁ : 0 is bipartite |.

Proof. Observe that for fixed measure of non-orientability n polynomials
(Gn)i;ﬁ and (Hn)iﬁ are equal. The first statement follows immediately from
Lemma 2.26. The second statement is an easy conclusion of Corollary 2.27

and relation given in Observation 2.17. O
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Chapter 3

Structure constants of Jack
characters

3.1. Jack characters and structure constants

In this section we present the notion of Jack characters and their structure
constants.

3.1.1. Jack characters

We expand Jack polynomial in the basis of power-sum symmetric functions:
T =300 () pu. (3.1)
"

The above sum runs over partitions p such that |u| = |A|. The coefficient

0,(;)‘)()\) is called unnormalized Jack character.

Jack characters H,SO‘) provide a kind of dual information about the Jack
polynomials. Better understanding of the combinatorics of Jack characters
may lead to a better understanding of Jack polynomials themselves. This
kind of approach may be traced back to the work of Kerov and Olshanski
[KO94]. For a fixed conjugacy class p they considered characters of the
symmetric group evaluated on . This is opposite to the usual way of viewing
the characters of the symmetric groups, namely to fix the representation A
and to consider the character as a function of the conjugacy class u. Lassalle
[Las08, Las09] adapted idea of Kerov and Olshanski to the framework of Jack

characters.
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As Jack symmetric functions (J)(\a)) form a basis of the symmetric

()

functions, the functions (GH ) - form a basis of the algebra of functions
n

on Young diagrams with n boxes [Fér12, Proposition 4.1]. Dotega and Féray
[DF16, Appendix B.2] showed that the coefficients appearing in the expan-
sion of a pointwise product of two unnormalized Jack characters in the
unnormalized Jack character basis coincide with the connection coefficients
from (2.1), namely

0 gl =" et o0,
pkEn

for all triples of partitions =, o, u = n. This observation encourages us to
look more closely into the field of connection coefficients via the context of
Jack characters.

3.1.2. Normalized Jack characters

We define Jack characters Ch, by a choice of the normalization of 07(3). We
will use the normalization introduced by Dolega and Féray [DF16] which
offers some advantages over the original normalization of Lassalle. There-
fore, with the right choice of the multiplicative constant, the unnormalized
Jack character 9/(\&) (m) from (3.1) becomes the normalized Jack character

Ch{®)()), defined as follows.

Definition 3.1. For a given number o > 0 and a partition 7, the normalized

Jack character Ch{® ()\) is defined by:

1w (N =[] + ma () a .
Ch¥()) == { Va ( my(m) “n efru)w—lﬂ()‘) if [A[ = |,

0 if |\ < |,

where z, is the standard numerical factor, and U denotes concatenation of
two partitions, see Section 2.1.1. The choice of an empty partition 7 = () is
acceptable; in this case Chéa)()\) = 1.

3.1.3. The deformation parameters

In order to avoid dealing with the square root of the variable «, we introduce
an indeterminate A such that A? := a. Jack characters are usually defined in
terms of the deformation parameter a. After the substitution o := A2, each
Jack character becomes a function of A. In order to keep the notation light,
we will make this dependence implicit and we will simply write Ch,()).
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The algebra of Laurent polynomials in the indeterminate A will be de-
noted by Q [A, A~!]. For an integer d we will say that a Laurent polynomial

f=> fAtcqla,a7!]

kEZ

is of degree at most d if fi, = 0 holds for each integer k > d.
The quantity

7:—A+%€QMA*}

and its opposite
1 -1
5_A—ZGQMA ]

will play a special role in our setting.

3.1.4. Structure constants

Structure constants gk , of Jack characters are defined by expansion of the
pointwise product of two Jack characters in the basis of Jack characters:

Chy-Chy =) g# ,(6)Chy.
I

Explicit motivation for studying such quantities comes from a special
choice of the deformation parameter o = 1, when Jack polynomials coincide
with Schur polynomials. In this case, Frobenius duality ensures that the
structure constants coincide with the connection coefficients for the sym-
metric groups [IK99].

Dotega and Féray proved [DF16, Theorem 1.4] that each structure con-
stant g , is a polynomial in the variable ¢ := va— 1 of degree bounded

Va

H i . . —m.
degy gt < min, (ni(r) +ni(o) = ni() ), (3:2)

— L4

as follows:

where

ny(m) = || + £(m),
no(m) = || — £(m),
ng(m) = |7 — £(m) + ma (7).
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For example, we have

Chg Chy =60 Chg + Ch3’2 +6 Ch271 46 Chy,
Chs Chz =(66% + 3) Chs +96 Chy 1 +185 Chy +3 Chy 11 +
+9Chs 1 +9 Chy s +9 Chs + Chj 3.

The numerical computations, such as the ones above, suggest that the struc-
ture constants of Jack characters might have some algebraic and combi-
natorial structure, which was proposed in the following conjecture [Sn16,
Conjecture 0.1].

Conjecture 3.2 (Structure constants of Jack characters). For any parti-
tions mw, o, i, the corresponding structure constant

9.+ (0) € Q3]

s a polynomial with non-negative integer coefficients.

3.2. The top-degree part of structure constants
and connection coefficients

In this section we present Theorem 3.3 which gives us a formula for the
top-degree part of structure constants for Jack characters. Furthermore, in
Section 3.2.2 we show the relation between the structure constants for Jack
characters and the connection coefficients for Jack symmetric functions. We
translate Theorem 3.3 into the field of connection coefficients, more precisely,
we give a proof of Theorem 2.5.

3.2.1. The second result

We present an explicit formula for the top-degree part of structure constants
of Jack characters.

Let us recall that we present an oriented map as a graph on the plane
with a fixed cyclic order of outgoing edges together with a choice of the root,
see Figure 2.8. By convention we fixed the counter-clockwise orientation
around vertices or, equivalently, the clockwise orientation of the page, see
Figure 2.8. Similarly, we will present a p-collections of maps.

Let us recall that M2% denotes the set of all p-lists of bipartite rooted
and oriented maps which satisfy

Aw(M) == and Ag(M) = o,
see Figure 3.1.
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1 e 1e e 1 &> lelo=n 1ee=n 1a erp
267 —» 26— 26 > 26~ o 26 n 2&° %

(a) All lists of maps in the set M;ﬁ,‘m for partitions 7 = (3,3),0 = (3,2), and
u = (3,3). Those lists of maps consist of two connected components which are
numbered by 1 and 2, each has 3 edges. The vertex structure is given by = and o.

< >

(b) Maps from the set M ;3)(3()3) Each of them can

be rooted in the unique way.

R C A

17%3)

(¢) The only map from the set M35 1y 1t could

be rooted in three different ways.

Figure 3.1 — There are twelve lists of maps in a set M,:f;ul for partitions
m=(3,3),0 =(3,2), and p = (3,3), see Figure 3.1a. Each of them consists
of a map from M(.?,)(?)()s) and M{z)(?)()21) presented on Figure 3.1b and Figure 3.1c
respectively.
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Theorem 3.3 (The second result). For any triple of partitions 7,0, u, the
corresponding polynomial gk ,(5) achieves one of the upper bounds on the
degree given in (2.3), namely

d(m,0;)) = (| = £(m)) + (lo| = &(0)) — (lul - €(w))

if and only if |u| > |x|,|o|, and both partitions = U 1M~ and o U 1lH=l]
are sub-partitions of i, see Definition 2.3. For such partitions, the leading
coefficient of gkt ,(8) is a positive integer expressed in the following way:

RrRo | 7o

aUllel=I7l gullel=lo]

)

g gl , = C(m, 05 1) -

Zp

"W <m1<m> <m1<7r> + 1l = ] - m1<u>>.
my(m) — k

(ml(a) + |l = lof = ma(u) + kr)
ml(a)—ml(ﬂ)—l—k ’

which is equal to

<m1(7f) + |ul = |W\> (ml(U) + lul - !Ul)
my () mi(o)

if mi(pn) =0 and is equal to 1 if w, 0, u are partitions of the same integer.

Section 3.3 is devoted to the proof of above theorem.

Ezample 3.4. Let us consider three partitions 7 = (3,2),0 = (3,3), and
f = (3,3). In Figure 3.1 we have shown that M} ; = 12. Using the
theorem above, the d (7, o; p)-coefficient is equal to

. 6-18(1\ /(0
d(m,o;5p) v - 12 = 72.

3.2.2. Relations between the structure constants g4 , and the con-
nection coefficients cf ,

It is worth mentioning that the coefficients cf , are indexed by three par-
titions of the same size, while the quantities gf , are indexed by triples of

arbitrary partitions. Dotega and Féray investigated the relationship between
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these two families of coefficients and showed [DF16, Equation (19)] that for
w, T, 0 H n,

5 RS o (n= il
e, =/l T N g z'( Z, . ) (3.3)
where 7 is constructed from the partition m by deleting all units.

Dotega and Féray [DF16] proven the polynomiality and the bound on the
degree of gif ;. Using (3.3) they deduced the polynomiality and the bound
of the degree of connection coefficients c ;. We establish other relations
between those two families of coefficients.

Corollary 3.5. For three given partitions p,v, A\ = n, each of the polyno-
mials cﬁ’y(ﬁ) and gk 5(0) is of degree at most d(m,o; ), and their leading
coefficients coincide up to a normalizing constant, namely

70-.

7] = 22 ]

2R
Proof. Fix three partitions u, v, A = n. Observe that for each ¢ > 0, the
third estimation shown in (3.2) gives us

deg; gf;‘%li <d(m,o;u)—i.

1
Let us recall that § = /o — Nt hence the right-hand side of (3.3) is
a

of a-degree at most equal to 2d(w,o;u), and in the sum over 4, the only
contribution to the 2d(w, o; u)-degree coefficient comes from g7’~f7 s- We have

oma(m) ; I
[\/EQd(n,a;u)] (\/ad(w,a;u) i Z gg%l Z,(” |#|>> _

S

Since 8 = a — 1, the 2d(m, o; p)-degree coefficient of c , in variable /a
coincides with d(ﬂ' o; iv)-degree coefficient in variable 5. Hence (3.3) finishes
the proof. O

Assuming Theorem 3.3 we are ready to prove the main result of the
previous chapter. The proof may seem intricate, it combines different facts
which have been proven so far.
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Proof of Theorem 2.5. Fix partitions 7,0, A F n. We investigate the poly-
nomial c;\r’g(ﬁ). By Corollary 3.5 we have

droN] A FA | [sdman] A
i) 07 g2

0 zwzs

and by Theorem 3.3 we know that the polynomial g;)r‘y 5 achieves the d(, o3 A)-
degree part if and only if |\| > |7],|6], # < A, and & < A. Observe that
this condition is equivalent to m < A and ¢ < A. Hence the condition on
partitions m, o, A for achieving by c;\w the d(m, o; A)-degree.
Thus, we have
[5d(ﬂ',a;)\)} A Corolliry 35 2y I:(Sd(’/l'70';)\):| g;;&

Theorem 3.3 | T e: )\
A e 3.
’ 2725

Since there is only one map Mj € M ((11)) (1> We have

TreA| AT
‘Mfr,&‘ - ‘Mﬂ,a .

