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ABSTRACT 

It is proved that any infinite-dimensional non-archimedean metrizable locally convex space has an 

orthogonal basic sequence. 

1. INTRODUCTION 

In this paper all linear spaces are over a non-archimedean non-trivially valued 
field K which is complete under the metric induced by the valuation 
1.1 : K-t [O,oo). F or un f d amentals of locally convex Hausdorff spaces (1~s) 
and normed spaces we refer to [3], [4] and [2]. 

Any infinite-dimensional Banach space of countable type is linearly homeo- 
morphic to the Banach space CO of all sequences in K converging to zero (with 
the sup-norm), so it has a Schauder basis ([2], Theorem 3.16). Hence any in- 
finite-dimensional Banach space has a basic sequence. 

It is still unknown whether every infinite-dimensional Frechet space (i.e. a 
metrizable complete lcs) of countable type has a Schauder basis. Nevertheless 
any metrizable lcs of finite type has an orthogonal Schauder basis ([l], Theorem 
3.5). In [l] it is shown that any lcs in which not every bounded set is a com- 
pactoid, has an orthogonal basic sequence. 

In this paper we prove that any infinite-dimensional metrizable lcs has an 

1991 Mathematics Subject Classification. Primary: 46S10,46A35 

463 



orthogonal basic sequence. This solves the problem stated in [l], whether any 
infinite-dimensional Frechet space has a basic sequence. 

2. PRELIMINARIES 

A sequence (x,,) in a Its E is a Schauder basis of E if each x E E can be written 
uniquely as x = C,” 1 a,x, with cr, E Dd and the coefficient functionals 
fn : E -+ K, x ---f a,(n E N) are continuous. A sequence in a lcs E is a basic se- 
quence in E if it is a Schauder basis of its closed linear span in E. 

The linear span of a subset A of a linear space E is denoted by 1inA. 
By a seminorm on a linear space E we mean a function p : E -+ [0, co) such 

thatp(ax) = jcxIp(x) for all 0 E od, x E E andp(x + y) 5 max(p(x),p(y)} for all 
x,y E E. A seminormp on E is a norm if Ker p := {x E E : p(x) = 0) = (0). 

A family P of continuous seminorms on a lcs E is a base of continuous semi- 
norms on E if for every continuous seminorm p on E there exists q E P with 

P L 4. 
Every metrizable lcs E has a non-decreasing sequence of continuous semi- 

norms (p,} which forms a base of continuous seminorms on E. 
A metrizable lcs E is of countable type if it contains a linearly dense countable 

set. A lcs E is ofjinite type if for each continuous seminormp on E the quotient 
space E/Ker p is finite-dimensional. 

Norms p, q on a linear space E are equivalent if there exist positive numbers 
a, b such that ap(x) _< q(x) 5 bp(x) for every x E E. Every two norms on a fi- 
nite-dimensional linear space are equivalent. Every n-dimensional lcs is linearly 
homeomorphic to the Banach space W. 

Let t E (0, l] and p be a seminorm on a linear space E. An element x E E 
is t-orthogonal to a subspace A4 of E with respect to p if p(~x + y) 2 

tmax@(ox),p(y)] f or all cy E K, y E M. A sequence (x”) c E is t-orthogonal 
with respect to p if p(CC,, CyiXi) > tlllaX(p(aiXi) : 1 5 i < n} for all n E N, 

al,..., a,, E K. A sequence (x,J in a lcs E is orthogonal in E if the family P of all 
continuous seminorms p on E for which (xn) is l-orthogonal with respect top 
forms a base of continuous seminorms on E. (In [2] a sequence (xn) in a normed 
space (E, ]I . 11) is called orthogonal if it is l-orthogonal with respect to the norm 

II . II.1 
In [l] it is shown that 
(A) A sequence (x,J in a lcs E is orthogonal in E if and only if there is a base 

P of continuous seminorms on E and a map g : P + (0, l],p + tr, such that (x,J 
is t,-orthogonal with respect top for each p E P ([l], Proposition 2.6). 

