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Abstract

The variation-perturbation method, employing an explicitly correlated basis set
in the form of gaussian functions with exponential correlation factors, has been used
to calculate the paramagnetic component of the nuclear magnetic shielding and
electronic contribution to the spin-rotation constant for the hydrogen molecule in
its ground state. The diamagnetic components of the shielding tensor have also been
computed. The computations have been performed for three internuclear distances
in the vicinity of equilibrium. A comparison of the calculated quantities, which
are of great accuracy, with the experimental data reveals a small but significant

discrepancy between theory and experiment.



1 Introduction

The hydrogen molecule is the simplest molecule to exhibit electron correlation and
therefore it has long been a favourite system for testing new theoretical methods.
Moreover the hydrogen molecule is easily accessible experimentally. Recently a new
and very effective method for variational quantum computations for many-electron
systems was introduced [1, 2, 3, 4]. In this method exponentially correlated gaussian
functions are employed as basis functions. It has been demonstrated that for the
hydrogen molecule this method is able to achieve variational energy at the same
level of accuracy as methods which employ generalized James-Coolidge functions.
It should be pointed out that the level of accuracy provided by these two methods
is better by at least three orders of magnitude than that of any other variational
method applied to the ground state of the hydrogen molecule.

In this letter we report the use of exponentially correlated gaussian functions to
calculate the components of the nuclear shielding tensor and spin-rotation constant
for the ground state of the hydrogen molecule in the vicinity of equilibrium. This
paper is a continuation of previous work [5], in which the components of the shielding
tensor for the ground state of Hy at R=1.4011 bohr were calculated. However, in that
computation the variation-perturbation method employed an explicitly correlated
function with a linear correlation term 712 [6]. The method used in this work is
the same as that used previously except for the new type of function, involving

exponentially correlated gaussians.

2 Method

For a molecule the interaction of the magnetic moment of a nucleus, gy, with the
applied external uniform magnetic field B, has the form —puna(6apg — 0ap)Bg, where
0ap 1s a component of the nuclear shielding tensor. o, is a sum of the diamagnetic,

O'iﬁ, and the paramagnetic, of 5, contributions, which are given by the formulas
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where W) stands for the zero-order function, which is obtained by solving the stan-
dard electronic Schrodinger equation. \I/(ﬁm) and W9 are the first order functions

obtained as variational solutions of the following first order equations
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The Coulomb gauge (V - A = 0) for the vector potential A has been assumed, G
denotes a chosen gauge origin, ripg and ryy denote vectors from the gauge origin and
from the nucleus of interest to electron k, respectively. 1 is the electronic angular
momentum operator, 1 = —ihr x V., e is the charge of the proton and m.—the
electron mass.

The spin-rotation interaction for a diatomic molecule can be expressed in the
form —AMIy - J, where Iy is the spin of nucleus N, J is the rotational angular
momentum, both dimensionless, and M is the spin-rotation interaction constant.
M is the sum of three contributions [7]
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where the electronic contribution M® is proportional to the perpendicular compo-

nent of the paramagnetic part of o, and is given by
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The two additional contributions are related to R~ and to R‘lﬁ according to the

formulas 5
nuc __ & EPNGN
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In the above formulas gy and 3. stand for the nuclear and Bohr magnetons, re-
spectively, gy is the nuclear g-factor, R is the internuclear distance and U is the
potential energy function for the molecule. m, is the reduced mass of the molecule
and my is the mass of nucleus N.

For the zero and first-order functions, exponentially correlated gaussian functions

were used. The zero-order wavefunction is defined as

U(r,, 7o) = (148D ca[®n(1,2) + 0,(2,1)], 9)

n

where 7 here stands for inversion in the bond midpoint and the basis functions are
given by
D,(1,2) = exp(—anriy — Buriy — Qnriy — Buriy — Yarty) (10)

where a, 3,a, 3 , and ~ are variational parameters, 1 and 2 label electrons, and «
and b denote the nuclei.