Indeed, from any A-list of maps M € ]f\\/_f/;}’) we can canonically create a \-list

of map M € M;g\ by erasing the last |A| — |A| components. This procedure

is reversible, since we can add new M; components to M. Then we have
Tre 7v;A| Observation 2.17 2\ SUiA
Mz = 30 |ap| Ot T2 3 g

z
viv=\ Y yiw=\

Hence
[ﬁd(mm)\)} C? _ A

ag
) zl/

G3).
v:iv=<A

From Lemma 2.29 we conclude that the leading coefficient of cf‘w overlaps
with the leading coefficient of the polynomial

(Gn):\r;:\r — Z /Bstaty,(é)’
5€Gaiy

see (2.6), and that both are of the same degree. From Lemma 2.29 we
also get the second expression for the leading coefficient of the polynomial
A

c 0

0"
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3.3. Proof of Theorem 3.3

This section is devoted to the proof of Theorem 3.3. Firstly, we present some
basic computations leading to the exact formulas for the top-degree part of
Jack characters. We present those formulas in terms of injective embeddings
into Young diagrams. Secondly, we consider a particular class of collections
of bipartite maps P}, which constitute a good candidate for the top-degree
parts of the structure constants g# ,. Finally, we prove that those candidates
for the top-degree part of structure constants g4 , (see Proposition 3.16) are
indeed them.

3.3.1. Embeddings of bicolored graphs

A bicolored graph G is a bipartite graph together with a choice of the colour-
ing of its vertex set V; we denote by Ve and V, respectively the sets of black
and white vertices of G.

Definition 3.6. An injective embedding F' of a bicolored graph G to a Young
diagram A is a function which maps V, to the set of columns of A, maps V,
to the set of rows of A, and maps injectively the set of edges £ to the set of
boxes of A, see Figure 3.2. We also require that F' preserves the relation of
incidence, i.e. each vertex v € V should be mapped to a row or a column
F(v) which contains the box F(e), for every edge e € £ incident to v. We
denote by Ng(A) the number of such embeddings of G into A.

It is also useful to consider injective embeddings of a graph G into a
Young diagram A, with the roles of black and white vertices reversed (i.e.
black vertices are mapped into columns, white vertices into the rows). We
refer to such embeddings as negative injective embeddings and denote the
number of such embeddings as Ng(A).

Definition 3.7. For any partition ©# = (71,...,m,) we define the graph G,
as the unique bicoloured graph consisting of r black vertices of degrees
71, ..., T respectively and |r| white vertices, each of degree one (see Fig-
ure 3.2). Similarly, we define G as the unique bicoloured graph consisting
of r white vertices of degrees my,...,m, respectively and |r| black vertices,
each of degree one.

Remark 3.8. The number N¢_ (M) of injective embeddings of the graph G
into the Young diagram A is equal to the number Ng— (M) of negative injec-

tive embeddings of the graph G into the Young diagram \.
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v} —| €3 | €2 €1
(o) (o) (e} [e]
V3,Vq Vg U1

° €4 o
v3@———OV]

Figure 3.2 — The graph G, associated with the partition 7 = (3,1). On
the right, an example of its injective embedding into the Young diagram

A= (4,3).

3.3.2. Exact formulas for top-degree part of Jack characters

Sniady proved [Sn15, Proposition 3.5] that each Jack character is a function
on the set Y of Young diagrams

Y>A ~— Ch:()\)eQ [A, A—l} )

with values in the set Q [4, A~} | —e(my Of Laurent polynomials in the vari-
able A of degree at most || — ¢(m). We denote by

A" ] Chy (A) 1= [AI=40)] Chy ()

the leading part of this Laurent polynomial. We shall express this quantity
in terms of injective embeddings of G into A.

Proposition 3.9. For any Young diagram A € Y and partition 7, we have
that
[Atop} Chy () = N, (A).

That is, the leading part of Chr(X) is equal to the number of injective em-
beddings of the graph G into the Young diagram .

Ezample 3.10. Let us consider the partition 7 = (3,1) and the Young dia-
gram A = (A1, A\2). We have

[Atop} Chs1y (A, A2) = Na, (A) = M2+ A2 - xot
+ )\1l . )\2§ + AQé.

One of embeddings which contributes to Ng, () is presented on Figure 3.2.
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Before proving Proposition 3.9 we introduce the notion of a-shifted sym-
metric functions (see more in [Las08, Section 2.2] or [AF17, Definition 2.2])
and present Jack characters in this context.

Definition 3.11. An «-shifted symmetric function F' = (Fn)ny>1 is a se-
quence of polynomials Fiy such that

e for each N > 1, Fiy is a polynomial in N variables x1,...,xy with co-
efficients in the field of rational functions Q(«) in some indeterminate
« that is symmetric in the variables

N
=21 ——, S=r3——,..., {Ni=aIN— —,
[0 (6 (6%

e for each N > 1, Fnyi(x1,...,2n,0) = Fy(x1,...,2N) (the stability
property),

e supy>; deg(Fy) < oo.

The degree of a shifted-symmetric function F' is defined as maximum of the
degrees of the corresponding polynomials Fy(x1,...,zxN).

Sniady and Féray gave some abstract characterizations of Jack characters
[Sn15, Theorem 1.7, Theorem A.2]. We present the one given by Féray,
which can be traced back to the earlier work of Knop and Sahi [KS96].

Theorem 3.12. [Sn15, Theorem A.2] Let m be a partition and A be a
1

complex number such that —— = ——

is not a positive integer. There
o}
exists a unique shifted-symmetric function F such that:

(J1) F is a shifted-symmetric function of degree |rt|, and its top-degree ho-
mogeneous part is equal to

AlT=ET o (L A,

where py s the power-sum symmetric polynomial given by the formula

P () =TI

(J2) F(X\) = 0 holds for each Young diagram X such that |\ < |x| (the
vanishing property).

Moreover, if « is a positive real number, the function F = (Fn)n>1
satisfies Chr(\) = Fr.(A\1, ..., \y) for each Young diagram X\ = (A\1,..., \).
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To keep notation short, we introduce the following symmetric function

OVESOD P

where L
1T lj ep - .
)\ll*klif A iti=,
i Y Lo\ .
;e )\7 otherwise,
and

A=X-A=1)---(A=1+1).
[ factors

Proof of Proposition 3.9. Observe that
Pr (A) = Neg, (A).

We will show that
[A"P] Chy (V) = 5 (M),

Let F' be an a-shifted symmetric function associated to m by Defini-
tion 3.11. Let us choose a sufficiently large integer N, e.g. N > |7|. Let us
treat the coefficients of the polynomial Fy as variables. The equality

Fy(\) = Cha(}) € Q[4,47] ,
|7 —£()
which holds for each A € Y, becomes a system of equations with coefficients
in N>g. This system is large enough to conclude that each coefficient of a
polynomial Fly is a linear combination of the quantities Ch, () over Q, hence
Fy is a polynomial in N variables with coefficients in Q [4, A™1] | — £

Notice that formally we have equality for all « > 0. However, the rational
function from Q(«) is uniquely determined by its values for a > 0.

Since F is a shifted-symmetric function with coefficients in the set
Q4,471 (| —e(r)» 1t A-top degree

[Atop} Fy ()\1, .. .,)\N) = [Alﬂ_e(ﬁ)} Fy ()\1, .. .,)\N)

is a symmetric function in the variables A1,..., An. Indeed, for each per-
mutation o of [IN] we have
1 N
{At"p} Fy (z1,...,2N8) = {Amp} Fn (3?1 — gz TN T AQ> =

o(l o(N
[AtOp} FN <$0'(1) - 14(12),...,.%'0(]\7) — 1(42)> =

[AtOp} FN (.1'0(1), ce 7:CO'(N)> .
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Since Fy is of a degree ||, the polynomial [A'P] Fiy has the same bound
of the degree. Observe that the homogeneous top-degree part of p_(\) is
equal to p. (\) and so does the homogeneous top-degree part of [Amp] Fy.
Polynomials p,. () and [A*™P] Fy are both symmetric, hence

[Atop} Fy — po

is a symmetric polynomial in variables (A1,...,Ay) of a degree at most
|| — 1.
We use the following notation:

Yo = {()\1,...,/\]\7) EZNZ)\l > ..>2Ay>0and M +...+ A < |7T‘}
By the vanishing property we have
|A'P] Fy (A) = [A"P] Chy (A) = 0

for all elements \ € ). Since there are no injective embeddings of G; into a
Young diagram with the number of boxes smaller then the number of edges
in G, we have

Pz (A) =Ng, (A) =0

for all elements A € ). From that we deduce that ) is a set of zeros of
the polynomial [A*™P] Fiy —p,.. The appropriate set of zeros of a polynomial
of sufficiently small degree determines the vanishing of the polynomial. In
fact, we can use the characterisation given by Sniady [Sn15, Lemma 7.1] to
conclude that the symmetric polynomial

W(z1,...,xn) = ( {Amp} Fn —p/;)(:vl —1,...,ay — 1),
which is of a degree at most || — 1, vanishes. Hence we conclude that
4] By = 5
which finishes the proof. O

3.3.3. Hands-shaking procedure
Let

T=(m1,...,m), o=(01,...,00)

be two partitions. We define a class of collections of maps by the following
procedure:
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1. For each ¢ € [n| we assign a white vertex with 7; outgoing half-edges.
We label this vertex by the number ¢ and we root it, i.e. we choose one
of the outgoing half-edges and decorate it. Similarly, for each j € [I]
we assign a black vertex with o; outgoing half-edges and we root it.

2. We match some of the half-edges going out from the white vertices
with some of those going out from black vertices.

3. We close each of the non-closed half-edges by a white or a black vertex
so that the graph remains bipartite.

We call the procedure described above the “hands-shaking procedure”.
The name provenance could be explained as follows: there are white and
black vertices with hands; the number of hands is given by the partitions =
and o. They shake theirs hands in any way they like, but only black-white
connections are allowed. On Figure 3.3 we present an example of applying
this procedure.