(B) Every orthogonal sequence of non-zero elements in a lcs E is a basic se- 
quence in E ([l], Proposition 1.4). 

3. RESULTS 

First, we prove the following 

Lemma 1. Let M be a jinite-dimensional subspace of linear space F with dim 
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F=No andlet ql,... , qn be norms on F. Then for every t E (0,l) there exists 
x E F\(O) which is t-orthogonal to M with respect to q&or 1 < i 2 n. 

Proof. Let 1 5 i 5 n and let (Fi, qii) be the completion of (F, qi). Since (Fi, gii) is 
an infinite-dimensional Banach space of countable type and M is its closed 
subspace then there exists a linear continuous projection Pi of Fi onto M of 
norm less than or equal to t-l ([2], Theorem 3.16). Any x E F n Ker Pi is t- 

orthogonal to M with respect to qi. Indeed, let (Y E l&y E M. Since 
y = Pi(ax + y) and ]lPil] < t-’ then qi(y) < t-‘qj(ax + y). Hence 

qj(oX) = qi(aX + Y-Y) I max{qi(c.Yx+Y),qi(Y)) I t-lqi(ax+y). 

It follows that t-‘qi(ax + y) 2 max{qi(ax), qi(y)}. Thus x is t-orthogonal to M 
with respect to qi. Clearly, 

dim(F/F n f) Ker Pi) 5 2 dim(F/F II Ker Pi) 
i=l i=l 

5 2 dim(Fi/Ker P;) 
i=l 

= ndimM < 00. 

Hence G = F n f-j:= 1 Ker Pi # (0). It is obvious that any x E G is t-orthogonal 
to M with respect to qi for 1 5 i 5 n. III 

Now, we can prove our main result. 

Theorem 2. Any injinite-dimensional metrizable locally convex space E has an 
orthogonal basic sequence. 

Proof. Let (pn} be a non-decreasing sequence of continuous seminorms on E 
forming a base of continuous seminorms on E. 

If dim(E/Ker pn) < 03 for all n E N, then E is of finite type and it has an or- 
thogonal Schauder basis ([l], Theorem 3.5). 

Now, suppose that there exists k E N with dim(E/Ker pk) = 00. We can as- 
sume that k = 1. Let {x, + Ker p1 : n E N} be a linearly independent sequence 
in E/Ker p1 and put F = lin{x,, : n E N}. Clearly dimF = No and qn = pnJF is a 
norm on F for each n E N. 

Let (sn) c (0,l) be a sequence with I-I:=, s, = s > 0. By Lemma 1 we can 
construct inductively a sequence (yn) c F\(O) such that for every n E N yn+ 1 is 
s,+i-orthogonal to lin{yi, . . . , yn} with respect to qi for 1 I i 5 n. We prove that 
there exists a sequence (t,,,) c (0,l) such that the sequence (y,) is t,-orthogonal 
with respect to qm for any m E N. Let m E N and (~1,. . . , a, E K. Then, 
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.&&p-l... st max{qt(aiyi) : 1 5 i < m} > smax{qt(ojyi) : 1 5 i 5 m}. 

Let E,,, = lin{yt, . . . ,ym}. Since the norms ql[E,, qmlEm are equivalent then 
there exists & E (0,l) such that for arbitrary CY~, . . . , a,,, E od we have 

4m 2 WYi 

( 1 
L &maX{q,(aiyi) : 1 5 i < m}. 

i=l 

Letk>mandal,..., akEK.Then, 

2 sd,max{q,(aiyj) : 1 5 i 5 k}. 

Thus the sequence (yn) is t,,,-orthogonal with respect to qm for tm = SC&, m E N. 
Hence (y,) is t,-orthogonal with respect topm form E N. Using (A) and (B) we 
obtain that (y,,) is an orthogonal basic sequence in E. Cl 
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