The first order functions W{!% and \I/(ﬁm) possess 'II, symmetry. They are de-
fined similarly to W(r,, r,) but with ®,(1,2) and ®,(2,1) replaced respectively by
y19P,.(1,2) and y29,,(2, 1), where y is the coordinate axis perpendicular to the molec-
ular axis. The optimization procedure used for solution of the first order equations
(3) and (4) is very time consuming but is essential for achieving the required accu-

racy. In this work the optimization procedure of Powell has been employed [8].

3 Results and discussion

A 300-term expansion of exponentially correlated gaussian functions has been adop-

ted as the zero-order function. For R = 1.4 bohr this function gives an energy of
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—1.174475680 hartree which is lower by 0.0022 cm™! than the best energy obtained
using the Kolos-Wolniewicz function [9]. For the first-order functions 100-term ex-
pansions have been used. Computations have been performed for three internuclear
distances, R = 1.35, 1.4 and 1.45 bohr, with the xz-axis coinciding with the molecular
axis. The results are displayed in table 1. It contains expectation values of the rel-
evant operators and of all the shielding components. Particular tensor components

are calculated from the following formulas (in atomic units):
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N
These quantities can be combined further according to the following definitions:
ol = % (0'|C|l—|-20'jl_), of = % (Uﬁ—I—QO‘i), o) = Uﬁl—l—aﬁ, oL =0t +ol, Ao = o|— 0oL,

and o = % (0‘” + QO'J_) = og? 4 aP. Of course, O'ﬁ is zero for Hy. The diamagnetic and
paramagnetic shielding parts are given for two gauge origins: at the bond midpoint
(G) and at the proton position (N) both of which lie on the z-axis. These two

quantities are connected via the relation [5, 10]:
of(G) = oP(N) + d,C?, (14)

where d,. is the gauge origin shift along the molecular axis, equal in our case to R/2.

The paramagnetic part of the gauge constant, C?, can be determined from

2 / g 9 gon (15)
3 dyy Y 7
where \I/zgm) is a variational solution of the first-order equation
0
(H(OO) . E(OO))\I}Z(/OI) — _a_q;(OO) (16)
)

However, it is much easier to calculate the gauge constant for the diamagnetic part
of the shielding and then use it to determine C?. Thus

c(G) = o*(N) + d,C?, (17)
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where C'? is the diamagnetic gauge constant which can be calculated from the for-

mula [5, 10]:

gcz/woo ‘flz ) g7 (18)
1

We have calculated the gauge constant from Eq.(18) and equated it to C? after
reversing the sign. This corresponds to the assumption that we are using a complete
basis set for which these two gauge constants have the same magnitude and opposite
sign. Since we are using very accurate wavefunctions, as can be judged from the
ground state energy, this assumption is fully justified. The values of the electronic
contribution to the spin-rotation constant, as calculated from Eq.(6) using our o”
value, are given in table 1.

In order to estimate a vibrationally corrected values of o and o we fitted a

parabola, P(R), to pertinent values from table 1. Next, we calculated
<OIPI0> = [ G(R) P(R) ol R) dR (19)

where yo(R) is a numerical solution of a vibrational Schrédinger equation for the
rotationless ground vibrational state of Hy. This procedure yields the following
expectation values: < 0]¢’ (G)]0> = 1.12 ppm, < 0]c’ (N)|0> = —8.32 ppm, and
< 0]o|0> = 26.48 ppm.

In table 2 we compare the presently reported value of ¢/ at R = 1.4 bohr with
other theoretical values of this property. Proton shielding is known to be only slightly
affected by electron correlation [11]. This is mainly due to the relatively small value
of the paramagnetic component of the shielding. However, there are some exceptions
predicted by theory. They are: (a) two excited states of Hy[12], viz. B'XT [13] and
B’ '¥F[14], and (b) BH in its ground state [15, 16, 17, 18, 19]. In these cases the
paramagnetic contribution is so large that Van Vleck paramagnetism is exhibited.
This effect is due to the strong mixing of the near degenerate excited states which
contribute to the paramagnetic components of the magnetizability tensor. Therefore
it is to be expected that for these cases electron correlation contributes significantly
to the perpendicular component of nuclear shielding [20].