Definition 3.13. For a given triple of partitions 7,0, u we denote by P,
the set of all p-collections of maps which may be obtain as an outcome of
performing the above presented “hands-shaking procedure”.

Each p-collection of maps M € Pf, can be obtained in the unique way
as an outcome of the presented procedure. The uniqueness follows from the
fact that the position of each edge from M is uniquely determined by the
labellings on the rooted vertices and the order of the outgoing half-edges.

Observation 3.14. For given partitions m, o, ji the set P, is non-empty if
and only if the following conditions holds

1|z, o| < |l
2. both partitions = U 1M=171 gnd o U 1M1=l are sub-partitions of L

Proof. Firstly, we will show the necessity of conditions. Observe that by
performing “hands-shaking procedure”, in which we obtain a u-collection of
map, the vertex set is given by

Aw(M) = 7 U1 and  Ag(M) = o U1l

The first condition follows immediately. Partitions describing white or black
vertices distributions are sub-partitions of a partition describing face distri-
bution. Hence the second condition has to be satisfied.

For partitions satisfying those two conditions one can exhibit a collection

of maps from P[,, which proves the sufficiency of those conditions. O
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30 3
Step 1. Black and white Step 2. Some of the out-
vertices with outgoing going half-edges were
half-edges of degrees (o;) matched. The crossing
and () respectively. of edges is not important.
1

3
Step 3. The rest of out- As an outcome we obtain
going half-edges is closed. the following collection of
The collection of maps is two maps drawn on a pair of
bipartite. spheres.

Figure 3.3 — The three steps of “hands-shaking procedure”. As an output
we obtain the (4, 2)-collection of bipartite maps. Vertices are labelled and
rooted as as the “hands-shaking procedure” describes.
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Observation 3.15. For given partitions 7,0, p: |r|, |o| < |u| we have

Zrlo | 7 e;

P#,a‘ =C(m,o5p) - 2 ﬂglmvwﬂ,aullm—\a\
where
ma (p)
mi(p)\ (ma(m) + |u| — |7 —ma(p)
C(m,o;pn) = kz:% ( k )( my(m) —k .

mi(0) + |p| = |o| —ma(p) +k
< my(o) —ma(m) + k )’ (34)

which is equal to

(ml(ﬂ) + |ul = |7T|> (ml(ff) + |ul = |0'|>
my () m1 (o)

if mi(n) = 0 and is equal to 1 if w, 0, u are partitions of the same integer.

Proof. Observe that the elements of P[, are u-collection of bipartite ori-
entable maps whose vertex set is given by

Aw(M) =mutll=Inl and  Ag(M) = ocu1le-ll,

Each such an element has the following labels and roots on the vertices and
half-edges:

1. there are n white vertices of degrees 71, ..., m,, each being labelled by
a relevant natural number from [n] and rooted, i.e. we choose one of
the outgoing half-edges and decorate it by an arrow,

2. there are [ black vertices of degrees o1, ..., 0, each being labelled by
a relevant natural number from [I] and rooted.

Moreover, each connected component of an element from P¥_ has at least
one decorated vertex.

We use the double counting method as in Observation 2.15. For each

M € P, we can root and number the connected components in z, ways.
Let us choose M € M;;uul\u\*lﬂ,au1\u\40|‘ The procedure of labelling and
rooting the vertices is much more subtle. Firstly, we have to choose m; ()

92



(3,1)
P(2,1),(2,1

of a bijection f}; between the edges in M and the edges of the graph G3,1)-

Figure 3.4 — Example of a collection of maps M € ) and an example

white (respectively mj(o) black) vertices and label them by adequate num-
bers. At the first sight, we could do this in

<m1<w> +Jul - \w> <m1<a> +Jul - \a\>z .
m1(7r) ml(a) L

ways (which is equal to zrz, if 7,0, u are partitions of the same integer).
However, in the definition of P}, we required to contain at least one labelled
vertex from each connected component. This is trivially satisfied if mq(u) =
0. This consideration yields the expression (3.4). We describe briefly the
details.

There is mi(p) one-element connected components in M. Denote the
set of those components by M;. For each integer k: 0 < k < mq(u) we
can choose k white vertices from M; and we required that exactly those
white vertices among all white vertices in M; are numbered. The number of
possible ways of numbering vertices of M in such a way is the contribution
to the sum in (3.4) relevant to k. We sum up over all k =0,...,mi(n). O

3.3.4. Proof of Theorem 3.3

We prove that candidates pk , := [PF,| for top-degree part of structure
constants gff , suit well for that role.

Proposition 3.16. For any Young diagram A € Y, the following equality
holds:

[Atop} Chy () - [Atop} Chy (\) =Y pt, [Atop} Chy, (M) . (3.5)
o
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Proof. According to Proposition 3.9, the two quantities
[AP] Chy (A) = N, (A)  amd  [A™P| Ch,, (A) = Ng, (V)

can be represented equivalently by the number of injective embeddings of
Gy and G, into A. Similarly,

[Atop} Chy (\) = Ne— (\)

is equal to the number of negative injective embeddings of G into A (see
Remark 3.8).

For each M € PI', we choose some bijection [, between the edges of
M and the edges of the graph G, (see Definition 3.7), which preserves the
connected components, see Figure 3.4.

We shall construct a bijection between:

e a pair (Na (M), Ne., ()\)) consisting of negative injective embeddings

and injective embeddings of G, and G into A respectively;
e a pair (P# o Na, (/\)) consisting of collections of maps from the class

PF , and injective embeddings of G, into A.

Construction of such bijection follows the statement of Proposition 3.16.
We proceed analogously as in the “hands-shaking procedure” described in
Section 3.3.3.

For each i € [n] we assign a white vertex with m; outgoing half-edges. We
label this vertex by a number 7 and root it, i.e. we choose one of outgoing
half-edges and label it. We can choose a bijection between such half-edges
and the edges in G which preserves the connected components. Similarly,
for each j € [I] we assign a black vertex with o; outgoing half-edges and we
root it. Then we choose a bijection between such half-edges and the edges
in G, which preserves the connected components.

A reverse injective embedding of G, and an injective embedding of G,
into A transfer into an injective embedding of above described half-edges
going out from labelled and rooted black and white vertices.

We use the procedure described in Section 3.3.3 to connect in the unique
way those outgoing half-edges which are embedded in the same box of Young
diagram A. We close each of non-closed half-edges by a white or a black
vertex so that the graph remains bipartite.

In that way we obtain a list of maps M € P}, injectively embedded

into the Young diagram A. Observe that all edges from any given connected

54



component of M are embedded into the boxes of A which are in the same
row. Using the bijection f}, between the edges of M and the edges of G,
we obtain the injective embedding of G, into A.

The above procedure is reversible. Indeed, for a given collection of maps

M € Pf, and an injective embedding of G, into diagram A, we can easily

construct the injective embedding of the edges of M into the diagram A, for
which all edges from any given connected component of M are embedded
to the boxes from the same row. From such an object we can recover the
elements from N, (A) and Ng—(A). O

With Proposition 3.16 in hand, we are ready to present the proof of
Theorem 3.3.

Proof of Theorem 3.3. The upper bound of a degree for polynomials g (4)

1
is given in (3.2). Since § = — — A, we have the following estimation

A
degy gk , = degs g , < d(m, 05 ).

Let us fix a Young diagram A. Recall that the evaluation of Ch, on any
Young diagram A is a Laurent polynomial in Q [A, A_l] of a degree at most
na(m) = |w| — £(7). We investigate the no(m) + no(o) degree part of the
pointwise product of two Jack characters, namely

[Am2@ ()] Chye (V) - Chg (A) = [Am2(m+m(e ]Z g%, Chy, (

By the estimations on the upper bounds of the A-degrees of Laurent poly-
nomials Chr()) and g , we have

|A1°P] Chy () - [A™P] Chy (A) = 37 [A%To#)] ght || A¥P] Chy, (V).
o
We compare the above equation with Proposition 3.16 and we get
> [admem] g, Chy () = 3 p o Chy ()
H 1
Recall that Ch,(\) = p,(A). We have

> [l g B (N = phoBn (), (3.6)
M e
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The function p, (A) is symmetric and its homogeneous top-degree part
coincides with the power-sum symmetric polynomial p,,. This coincidence
together with the fact that power-sum symmetric functions form a basis of
symmetric functions allows us to deduce that functions p,, (A) form also such
a basis. We may look at (3.6) as on the equality of symmetric functions.
Since the basis determines its coefficients in the unique way, we conclude
that

L4“”ﬂ””]gig=:p#p-

The d(, o; p)-degree coefficients in variable A and ¢ of g4 , are equal. We
conclude
e

Observation 3.15 and Observation 3.14 finish the proof. O
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Chapter 4

Algebras with two
multiplications and their
cumulants

4.1. Algebras with two multiplications

In this section we shall present the notion of cumulants in probability the-
ory. In Section 4.1.3 we define algebras with two multiplications and their
cumulants. In Theorem 4.6 we present some cumulant formula which holds
in algebras with two multiplications.

4.1.1. Cumulants in probability theory

One of classical problems in probability theory is to describe the joint dis-
tribution of a family (X;) of random variables in the most convenient way.
Common solution of this problem is to use the family of moments, i.e. the
expected values of products of the form

E(X;, - Xi,).

It has been observed that in many problems it is more convenient to make use
of the cumulants [Hal81, Fis28|, defined as the coefficients of the expansion
of the logarithm of the multidimensional Laplace transform around zero:

K (Xl, - ,Xn) — [tl . tn] log Eet1X1+"'+tan

" . 4.1)
— 1 E t1X1+ AtnXn (
oty --- 0ty o8 = ’

t1=...=tp=0
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where the terms on the right-hand side should be understood as a formal
power series in the variables ¢, ..., t,. Cumulant is a linear map with respect
to each of its arguments.

There are some good reasons for claiming advantage of cumulants over
the moments. One of them is that the convolution of measures corresponds
to the product of the Laplace transforms or, in other words, to the sum of the
logarithms of the Laplace transforms. It follows that the cumulants behave
in a very simple way with respect to the convolution, namely cumulants
linearize the convolution.

Cumulants allow also a combinatorial description. One can show that
the expression (4.1) is equivalent to the following system of equations, called
the moment-cumulant formula:

E(X1--Xn) =) [[r(Xizicb) (4.2)

vV bev

which should hold for any choice of the random variables Xj, ..., X,, whose
moments are all finite. The above sum runs over the set partitions v of the
set [n] = {1,...,n} and the product runs over the blocks of the partition v.