It is not easy to estimate the electron correlation contribution to the nuclear

shielding of the ground state of Hy as values calculated at the SCF level may differ



by more than 0.5 ppm from each other and are gauge dependent. The most recent
calculations of Bishop and Cybulski [21] and of van Wiillen [22] show a difference of
0.24 ppm. Kutzelnigg et al. [11] estimated the electron correlation contribution as
being no more than 0.2 ppm increasing the value of the mean shielding. Assuming
that Bishop and Cybulski’s [21] values of components of the shielding tensor at the
SCF level are the closest to the SCF limit, we can estimate this contribution to be
0.32 ppm. The electron correlation contributions to the individual components are,
of course, different and are 0.08, 0.21 and 0.23 ppm for Uﬁl, o¢ and of , respectively.

The present o] , calculated at 1.4 bohr, appears to differ from the most accurate
value estimated from experimental data for equilibrium geometry (1.40125 bohr) by
the small but significant amount of 0.17 ppm [23]. The reason for this discrepancy is
not known. However, the present results are believed to be accurate to £0.01 ppm.

A similar discrepancy, of course, occurs between the corresponding values for M¢,

Acknowledgments

This work was supported by The British Council and Komitet Badan Naukowych
exchange scheme and also by KBN grant No 2 P303 104 06. Computing grants from
SERC and PCSS are also gratefully acknowledged.



References

[1] W.Cencek and J.Rychlewski, J.Chem.Phys. 98 (1993) 1252.

2] J.Rychlewski, Intern.J.Quantum Chem. 49 (1994) 477.

[3] W.Cencek and J.Rychlewski, J.Chem.Phys. 102 (1995) 1.

[4] J.Rychlewski, W.Cencek, and J.Komasa, Chem.Phys.Lett. 229 (1994) 657.
5] J.Komasa, W.Cencek, and J.Rychlewski, Phys.Rev.A 46 (1992) 2351.

[6] W.Cencek, J.Komasa, and J.Rychlewski, J.Chem.Phys. 95 (1991) 2572.
[7] R.V.Reid and A.H.Chu, Phys.Rev.A 9 (1974) 609.

[8] M.J.D. Powell, Comput.J. 7 (1964) 155.

[9] L.Wolniewicz, J.Chem.Phys. 99 (1993) 1851,

[10] J.Oddershede and J.Geertsen, J.Chem.Phys. 92 (1990) 6036,

[11] W.Kutzelnigg, U.Fleischer, and M.Schindler, in: NMR Basic Principles and
Progress, Vol. 23, pp.165-262, Springer-Verlag, Berlin Heidelberg 1990.

[12] J.Rychlewski, in: Molecules in Physics, Chemistry and Biology, ed. J.Maruani,
Vol.II, pp.206-255, 1988 Kluwer Academic Publishers, Dodrecht.

[13] J.Rychlewski and W.T.Raynes, Mol.Phys. 50 (1983) 1335.

[14] J.Rychlewski, Phys.Rev.A 31 (1985) 2091.

[15] R.M.Stevens and W.N.Lipscomb, J.Chem.Phys. 42 (1965) 3666.
[16] R.A.Hegstrém and W.N.Lipscomb, J.Chem.Phys. 45 (1966) 2378.
[17] M.Jaszuriski, Theoret.Chim.Acta 48 (1978) 323.

[18] O.T.Corcoran and J.O.Hirschfelder, J.Chem.Phys. 72 (1980) 1524.

8



[19] M.Schindler, and W.Kutzelnigg, J.Chem.Phys. 76 (1982) 1919.

[20] W.Kutzelnigg, Ch. van Wiillen, U.Fleischer, R.Franke, and T.v.Mourik, in:
Nuclear Magnetic Shieldings and Molecular Structure, J.A.Tossell ed., p.141-
161, 1993 Kluwer Academic Publishers.

[21] D.M.Bishop and S.M.Cybulski, Mol.Phys. 80 (1993) 199.