Ezample 4.1. For three random variables the corresponding moment expands
as follows:

E(XlXQXg) = H,(Xl) . K/(XQ) . R(Xg) + I{(Xl,XQ) . K(Xg)
+F\7(X2,X3) . H(Xl) + /i(Xl,Xg) . F\Z(XQ)
—HQ(Xl,XQ,Xg).

The moment-cumulant formula defines the cumulant (X1, ..., X, ) induc-
tively according to the number of arguments n.
4.1.2. Conditional cumulants

Let A and B be commutative unital algebras and let E : A — B be a unital
linear map. We say that E is a conditional expected value. For any tuple

r1,...,2T, € A we define their conditional cumulant as
(21, @) = [t1---tn]logBett@1t - tinen
= LlogEemm—&-mﬁ-tnaﬁn cB (4.3)
oty --- 0ty t .
1=...=ln=

where the terms on the right-hand side should be understood as in Eq. (4.1).
In this general approach, cumulants give a way of measuring the discrepancy
between the algebraic structures of A and B.
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4.1.3. Framework

We are interested in a following particular case. We assume that A is a lin-
ear space equipped with two commutative multiplication structures, which
correspond to two products: - and *. Together with each multiplication .4
form the commutative algebra. We call such structure an algebra with two
multiplications. We also assume that the mapping E is the identity map on
A: .

E:(A-) -5 (4,%).

In this case the cumulants measure the discrepancy between these two mul-
tiplication structures on .A. This situation arises naturally in many branches
of algebraic combinatorics, for example in the case of Macdonald cumulants
[Dot17a, Dot17b] and cumulants of Jack characters [DF17, Sn16].

Since the mapping E is the identity, we can define cumulants of cumu-
lants and further compositions of them. The terminology of cumulants of
cumulants was introduced in [Spe83] and further developed in [Leh13] (called
there nested cumulants) in a slightly different situation of an inclusion of al-

gebras C C B C A and conditional expectations A LNy N

As we already mentioned in Section 4.1.1, cumulants allow also a com-
binatorial description via the moment-cumulant formula. When E is the
identity map (4.3) is equivalent to the following system of equations:

al*--‘*an:ZHm(aizieb), (4.4)

vV bev

for any a; € A (the product on the right-hand side is the --product). The
above sum runs over the set partitions v of the set [n] and the product runs
over the blocks of the partition v.

Let A be a multiset consisting of elements of the algebra A. To simplify
notation, for any partition v of a multiset A we introduce the corresponding
cumulant k, as the product:

HV:HK(CL:CLGb).

bev

We denote by P (A) the set of all partitions of A. With this notation, the
moment-cumulant formula has the following form:

X a= Z Ky. (4.5)

A
e veP(A)
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Ezample 4.2. Given three elements a1, as, ag € A, we have:

~—

ap xagxaz = rk(ay)-k(az)- -k(as) + k(ar,az2)-k(as
k(az,az)-k(a1)  + k(a1 a3)- k(az)
k(a1,az,as).

+
_|_

4.1.4. The third result

We present an algebraic formula which involves two multiplications on linear
space A:

1 1 n n
(al*...*akl)...(al*...*akn)’

as a sum of products of only one type of multiplication.

We use the following notation. We denote by Ay, ..., A, multisets con-
sisting of elements of A. We denote by A = A1 U --- U A, the multiset,
corresponding to the sum of all multisets A;. We use also the following
notation for elements of A;:

A = {ail,...,azi},
hence the multiset A consists of the following elements:

1 1 n n
A:{al,...,akl,...,al,...,akn}.

Due to a combinatorial nature of this result we introduce now the defi-
nitions of the mixing reduced forests and theirs cumulants. We begin with
the following definition.

Definition 4.3. Consider a forest F' whose leaves are labelled by elements of
an algebra A. We denote by A the multiset consisting of labels of all leaves.
If each node (vertex which is not a leaf) of F', has at least two descendants,
we call F' a reduced forest with leaves in A. We denote the set of such forests
by F (A).

For a reduced forest F' € F(A) we associate a cumulant xkp in the
following way:

Definition 4.4. Consider a reduced forest F' € F (A). Denote by a, the label
of a leaf v. For any vertex v € F' we define inductively the quantities x, as

follows:
{ Qy if v is a leaf,
Ky 1=

K/( Roypy ey Koy, ) Otherwise,
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where vy, ..., v, are the descendants of v. For the whole forest F', we define
the cumulant kK to be the product:

F';F ::TKZV;ﬂ

where V; are the roots of all trees in F'.

Finally, we introduce a class of the mixing forests and the associated
quantity wg.

Definition 4.5. Consider a multiset A = A1 U---U A,, and a reduced forest
F € F(A). We say that F' is mizing for a division Ay, ..., A, (or shortly
mizing) if for each vertex v whose descendants are all leaves, those descen-
dants are elements of at least two distinct multisets A; and A;. Denote by
F(A) the set of all reduced mizing forests.

For a reduced mixing forest F' we define the quantity wp to be the
number of vertices in F' minus the number of leaves (see Figure 4.1).

We are ready to formulate the main result of this chapter.

Theorem 4.6 (The third result). Let Ay,..., A, be multisets consisting of
elements of A. Let A be the sum of those multisets. Then:

(a%*---*a}ﬂ)---(a’f*---*aﬁn): Z (—1)"F kp.
FeF(A)

Example 4.7. Figure 4.1 presents all reduced forests F' on the multiset A =
{a},a},a?}. Six of them are mixing. By the statement of the theorem, we
have
(ai*a3) -af = aixay*af—n(aj,ai)xr(ay)
—r(ay,a?) * k(ay) — K(ay,a3,a7)
+r (1(al,a3), k(a3)) + ki (k(ag, a3), k(ay)) .

4.1.5. How to prove Theorem 4.67

Theorem 4.6 is a straightforward conclusion from two propositions which we
present in this section. In our opinion they are interesting themselves.
We introduce a gap-free vertex colouring on forests F' € F (A).

Definition 4.8. For a reduced forest F' with leaves in a multiset A = A U
---U A, we say that c is a gap-free vertex colouring with length r if

e c is a coloured by the numbers {0,...,r} and each colour is used at
least once;
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a% a% a% a% a% a% a% a% ai a% ag a%
(<] (9] ] (o] (<] o
v NN YT
T T T
1 1, .2 1 1 .2 1 1 1 .1 2
aj * g * ay az * Kk(aj,ai) aj * k(ag,at) k(ai,ay) * aj
wp =0 WEr = wp =1
Not trees
Trees
a{ a% a% a{ a% a% a% a% aj a% a% ay
T
T T +
1 1 .2 1 1 .2 1,1y 2
K(a%aa%aa%) /{(a27"<‘:(a17a1)> "{(alv’%(aﬂaa’l)) K(K(alaaq))al)

Figure 4.1 — All reduced forests on A = A; U Ay = {al,ad,a?}. Six of
them (on the right-hand side) are mixing; we present theirs wp numbers.
The remaining two elements (shown on the left-hand side) are not mixing.
We also present the corresponding cumulants k. Observe that, among all
reduced forests F' € F (A), exactly half, presented on top, consists of a single
tree (see Remark 4.39).
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e each leaf is coloured by 0;
e the colours are strictly increasing on any path from the root to a leaf.

We denote by |c| := r the length of ¢ . We call such a colouring ¢ weakly-
mixing if it satisfies one of the following additional conditions:

1. either there exists a vertex coloured by 1 with at least two descendants,
each of whom belongs to a distinct multiset Aj;,

2. or colouring ¢ does not use the colour 1 at all.
We denote by Cr the set of all gap-free and weakly-mixing colourings of a
forest F.

The following result is a juggling of a concept of cumulants. We present

its proof in Section 4.4.

Proposition 4.9. Let Aq,..., A, be multisets consisting of elements of A.
Let A be a sum of those multisets. Then

(a%*---*aé)'--(a?*---*azn): Z Kp Z (—1)|C|. (4.6)

FeF(A) ceCr

In Section 4.5, we will show that summing over all colourings ¢ € Cr for
a reduced forest F' € F (A) gives a surprisingly simple number. This result
is presented in proposition below.

Proposition 4.10. Let Ay, ..., A, be multisets consisting of elements of A.
Let A be a sum of those multisets. Then, for any reduced forest F' € F (A),
the following holds:

S (L1 _{ (—1)°r P eF(A),

0 otherwise.
ceCp

Observe that combing Proposition 4.9 and Proposition 4.10 we obtain
the statement of Theorem 4.6.

4.2. Analogue of Leonov—Shiryaev’s formula

In this section we present the well-known cumulant formula given by Leonov
and Shiryaev in 1959. Theorem 4.16 is a reformulation of Theorem 4.6 and
may be seen as an analogue of Leonov—Shiryaev’s formula.

63



4.2.1. Leonov—Shiryaev’s formula

In 1959 Leonov and Shiryaev [LS59, Equation IV.d] presented a formula for
a cumulant of products of random variables:

k(X Xeas s X Xin)

in terms of simple cumulants. This formula was first proved by Leonov and
Shiryaev [LS59], a more direct proof was given by Speed [Spe83]. The tech-
nique of Leonov and Shiryaev was used in many situations [SSR88, Leh04]
and was further developed in other papers: Krawczyk and Speicher [KS00,
MSTO07] found the free analogue of the formula; the formula was further
generalized to the partial cumulants [NS06, Proposition 10.11].

We briefly present the original formula stated by Leonov and Shiryaev
in the framework of an algebra with two multiplications. We use the same
notation for multisets Aq,...,A4, and its sum A = A; U---U A, as in
Section 4.1.4.

We introduce a notion of a strongly-mixing partitions (called also inde-
composable partitions).

Definition 4.11. Consider a multiset A = A; U---U A,, and any partition v
of A. A partition A = {\1, A2} is called a row partition if for each multiset
A; we have: either A; C A\ or A; C Ao.

A partition v = {v1,...,v,} is called a strongly-mizing partition for the
division A = Ay U --- U A, (or shortly strongly-mizing partition), if there
is no row partition A\ such that for any i either v; € Aj, or v; € Ay (see
Figure 4.2).

We denote by P (A) the set of all strongly-mixing partitions of a set A.

We can now express the Leonov—Shiryaev’s formula in a framework rel-
evant to this dissertation.

Theorem 4.12 (Leonov—Shiryaev’s formula).

ki
n(a%---a,lﬂ,...,a’fu'azn) =k (Hag i€ [n]) = Y Ky, (47
Jj=1 V€75(A)
where the sum on the right-hand side is running over all strongly-mizing
partitions of a set A.
Ezample 4.13. By Leonov-Shiryaev’s formula the cumulant « (a} - a3,a?)
expresses as follows:

K(a%'a%7a%) = —H'@(CL%,CL%)'R(CL%)'FKJ(CL%,CLQ)‘H(CLI)

—I—m(a%,a%,a%.

64



v ={{al, a3}, {a}, a3, a3}, {a}, a3}, {a3} }

A= {{a’%v a’%v a%? a’%v a%}v {aéllﬂ a?, ag}}

Figure 4.2 — The multiset A = {a},a?,a3,a3,a3,a},a}, a3} and the set par-

tition v. There exists a row partition A (dashed line) such that each part
of v is contained in one of the parts of A\. Hence the partition v is not
strongly-mixing.

4.2.2. Analogue of Leonov—Shiryaev’s formula

Leonov—Shiryaev’s formula relates a cumulant of products with some prod-
ucts of cumulants. In the situation we investigate, where the conditional
expected value is the identity mapping, we can define two types of cumu-
lants. For each of them we have Leonov—Shiryaev’s formula. We present
now the third formula, which is a mix of those two.

Consider the identity map:

(A,) 2% (A, %)

between commutative unital algebras (A, -) and (A, ). Equation (4.4) de-
fined cumulants k of the identity mapping. Observe that we can also consider
the inverse mapping, namely the map:

(A %) 955 (A, ).

This mapping gives us a way to define cumulants (according to (4.4)), which
we denote by k*.

We present below the Leonov—Shiryaev’s formula for both mappings
mentioned above:

ki
k| [[eliel]= > bzkym(aeb),
j=1

veP(A)
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and

ki
K" (jzlag (i€ [n]) = Z Hli* (a€b),
veP(A) bev

where the sums in both equalities run over all strongly-mixing partitions of
a multiset A = {a/ : i € [n],j € [ki]}. Observe that in each equality the
cumulants on each side are of the same type but the multiplications are not.
In our formula we will mix types of cumulants on both sides but keep the
same multiplication.

To present our result we introduce a class of strongly-mixing forests
F(A).
Definition 4.14. Let Aq,..., A, be multisets consisting of elements of A.
Consider a reduced mixing forest F' € F (A) consisting of trees T1,...,Ts.
Denote by a, € A the label of a leaf a € A. We define a partition v of a
set A as follows:

VF - { {av v E Tk}k‘e[s] }

We say that a mixing reduced forest F' € F (A) is strongly-mizing if the
partition vp is strongly-mixing partition. We denote the set of such forests
by F (A).
Remark 4.15. Observe that the class of all strongly-mixing forests F (A)isa
subclass of all mixing forests F (A), which itself is a subclass of all reduced
forests F (A), i.e.:

F(A) c F(A) C F(A).

This is analogue to the natural order between classes of strongly-mixing
partitions P (A), mixing partitions P (A) and partitions P (A):

P(A) CP(A) CP(A).
We can reformulate Theorem 4.6 as follows.

Theorem 4.16 (Analogue of Leonov—Shiryaev’s formula). Consider an al-
gebra A with two multiplicative structures - and *. Denote by x and k*
cumulants related to the identity map on A as we described above. Then the
following formula holds:

ki
K" (* al 1i€ [n]) = Y (-D"F kg, (4.8)

Jj=1 -
FeF(A)

where F (A) is a set consisting of strongly-mizing reduced forests.
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Example 4.17. Figure 4.1 presents all reduced forests on the multiset A =
{a},ad, a?}. Six of them are mixing, five of them are strongly mixing. Thus:
R (af xag,af) = ajxayxaf—k(aj,ai)xr(as)
—#r(a3, ai) * r(ai) — K(ay, a3, af)
+# (k(a3,a3), 5(a1)) -
Proof. In (4.4) we present the moment cumulant formula for cumulants s

related to the map (A,-) — (A, *). Similar expression for cumulants x*

related to the inverse map (A, *) 7y (A, ) is of the following form:

Z *Iﬁl a; 11 €D).

veP( n])

We express the --product (a% koK a,lcl) e (a? Kook azn> via the moment
cumulant formula given by the equation above:

ki
(ai*-n*a,lﬂ)-~-(a’f>x<-~->x<ak > X g *af:ie[n] . (4.9)

b =1
veP([n]) v J

From Theorem 4.6 we can express the left-hand side of this equation in
another way:

(a%*---*a}ﬂ)'--(a’f*---*a}gn) = Z (—1)"F Kk p.
FeF(A)

Observe that we can split the summation of (—1)“F kg over all mixing re-
duced forests F' € F(A) into *-product of summation over all strongly-
mixing reduced forests:

Yo (DFRp= X KOS (-1 kg

FEF(A) veP([ D < FeF(Ab)

where, for each partition v, sets A® := U;cpA; are division of a set A.
Observe, that quantities:

Z (=1)"F kp

FeF(AY)

satisfy the system of equations given by the moment cumulant formula (4.9),
which has a unique solution. This yields the statement of the theorem. [

Remark 4.18. The above equation is still valid when we replace x (which is
hidden in kg terms) with «* and replace *-products with --products simul-
taneously.
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4.3. Cumulant formula for Jack characters

In this section we show that Jack characters forms an algebra with two
multiplications. In consequence, in Section 4.3.2 we present some statements
about structure constants which may be seen via this characterisation of Jack
characters.

4.3.1. Approximate factorization property

In many cases cumulants are quantities of a very small degree. The following
definition specifies this statement [Sn16, Definition 1.8].

Definition 4.19. Let A and B be filtered unital algebras and let E: A — B
be a unital linear map. Let x be the corresponding cumulants. We say that
E has approzimate factorization property if for all choices of ay,...,a; € A
we have that

deggk (a1,...,a;) <degyar +---+degqa;—2(1—1).

Observation 4.20. Let us go back to the case, when E s the identity map
on algebra A with two multiplications. Suppose that the identity map

(A) % (A,

satisfies the approximate factorization property.

Let Ay, ... A, be multisets consisting of elements of A. Let A be the sum
of those multisets. Then for any forest F' € F (A) consisting of f trees,
there is the following restriction on the degree of cumulants:

degrp < <Z dega) —2|A| +2f,

acA
where |A| is the number of elements in A.

Proof. We analyse the definition of k (Definition 4.4). For any vertex v € F'
we defined the quantities x,. Using the approximate factorization property,
observe that:

n
deg k,y < Zdegnvi —2(n+1).
i=1
Going from the root r to the leaves we obtain:

Ny
degr, < Zdeg/@vi —2(ny,+1).
i=1
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where n, is the number of leaves in a tree rooted in r, and v; for i € [n,] are
leaves of this tree.
The cumulants kr were defined as follows:

Kp 1= * Ky,

where V; are roots of all trees in F', hence degrp < > degky;. It is now
easy to see the statement of this observation. O

4.3.2. Cumulants of Jack characters

Jack characters Ch, form a natural family (indexed by partitions ) of

functions on the set Y of Young diagrams. One can introduce two different

multiplicative structures on the linear space spanned by Jack characters.
The *-product is given by concatenations of partitions:

Ch; * Chy = Chyye

For any partitions m and ¢ one can uniquely express the pointwise prod-
uct of the corresponding Jack characters

Chy-Chy = > gk, Chy (9)
I

in the linear basis of Jack characters.

Sniady considers an algebra of Jack characters as a graded algebra, with
gradation given by the notion of a-polynomial functions [Snl5, Section 1.7].
Jack characters are a-polynomial function of the following degrees

deg Chy = || + £(m).

Sniady gave explicit formulas for the top-degree homogeneous part of Jack
characters. We sketch shortly how we use Theorem 4.6 in order to find the
top-degree coefficients of the structure constants below.

Consider two integer partitions 7 = (7q,...,7,) and 0 = (01,...,07)
and the relevant multiset A = Ay U A5 given by:

A]_ == {Chﬂlu"'vchﬂn}’
Ay = {Chg,,...,Ch,,}.

Together with the --product and the *-product described above, the linear
space spanned by Jack characters becomes an algebra with two multiplica-
tions. We can introduce cumulants as a way of measuring the discrepancy
between those two types of multiplications via (4.4). Recently the approxi-
mation factorisation property of cumulants was proven [Sn16].
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Lemma 4.21 (reformulation of Theorem 4.6). Let Aq,..., A, be multisets
consisting of elements of A. Let A be the sum of those multisets. Then:

||

(a%*“-*a,a)‘--(a?*u-*ak Z * Z =17 K.

veP(A)' TE'T(VZ)

where * and - are two different multiplications on A and v = {v1,..., v}
18 a partition of A.

Proof. Theorem 4.6 presents (a% Kook a,lﬂ) ((1711 K oeee ok azn) as a sum
over reduced mixing forests of cumulants associated to those forests. Ob-
serve that each reduced mixing forest F' splits naturally into a collection
of trees T1,...,Ty. Each of T; possesses the property of being reduced and
mixing. Leaves of I are labelled by elements of A, thus we denoted by A the
multiset consisting of those labels. Division of F' into 717, ..., T} determines
a partition v = {v1,..., 4} of a set A, namely v; C A consists of all labels
of leaves of T;. The cumulant xp is equal to:

by the definition. Moreover (—1)"“r = [[¥_, (=1)“7. O

Theorem 4.22. With notation presented above, for any two partitions w
and o, the following decomposition is valid

|

Chy-Chy = > >I< Y (1) sy, (4.10)

veP(A)' TGT(VZ)

where v = {v1,...,v),} is a partition of A and T (v;) denotes the set of all
reduced mizing trees on v; C A.

Moreover, there is the following restriction on the degree of products of
cumulants:

vl
>|< 1w
et X () <ol ol 2

TG’T’(W)

where |v| is the number of parts in partition v.
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Presented statement is based on Lemma 4.21, the bound of a degree
follows immediately from Observation 4.20.

The division given in (4.10) is a tool for capturing the structure constants
gk . It opens a way for induction over the number ¢(c) + £(r). More
precisely, we express x7 in in the linear basis of Jack characters inductively,
according to the number of leaves.