[22] Ch. van Wiillen, PhD Thesis, Ruhr-University Bochum (1992).
[23] W.T.Raynes and N.Panteli, Mol.Phys. 48 (1983) 439.

[24] H.J.Kolker and M.Karplus, J.Chem.Phys. 41 (1964) 1259.

[25] J.R.Hoyland, J.Chem.Phys. 41 (1964) 3153.

[26] D.B.Cook, A.M.Davies, and W.T.Raynes, Mol.Phys. 21 (1971) 113,
[27] D.Zeroka, J.Chem.Phys. 59 (1973) 3835.

[28] A.J.Sadlej and W.T.Raynes, Mol.Phys. 35 (1978) 101.

[29] G.W.Parker, Mol.Phys. 46 (1982) 183.

[30] M.Iwai and A.Saika, J.Chem.Phys. 77 (1982) 1951.

[31] S.M.Cybulski and D.M.Bishop, J.Chem.Phys. 98 (1993) 8057.

[32] R.F.Code and N.F.Ramsey, Phys.Rev.A 4 (1971) 1945.



Table 1. Nuclear magnetic shielding, o, and spin-rotation constant, M, tensor com-
ponents for the ground state Hy molecule. Entries related to o and M are given in units
of ppm and kHz, respectively. Two different gauge origin locations have been assumed:
the bond midpoint () and the proton position (N).

R/bohr 1.35 1.40 1.45
22
TN /bohr™" 0.393650 0.388965 0.384436
"N
2
yTN /bohr™! 0.267391 0.261912 0.256708
"N
<xTN> /bohr ™2 0.264017 0.254901 0.246141
N
C?/ppm - bohr™ 9.3728 9.0492 8.7382
Diamagnetic shielding at N:
ol (N) 35.2013 34.6601 34.1418
Uﬁl(N) 28.4779 27.8943 27.3401
o?(N) 32.9602 32.4048 31.8746
Diamagnetic shielding at G:
ol (G) 25.7113 25.1584 24.6390
ol (@) 26.6335 26.0704 25.5393
Paramagnetic shielding at N:
ol (N) —8.4116 —8.3864 —8.3549
oP(N) —5.6077 —5.5909 —5.5699
Paramagnetic shielding at G:
ol (G) 1.0784 1.1153 1.1479
o?(G) 0.7189 0.7435 0.7653
Shielding components:
oy 26.7897 26.2737 25.7869
o 28.4779 27.8943 27.3401
Ao 1.6881 1.6206 1.5532
Mean Shielding:
o 27.3524 26.8139 26.3046
Spin-rotation constant:
M(N) —100.5699 —93.2342 —86.5891
M"(N) 235.8069 211.4334 190.3066
MI(N) —0.7951 —0.0149 0.5970
M(N) 134.4418 118.1843 104.3144




Table 2. Comparison of calculated and measured values of perpendicular com-
ponent of the paramagnetic part of the nuclear magnetic shielding constant, o/, at

R = 1.4 bohr. All entries given in units of ppm.

ol (G) ol (N) Reference
Theoretical
—8.565 Kolker and Karplus, 1964 [24]
—8.55 Hoyland, 1964 [25]
0.518 Cook, Davies and Raynes, 1971 [26]
0.190 Zeroka, 1973 [27]
0.743 —8.296 Sadlej and Raynes, 1978 [28]
—8.67 Parker, 1982 [29]
0.92 —8.45 Iwai and Saika, 1982 [30], CHF
0.89 —8.05 Iwai and Saika, 1982 [30], MBPT
—8.615 Cybulski and Bishop, 1993 [31], SCF
—8.569 Cybulski and Bishop, 1993 [31], MP2
1.0021 —8.4814 Komasa, Cencek and Rychlewski, 1992 [5]
1.1153 —8.3864 present work
Experimental
—8.48 Kolker and Karplus, 1964 [24]
—8.45£0.12 Code and Ramsey, 1971 [32]

—8.55340.005 Raynes and Panteli, 1983 [23]
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