4.4. Proof of Proposition 4.9

In this section we shall prove Proposition 4.9. We use the same notation as
in Section 4.1.4. We denote by Ay, ..., A, multisets consisting of elements
of A. We denote by A = A; U---U A, the multiset, which is the sum of all
multisets A;. We use also the following notation for the elements of A;:

Ai:{ai,...,a}%},

hence the multiset A consists of the following elements:

A= {a%,...,a}gl,...,aqf,...,azn}.
We denote additionally the set of all partitions of A by P (A). We denote by
P (A) a set of all mizing partitions of A, i.e. all partitions v = {vy,...,1;}
such that
3 VvV ¢ Aj.
i€(l] j€[n]

4.4.1. Outline of the proof

Firstly, we express the left-hand side of (4.6) as a sum of cumulants, where
the sum runs over all mixing partitions v € P (A), see (4.11) below. By
applying inductively the procedure (4.12) described below, we replace sum-
mation over all mixing partitions v € P (A) by a sum over all nested upward
sequences of partitions, see the Definition 4.24. Then we construct a bijec-
tion between such sequences and reduced forests F' € F (A) equipped with
gap-free, weakly-mixing colourings ¢ € Cr (see Definitions 4.3, 4.8). Later
on we will prove that the weighted sum over all gap-free colourings for a
fixed forest is either equal to 0 or to £1.

4.4.2. Cumulants of mixing partitions

Observe that the following equality of the sets holds:
P(A) = (P(A) x -+ x P(Ay) ) U P(A),
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where the elements of the Cartesian product P (A1) x --- x P (Ay) are un-
derstood as a partition of a multiset A = A U--- U A,,.
We apply the moment-cumulant formula given in (4.4):

1 1 n
Qp %ok Qg Kook Ay ke Z Ky.
veP(A)

We split all partitions P (A) into two categories: mixing partitions P (A)
and products of partitions P (A4;). In this way:

ONUED SR S | D DI R S

veP(A) ve][;epn P(A) vEP(A) i=1veP(A) vEP(A)
:(a%*-u*a}cJ-~-(a?*~-*azn)+ Z K-
veEP(A)

From the equations above we obtain the following formula:

1 1 n n
(%*"'*akl)'“(%*'“*akn)

:(a%**a}gl)**(a?**azn)_ Z Ky.

4.4.3. Cumulants of upward sequences of partitions

Each cumulant on the right-hand side of (4.11) is a --product of simple
cumulants. We use the moment-cumulant formula in a form given below

a1 -G =Q1%...%a — Z ku(ag,...,a). (4.12)
veP([k])
vAE {1} (k)

to replace --products by *x-products and --products consisting of a strictly
smaller number of components.

For each cumulant on the right-hand side in (4.11) we apply the proce-
dure (4.12). As an output we get one term which is a *-product of cumulants
and several terms of the form of a --product of cumulants. Observe that in
each term of the second type the number of factors is strictly smaller than
before applying the procedure. We apply to them this procedure iteratively
as long as we have --terms in our extension. In the end we get a sum of the
terms given by *-product and cumulants.
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Ezample 4.23. Let us express (a} * a3) - a? using the procedure described

above:

1y 2 1) 4

(a% * a2) - ay i

ai * ay * af — k(aj, a3,a7)
—r(ai,a?) - k(az) — k(as,a?) - K(ay)

(4.12)
= a%*a%*a%_ﬁ(a%aaéaa%)
—# (k(at, at), k(a3)) + ki (s(ag, at), k(a}))
—(ai,a?) # £(ay) + ka3, ai) = r(ap).

To formalize our idea we define nested upward sequences and theirs cu-
mulants.

Definition 4.24. A sequence of partitions w = (vt 7 --- 7 v") is said to be
upward if
i+1

vt is a partition of the set v/,

for any 1 < i < r—1 and v! is a partition of a multiset A. Moreover,
if for each i the partition v*™! is non-trivial, i.e. v £ {1}, it is said
to be nested. We define the length of an upward sequence of partitions
w= (vt /- /U") as the length of a sequence, and we denote |w| = 7.

Let us provide a simple example.

Ezample 4.25. Consider a 5-element multiset A = {a1,...,as} and the fol-

lowing nested upward sequences of partitions w; = (v! 7 v?) and wy =
(vt A~ v? ), where:

v = {{a1,a4}, {as}, {as}, {a5}},
= {{{ona. ). a5} ) {1 } .

2= H{{tonan. (o). o} {(en)}}}

We introduce the following technical notation (similar to the definition
of a cumulant «, for a partition v).

_ l
Ryar, ... an}t = {k(ai,... ) @iy, )}jzl.
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Definition 4.26. Let v be a partition of a multiset A = {ay,...,a,}. Con-
sider an upward sequence of partitions w = (v* /... /v") such that

Ulzl/.

We define the cumulant associated to the sequence w as follows

K, = S b.
s e s ()

Example 4.27. The cumulants k,, and &, associated to the nested upward
sequences of partitions w; and wsy respectively from Example 4.25 are of the
following forms:

= i(s(ar,a1),5(a2), 5(as) ) + 5 (s(az))

H(H C11176114 a/27a/3) *as,

( k(ai,ay) (az),ﬁ(a?,)),/‘é(ﬁ(%)))
- m(m(n(al,a4),a2,a3),a5>,

where we used the property x(z) = x.

Definition 4.28. Consider a multiset A = A; U---U A,. Denote by N (A)
the set of all nested upward sequences of partitions w = (1/1 S SN
such that v! € P (A) is a mixing partition.

Proposition 4.29. Consider a multiset A= Ay U---UA,. Then

ook=— 3 ()M, (4.13)

vEP(A) weN(4)

Proof. Apply procedure (4.12) iteratively to the left-hand side of Proposi-
tion 4.29. Observe that applying this iterative procedure is nothing else but
summing over all nested upward sequences of partitions. The sign of the
term is determined by the number of iterations. Partition 14 describes the
first application of the procedure (this is why v! € P (A)), partition v the
second, and so on. ]

Observe that different nested upward sequences of partitions w may
lead to the same cumulant k.. The following example illustrates this phe-
nomenon.
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Example 4.30. Let Ay = {a},al} and Ay = {a?, a3}. Consider wi,ws,ws €
N (A) given by w1 = (vf /v?) and wy = (Vi S v3 S v3) and wy =
(vi /' v3 7 13), where:

vi = {{a17a2} {a27 1}}7 vi = {ah%} {aza 1}}}7

{{al, a3}, {ab} {al}}, 43

3
2

{{

~{{tah et} {tath )},
{{e ). g

= {1 ().

(al (a3} ), {{ab. ot} } .

- {{ed @) {aa) )}

Observe that all sequences w1, ws, w3 lead to the same term up to the sign.
Moreover, they are the only ones which lead to this cumulant. Observe that

1
vy

1%

vi = {{al}. (a3}, {ab,at}}, 13

s

(=) + (1), + (=), = e (w(al, a3), 5(a}, a})).

With the weights given by (—1)"‘“', cumulants corresponding to sequences
w1, ws,ws sum up to just one term. We will see that this is true in general.

4.4.4. Reduced forests and their colourings

To each upward nested sequence of partitions w = (Vl s ' UT) we shall
assign a certain rooted forest with a colouring. We construct a bijection
between the sequences from N (A) and relevant rooted forests equipped
with the colourings.

Definition 4.31. Let w = (v! -+ /v") be a nested sequence of par-
titions. Denote the elements of partition v by v* = {vi, ... ,y,ii}. Let
vt ={vi,...,v{_,} be a partition of A= A; U---U A,. We associate to w
a rooted forest with coloured vertices by the following procedure:

e The elements of A are leaves of the forest. We colour each of them by

0.
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3 3
T T
Figure 4.3 — The forests associated with wy,ws, w3 from Example 4.30. All
leaves are coloured by 0.

e For each element 1/;-, where 1 < ¢ < rand 1 < j < k;, we create a

vertex and colour it by 1.
. i—1 i ose o i—1 i S .. 1 -
e We join v;”" and v} if v;=" C vj. Similarly we join a € A and v if
ac 1/]1.

o We delete each vertex v which has only one descendant. We join the
descendant and the parent of v.

We denote by ®(w) the forest and by ®3(w) the colouring associated to w.

Ezample 4.32. The coloured forests associated with wq, w9, w3 from Ex. 4.30
are presented on Figure 4.3. Since wi,ws,ws start from one element parti-
tion, all three forests are trees.

The forest described in Definition 4.31 consists of k, rooted trees, where
k; is a number of elements in v", namely v" = {17,...,1; }. The condition
of nestedness of w translates to the fact that each colour is used. Except for
leaves, each vertex has at least two descendants. It leads to the definition of
reduced forest and gap-free, weakly-mixing colouring. We mentioned their
definitions in the introduction (see Definitions 4.3 and 4.8).

Lemma 4.33. There exists a bijection ® between the set N (A) of nested
upward sequences starting with a mizing partition and the set of pairs (F, c)
consisting of a reduced forest F € F (A) of length v > 1 with a gap-free,
weakly-mizing colouring ¢ € Cp:

b :wr— (F,c) = (P1(w), Pa(w))

For any nested upward sequence starting with a mizing partition w €
N (A), the following equality of cumulants holds

Ky = Ko, (w)>
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where kg, W) @5 cumulant of a reduced forest ®1(w), see Definition 4.4.
Moreover |w| = |®a(w)] i.e. the length of the nested upward sequence is
equal to the length of the corresponding colouring.

Proof. Definition 4.31 shows already how to associate a reduced forest F' :=
®; (w) with the gap-free colouring ¢ := ®3(w) to a nested upward sequence
w. The construction is done in such a way that |¢| = |w|. For the reverse
direction, the algorithm is easily reproducible. The condition that a nested
upward sequence w = (vt /... A7) € N (A) starts with a mixing par-
tition v! € P (A) translates to the condition of ¢ being a weakly-mixing
colouring (Definition 4.8).

In Definition 4.4 we introduced cumulant k5 for a forest F' € F (A).
There is an exact correspondence between this expression and the one, which
is given in Definition 4.26. O

We are ready to prove Proposition 4.9 which is the purpose of this sec-
tion. Let us recall its statement:

Proposition 4.9. Let Aq,..., A, be multisets consisting of elements of A.
Let A be a sum of those multisets. Then

(a%*'--*a}fl)'-.(a’f*--.*azn): S okp Y, (—1)lel, (4.6)

FEF(A)  c€Cp

Proof. Combining the formula (4.11) and the Proposition 4.29 lead to the
following expression:

(a%*...*a}ﬂ)...(agb*...*azﬂ):

(a%**ail)**(a?**azn)_i_ Z (_1)|W|Hw‘
wEN(A)

We identify the product term on the right-hand side of the equation
above with the only reduced forest of length » = 0. Indeed, there is just
one reduced forest of length » = 0 and the only one gap-free, weakly-mixing
vertex colouring c of it, namely the forest F' consisting of separated vertices
a € A, each coloured by 0. The term (a% SRR a}ﬂ) Kook (a’f Kook azn)
is equal to the corresponding cumulant kp.

We replace the sum term on the right-hand side of the equation above,
according to the bijection between sequences w € N (A) and reduced forests
of length r > 1 with gap-free, weakly-mixing colourings given in Lemma
4.33. O
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4.5. Proof of Proposition 4.10

In this section we shall prove Proposition 4.10. For a given reduced forest F,
we investigate the following sum

> (=1

ceCp

over all gap-free, weakly-mixing colourings of F', which occur in Proposi-
tion 4.9.

4.5.1. Parameter wy of a reduced forest F' € F (A)

We introduce an invariant wr which determines the coefficient of kg. This
definition was already mentioned in Section 4.1.4, we recall it below and
next extend it slightly:

Definition 4.5. Consider a multiset A = A; U---U A, and a reduced forest
F € F(A). We say that F' is mizing for a division Ai,..., A, (or shortly
mizxing) if for each vertex v whose descendants are all leaves, those descen-
dants are elements of at least two distinct multisets A; and A;. Denote by
F(A) the set of all reduced mizing forests.

For a reduced mixing forest F' we define the quantity wpr to be the
number of vertices in F' minus the number of leaves (see Figure 4.1).

If F' is not mixing, we define wr := co. We may also introduce number
wp inductively, according to the height of a forest.

Definition 4.34. Let F be a reduced forest. The height of a forest I is the
maximum distance between one of the roots and one of its leaves. We denote
this quantity by h(F).

Definition 4.35 (Definition equivalent to Definition 4.5). Let F be a reduced
forest and F1, ..., F} its sub-forests obtained by deleting the roots of F'. We
define the number wr € NU {oo} inductively on h(F’) as follows:

Sike 41 ifA(F) > 2,

00 if A(F) =1 and all descendants of some root
belong to just one multiset A; for some i € [n],

wrp =141 if h(F') =1 and for each root there are at least
two descendants belonging to some two distinct
multisets A; and A;,

0 if h(F) = 0.
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T

wp = 00 wp =6

Figure 4.4 — The tree on the left-hand side is mixing. Indeed, descendants
of the vertex v belong to at least two multisets: A; and As. Observe that
the tree on the right-hand side is not mixing. Indeed, there are two vertices
of height equal to one: vy and wvs. All descendants of vs belong to As and
all descendants of vg belong to Aj.

Example 4.36. Let A = A1 U Ay U A3. On Figure 4.4, we give an example
of two forests (in particular trees) and we count the two corresponding wg
numbers. Observe that number wr depends on the labels of the leaves in
the forest F.

4.5.2. Proof of Proposition 4.10

Let us recall the statement of proposition.

Proposition 4.10. Let Ay, ..., A, be multisets consisting of elements of A.
Let A be a sum of those multisets. Then, for any reduced forest F' € F (A),
the following holds:

S (e :{ (=1 if F e F(A),

0 otherwise.
ceCp

Proof of Proposition 4.10 is divided into two cases: either a forest F'
is not mixing, i.e. wp = oo (Lemma 4.37), or a forest F' is mixing, i.e.
wp # 0o (Lemma 4.38). The next two subsections establish these two cases.

4.5.3. Proof of the not mixing case

Lemma 4.37. Let Aq,..., A, be multisets consisting of elements of A. Let
A be a sum of those multisets. For any reduced forest F' witch is not mixing,
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we have

S (-pk=o.

ceCp

Proof. Since F' is not mixing, there exists a vertex v such that all of its
descendants are leaves, and all of them belong to just one multiset A; for
some ¢ € [n]. Consider the following partition of set Cp:

k=12
k 9
{ct}
i€EZL

where each C! consists of all ¢ € Cp with |c| = i and where the vertex v is
coloured by its own colour; C? consists of all ¢ € Cr with |c| = i and where
there is another vertex coloured by the same colour as the vertex v. We
express the sum over all ¢ € Cg as follows:

S EDT=3 | XD+ ()| =

ceCp €L CGCil cGCi2

SNEDIY1- Y1

€L ceC ceC?_,

We will show the equipotency of the sets C} and C2 ; from which it follows
that the sum above is equal to 0 and the statement of the lemma is true.

Let us construct a bijection between C! and C? ;. Take any ¢ € C}.
Suppose that the vertex v is coloured by k. Observe that & > 2. Indeed, if v
was coloured by 1, it would be the only vertex of this colour. Then, the only
1-coloured vertex would have descendants belonging to just one multiset A;,
which is in contradiction with the fact that ¢ € Cp (i.e. ¢ is a weakly-mixing
colouring). From ¢ € C} we construct ¢ € C}_; as follows:

1. keep the colours of vertices coloured by 1,...,%k — 1 unchanged,
2. change the colours of vertices coloured by k,...,ito k—1,...,9—1
respectively.

This procedure is reversible. Indeed, take ¢ € C} | and suppose that vertex
v is coloured by k for some k > 1. Then ¢ € C? can be recovered by the
following procedure:

1. do not change colours of the vertices coloured by 1,...,k —1,
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2. do not change the colour of v,

3. change the colours of the vertices coloured by k,...,i—1to k+1,...,4
respectively (excluding vertex v).

O]

4.5.4. How to prove the mixing case?

We will prove the following lemma.

Lemma 4.38. Let Aq,..., A, be multisets consisting of elements of A. Let
A be a sum of those multisets. For any reduced mizing forest F', we have:

ceCp

To prove the lemma above we show a bijection between gap-free colour-
ings of reduced trees T' € T (A) and gap-free colourings of reduced forests
F € F(A), which are not trees (see Remark 4.39). Using this bijection
we can restrict proof of Lemma 4.38 just to trees. For reduced trees and
their gap-free colourings we define a projection of this colourings (see Defi-
nition 4.40). We make use of the notion of projection in Lemma 4.41. Proof
of Lemma 4.38 is done by induction on number of vertices in tree T' and
presented in Section 4.5.7.

4.5.5. Restriction to the trees

Remark 4.39. There is a natural bijection f between all reduced trees T' €
T (A) and all reduced forests F' € F (A), which are not trees. This bijection
is obtained by deleting the root of T (see Figure 4.1). Moreover, for a given
reduced tree T' € T (A), there is an obvious bijection fr between all gap-
free colourings of T" and all gap-free colourings of the corresponding reduced
forest f(T), obtained by keeping the colours of the non-deleted vertices, so
that

[fr(c)| = lef - 1.

Additionally fr preserves the property of being a weakly-mixing colouring.

The above statement allows us to prove Lemma 4.38 just for the case
of trees T € T (A) and conclude the statement for all forests F' € F (A).
Indeed, suppose that the statement of Lemma 4.38 holds for trees. Con-
sider a mixing forest F' € F (A) which is not a tree. Then, the tree
T := f~Y(F) € T (A) is also mixing, hence we can use the statement of
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Lemma 4.38. Observe that wp = wp — 1. Using bijections f and fr we get
the following equality

PONCIRE D DR O e

CECF CGCf71(F)

- 2 () == (= (-

ceCr

which is the statement of Lemma 4.38 for the mixing forest F' € F (A).

4.5.6. Projection of a gap-free colouring

For any reduced tree T" € T (A) we consider sub-trees T1,...,T} formed
by deleting the root of T'. Number k is equal to the degree of the root.
Every sub-tree T; is also a reduced tree. Every gap-free colouring ¢ induces
also a sub-colourings ¢,...,cp on 11,...,T;. Observe that sub-colourings
obtained this way are not necessarily gap-free. However, there is a canonical
way to make them gap-free.

Definition 4.40. Let T be a reduced tree with a gap-free colouring c. Let
C1,--.,C, be the induced colourings on sub-trees 77, ..., Ty formed by delet-
ing the root of T. For some i € [k], let j& < --- < j! be the sequence of
colours used in the colouring ¢;. By replacing each 5 by n in the colouring ¢;
we obtain a gap-free colouring, which we denote by c¢;. We say that ¢; as an
i-th projection of the colouring ¢ and denote it as p,(c) := ¢;, see Figure 4.5.

Lemma 4.41. Let T be a reduced mizing tree of height h(T) > 2. Denote
by T1, ..., T, all sub-trees obtained by deleting the root of T. Let c1,..., ¢,
be gap-free colourings of 11, ..., T, respectively. Then the following equality

holds: .
Z (_1)|C| _ _H(_l)‘ci‘.
ceCr =1
p;(c)=c;

Proof of Lemma 4.41. Observe that if T is the mixing tree, then any gap-
free colouring ¢ belongs to Cr. Indeed, take any vertex v coloured by 1.
Clearly, its descendants are leaves labelled by elements of at least two distinct
multisets A; and A; (by assumption that 7" is mixing). The existence of such
a vertex implies that ¢ € Cr.

The proof is divided into three steps: first, we construct a bijection be-
tween the gap-free colouring ¢ projecting onto cy, ..., ¢, and some integer
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(a) Colouring c of a tree T uses
the colours {0,1,2,3,4,5}.

2T T3

T 15
(c) Projections p;(c) and
pa(c) use colours {0, 1,2} and
{0,1,2,3} respectively.

Figure 4.5 — (a) A reduced tree T with a gap-free colouring c.

4 X T4
T Ty
(b) Colouring ¢; of the tree 77 uses
the colours {0,2,4}. Colouring
Co of the tree T5 uses the colours
{0,1,3,4}.

11

|

1 2 3
(d) Path p constructed from c in
proof of Lemma 4.41.

b

(b) By

deleting the root we obtain two reduced subtrees: 77 and 75 with inherited
colourings: ¢; and ¢y. Observe that they are not gap-free. (c) However, the
procedure given in Definition 4.40 describes the canonical way of producing
a gap-free colourings p;(c) and py(c). (d) Moreover, for the colouring ¢ we
present an associated path p which will be introduced in a proof of Lemma

4.41.
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paths in N”; second, we introduce a generating function of these paths and
characterise it by recursion on the endpoints and some boundary condition;
finally, we find a function satisfying those conditions.

Step 1. Let us recall that any gap-free colouring ¢ of T induces colourings
¢; on T;, from which we deduce a gap-free colouring ¢; of T; (Definition
4.40). We shall construct a bijection between all gap-free colourings ¢ of T'
projecting on ¢y, ..., c, and all integer paths p such that:

e p connects (0,...,0) and (|ci1],...,|c|) € N7,
e cach step of p is of the following form: (£}, ..., k") € {0,1}"\(0,...,0).

Denote the class of such paths by P, . |c,|- Moreover the construction is
done in such a way that |c| = |p| 4+ 1, where by |p| we denote the number of
steps in p.

For a gap-free colouring ¢ we construct a path p starting from (0,...,0) €
N" by the following procedure: the n-th step of p is of the form (k7, ..., k")
where:

{1 if colour n appears in ¢;,
(2

0 if it does not.

An example of such path is presented on Figure 4.5.

The procedure described above is reversible. Indeed, take a path p be-
tween (0,...,0) and (|c1],...,|e|) € N". Suppose that the n-th step is of
the form:

(kt,..., k") €{0,1}"\ (0,...,0).
We can assign to the path p a colouring ¢ by the following procedure. Let
(1,...,2,) be an endpoint of p after the n-th step. We colour each vertex
v € F; by n if v was coloured by z; in colouring ¢; and k' # 0. We colour
the root by |p| + 1.

Step 2. The bijection from Step 1 was constructed in such a way that
le| = |p| + 1. Observe that

Z (_1)|C| _ Z (_1)|P|+1'

ceCr pG’P‘C“
pi(c)=ci

,,,,, ler]

Let us define a function F' : Z" — Z:

Folay,..z)— > (=1



Observe that:
L. for all (z1,...,2,) €N", F(z1,...,2,) =0,
I1. F(0,...,0) = —1,

III. forall (z1,...,2,) € N"\(0,...,0), the function F satisfies the following
recursive formula:

F(zy,...,z,) = — Z F(@,... | TY),
XClr]
X#£)

where 7 = {7 1Y
Let us shortly comment on this observation. There are no paths con-
necting (0, ...,0) with points (x1,...,2,) ¢ N using the set of steps which
is non-negative (Observation I). There is just one path connecting point
(0,...,0) to itself: the empty path. Its length is equal to 0 (Observation
IT). Consider all possibilities for the last step in path p. It is equivalent
to choosing indices X C [r], X # 0 and summing over all paths ending

in (T{(, o, TX ) multiplied by —1, because we count the sign of the path

»r

(Observation III).

Those three statements about function F' define it uniquely. The recur-
sive formula gives us the way to compute F'(z1,...,z,) inductively according

T
to > x;. The first and the second observation give us the starting point for

i=1

,
our induction, namely the values F(x1,...,z,) for > z; = 0.
i=1

Step 8. We show now that the function G : Z" — Z:

—IIi_, (=1)" ifforalli:z; >0,
0 otherwise.

G:(azl,...,mr)v—>{

satisfies all three properties I, II, III mentioned in Step 2. Hence, those two
functions F' and G are equal. By connecting the results of each step, we get
the statement of the lemma:

Z ceCr (_1)|C| = EpE'P(

pi(c)=c¢;

)P = F(lel,... o)) =

leglseslerl)

:G(|Cl|7-'-,|cr|):— r 1(_1)|c2|

=
We shall show that function G satisfies three properties I, II, III. Clearly,
it satisfies I, II. In order to show that the recursive formula also holds, take
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any (z1,...,2T,): VxlEOand Zml>0
=1
Define the set Y consisting of boundary indices i of the point (x1, ..., z,).
iey if z; >0
In order to show that G satisfies III, we have to show the vanishing of
the following sum:

Gxy,...,x)+ Y G@y,.... 70 )= > GE,....7)°) =

More precisely, define Y C [r] as follows: {

XcClr] XC[r]
X#0 (4.14)
= > G@,.... 7))+ > G@y,.... 7).

Xcy Xqy

Observe that summants of the sum over X ¢ Y are equal to 0. From
X ¢ Y it follow that there exists ¢ € [r] such that i € X and i ¢ Y. It
means that Z;X = —1 and by definition G (77, ...,7X) = 0.

Observe that the summants in the sum over X C Y are of the form
—TI_, (=1)% . Indeed, from X C Y it follows that ZX > 0 for all i € [r].

We use this observatlon to show the vanishing of the sum in (4.14):

ixzf\X|
(414) = > - H =— > (-1)=
Xcy =1 XY
Se Yy '
=N <‘ i ‘) (=) =0,
=0

4.5.7. Proof of Lemma 4.38

Remark 4.42. Let T be a reduced mixing tree such that h(7) < 2. Let
T1,...,T, be sub-trees obtained from F' by deleting the roots. For any
colouring ¢ € Cr the projection ¢; := p;(c) is in Cr, for each i € [r].

Indeed, by definition, ¢; = p,;(c) are gap-free colourings of F;. Take any
vertex v coloured by 1 in ¢;. Its descendants are leaves. Hence wp # oo,
so also kg, # oco. That means that descendants of v belong to at least two
distinct multisets A;. The existence of such vertex implies that ¢ € Cr,.

Proof of Proposition 4.38. We will use induction on the height of tree T" €
T (A).
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We cannot begin with a tree of height 0, namely a one-vertex tree T' = e,
because there is no such s tree if |A| > 2.

Induction base. We begin from a tree T of height one, namely consisting
just of the root and leaves. We have exactly one gap-free colouring of length
1, namely leaves are coloured by 0 and the root by 1. The claim follows
immediately.

Induction step. Let n > 2. Suppose now that the statement of Lemma
4.38 is true for any tree T" of the height h(7") < n—1. We will show that it is
also true for any tree of height equal to n > 2. Take such a tree T'. Denote
by Ti,...,T, its sub-trees obtained from T by deleting the root. Clearly
for every T;, the h(T;) <n — 1 and we can use the induction hypothesis for
them. We have:

Z (_1)|c| Remaék4.42 Z Z (_1)|c|

CECT Clech CECT
ESEICEY
T T
Lemrrg, 4.41 . Z H (_1)|cz| _ H Z (_1)|C~L‘
ClGCTl i=1 =1 CiECTi
Cré.éTr

r
Indlgtion . H (_1)sz‘
i=1

Deﬁnitg)n 4.35 (_ l)kT

)

which proves the statement for any tree of height equal to n. O
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Appendix A

Top-degree parts in the
Matchings-Jack Conjecture
and the b-Conjecture

We shall prove that our result about the top-degree part in the Matchings-

Jack Conjecture presented in Theorem 2.5 and the result of Dolega [Doll7c,

Theorem 1.5] about the top-degree part in b-Conjecture are equivalent.
First note that the polynomials c;\w and h;\r,a are related as follows

STt N B ope(X)po(y)pa(z) =

n>1 Amobn

)\
ot % 1og (ztn > i >pa<y>px<z>) (A1)

n>1 Am,obn

and

A

Ztn Z 6(7:\)02 Pr(X)po(¥)pa(2) =

n>1 A,mobn

n>1 an A,m,obn

exp (Z —t" Yy oPr(X)Pe(¥)PA(2 ))> (A.2)

see (2.1) and (2.2).
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A

In Theorem 2.5 we showed that the leading coefficient of cz , can be

expressed in the following way:
[,Bd(“"")‘)] c;\w = ‘M € M;‘;‘ : M is unhandled ‘

where MQ? is the set of \-lists of unicellular maps with the white and black

vertices distribution given by 7w and o respectively.
On the other hand, Dotega [Doll17c, Theorem 1.5] showed that the lead-

ing coefficient of h;”?, can be expressed in the following way:

50 s0

[ 0] pr) = |0 € M) - M is unhandled |

where Mfﬁ; is the set of unicellular maps with the white and black vertices
distribution given by 7 and o respectively.

Remark A.1. Observe that multiplication of power-sum symmetric functions
expresses as follows

P, (Z) "D (Z) = Pxun (Z)

in the terms of concatenations of relevant partitions.

We investigate the {p(n) (z)} coefficient in both sides of (A.1). We have

)
t" Z hgﬁ),pw(x)pa(y) = atfi& (tn Z = pw(x)pU(Y)> =

m,obn m,obn QZ(n)
&
ant™ Y Zpr(x)po(y)

m,okn an
hence cﬁ!}), and h&”), are equal.
Since c$r"2, = hﬁ!j‘},, it might seem that our result extends the result of

Dotlega. However, a more subtle analysis of relationships between the coef-
ficients of cﬁp and hﬁvg shows that both results are equivalent.
The power series expansion of the exponent function in (A.2) gives us

o

LA ﬁpw(X)pa (y)pa(z) =

n>1 A,mobn

h

A\ k
20 Pr(X)po(¥)PA (Z)) . (A3)

sh(st s

k>0 s>1 A, m,oks
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We denote by 772 ™% the set of triplets of lists of partitions

(Ve W), () (o))

such that
Ux=x Uw=p Ud=0¢
i=1 i=1 i=1

and for each i we have |\{| = |7?| = |o|.

Let us investigate the [pr(x)ps(y)pa(2)] coefficient in both sides of (A.3).
We have

o, . 1 ko1 h
ol VR D SR | F v e S G
A kl<k<e(\) (AL b), i=1
(7r17~"77rk)7

(Ul,.“,ok)) E'P,;\’W’U

Dolega and Féray [DF17, Theorem 1.2] gave the following bound on the
degree ) . ‘ A

deghli i < [N'[+2—LA") = £(n") — £(c").
Hence, each summand of the first sum on the right-hand side of (A.4) has
degree equal to at most

n+k— L\ — U(r) — L),

and the maximal bound may be achieved only for summands corresponding
to k = ¢(\). For such a summand, its bound on the degree is the same as
the bound on the degree for the left-hand side of (A.4) given by (2.3). We
have

L [teei] 0, =

176)) 1
= Z H = {a|)\¢\+lf€(7r)f€(a) B
’ i=1

|)\z‘ Ti,ot”

For a partition A = (Ay, ..., Ax), denote by C the set of all compositions
of a type A, i.e. the set of all lists (Ay(1),- .., Ag(k)), for some o € & (n).
Observe that

L(N)!

> mi(A)!
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Observe that for k = £(\) the first list in any triplet from 77,? ™7 is a com-
position of a type of the Young diagram . We have

1 [ad(w,a;x)} A

2 o T
ey
L l Xi+1—£(m)—L(a)] 3, (M)
€(>\)| |C/\| Z 11 /\Z |:Oé :| hﬂ—iyoi
(((Al)v'“’()‘é(k)))u
(),
(0'1,...,01(/\>))E772\(’;)’U
and hence
£(N)
[ad(ﬂ,a;)\)] C;U _ Z H [O/\Hrlf@(ﬂ')f@(o) h%},z
=1
(((Al)v"'r(Ae(A))):
(ﬂ17...7ﬂe(>\))7

) -
Dolega’s result [Dotl7¢, Theorem 1.5] shows us that
[a’\i"'l_g(”)_e(aq hf:z”()ﬂ =M e Mg‘ﬁ : M is unhandled‘.

Directly from the definition of Pg‘(’;\r)’g we obtain that

[ad(“’”;)‘)] C;\r,o = ‘M € Mfr‘(i‘ : M is unhandled

)

which allows us to conclude the equivalence of both results.
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