Fréchet spaces of non-archimedean valued

continuous functions

WIESLAW SLIWA

Abstract

Let X be an ultraregular space and let K be a complete non-archimedean
non-trivially valued field. Assume that the locally convex space E = C.(X;K)
of all continuous functions from X to K with the topology 7. of uniform
convergence on compact subsets of X is a Fréchet space. We shall prove that
FE has an orthogonal basis consisting of K-valued characteristic functions of
clopen (i.e. closed and open) subsets of X and that it is isomorphic to the

product of a countable family of Banach spaces with an orthonormal basis.

1 Introduction

In this paper all linear spaces are over a non-archimedean non-trivially valued field
K which is complete under the metric induced by the valuation | -| : K — [0, 00).
For fundamentals on normed spaces and Hausdorff locally convex spaces (lcs) we
refer to [14] and [13].

A Hausdorff topological space X is ultraregular if for any closed subset F of X
and any point € (X \ F') there exists a clopen subset U of X such that F' C U and
x € (X\U). It is easy to see that X is ultraregular if and only if it is zero-dimensional
(i.e. the family of all clopen subsets of X is a base of its topology).

In this paper X will be denoted an ultraregular space. The Hausdorff locally

convex space C.(X;K) of all continuous functions from X to K with the topology
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7. of uniform convergence on compact subsets of X was studied in [13] and in many
papers - see (1], [2], [3], [7], [8], [9] and their references.

It is known (see [13, Theorem 3.7.9]) that C.(X;K) is

(1) normed if and only if X is compact.

(2) metrizable if and and only if X is hemicompact (i.e. X has a fundamental
sequence of compact subsets).

(3) complete if and only if X is ko-space (i.e. a function f : X — K is continuous
if f|Y is continuous for every compact subset Y of X).

Moreover C.(X;K) is of countable type if and only if any compact subset of
X is ultrametrizable (see [13, Theorem 4.3.2]). If X is locally compact, then the
normed space Cy(X;K) of all continuous functions f : X — K vanishing at infinity
(i.e. such that the set {x € X : |f(x)| > e} is compact for every ¢ > 0) with the
sup-norm is complete.

Van der Put proved the following theorem (see [14, Theorem 5.22]):
Let ko be the prime field of the residue class field k of K. Let X be a locally

compact ultraregular space and let U be a mazimal collection of open compact subsets
of X whose kqg-valued characteristic functions are linearly independent.

Then the K-valued charakteristic functions of elements of W form an orthonormal
basis in the Banach space Cy(X;K).

It is not hard to show that if an ultraregular space X is locally compact and
the les Co(X;K) is metrizable, then X is the sum of a sequence (X,,) of pairwise
disjoint open compact subsets of X and C.(X;K) is isomorphic to the product of
the Banach spaces C(X,;K),n € N; in particulary, by the van der Put theorem,
C.(X;K) has an orthogonal basis consisting of K-valued characteristic functions of

open compact subsets of X (see Corollary 7).

Nevertheless there exist non locally compact ultraregular spaces X such that the
locally convex space C.(X;K) is a Fréchet space (see Proposition 9).

Using the van der Put theorem we shall prove our main result (see Theorem 11):

Let X be an ultraregular space such that the les Co(X;K) is a Fréchet space. Then
C.(X;K) has an orthogonal basis consisting of K-valued characteristic functions of
clopen subsets of X and it is isomorphic to the product C(X1; K)x[[°2, Co(X]; K) of
Banach spaces, where (X,,) is an increasing fundamental sequence of compact subsets

of X, and X!, is the locally compact ultraregular space (X, 11\ X,) for n € N.



2 Preliminaries

Ok = {a € K: |a] < 1} is a maximal ideal in the subring Bx = {a € K : |a| < 1}
of K, so k = Bk /Ok is a field. This field is the residue class field of K. The natural
homomorphism Byg — By /O is usually written o — @.

Let E be a linear space. A subset A of F is absolutely convez if for all a, f € Bk
and x,y € A we have ax + [y € A.

A seminorm on a linear space F is a function p : £ — [0, 00) such that p(az) =
la|p(z) for all & € K,z € E and p(z + y) < max{p(z),p(y)} for all z,y € E (the
strong triangle inequality). A seminorm p on E is a norm if ker p = {0}.

(One may consider usual seminorms on £ that satisfy the usual triangle inequal-
ity. However, such seminorms are pathological from the viewpoint of duality theory,
see [12], and therefore they are ignored in the theory of locally convex spaces over
non-archimedean fields)

For any seminorm p on E the map p: E, — [0,00),z + kerp — p(x) is a norm
on E, = (E/kerp).

The set of all continuous seminorms on a lcs £ is denoted by P(E). A family
B C P(E) is a base in P(E) if for every p € P(E) there exists ¢ € B with ¢ > p.

A'lcs E is of countable type if for any p € P(FE) the normed space (E,,p) contains
a linearly dense countable subset.

Let E and F be locally convex spaces. The space of all linear continuous maps
from E to F is denoted by L(E; F). An operator T" € L(E, F) is an isomorphism
if T is injective, surjective and the inverse map 7! is continuous. E is isomorphic
to F'if there exists an isomorphism 7" : £ — F. The topological dual of a lcs F we
denote by E'.

A Fréchet space is a metrizable complete Ics.

A Banach space is a normed Fréchet space. Any infinite-dimensional Banach
space F of countable type is isomorphic to the Banach space ¢y = ¢o(N;K) of all
sequences in K converging to zero with the sup-norm and any closed subspace of ¢
is complemented (see [14, Theorem 3.16]).

A sequence (x,) in a les E is a basis in F if each x € E can be written
uniquely as z = Y | a,x, with (a,) C K. If additionally the coefficient functionals
fo: E =K, © — a, (n € N) are continuous, then (z,) is a Schauder basis in E.

Let E be a les. A sequence (x,) C E is orthogonal with respect to B C P(F) if
p(O°" | ;) = maxy<i<, p(azz;) for all p € B,n € N and ay,...,«a, € K.



Every Schauder basis in a Fréchet space F' is orthogonal with respect to some

(non-decreasing) base (pg) in P(F) ([4], Proposition 1.7).

3 Results

Let I' denote an arbitrary non empty index set. Clearly, the family & = Jr of all
non empty finite subsets of I' is directed by set inclusion. Let Z be a Ics.

We say that (2q)aer C Z is

- strictly convergent to 0 in Z if for every neighbourhood U of 0 in Z the set
{a el : 2z, €U} is finite.

- summable in Z if the net (D 4 2a)aes is convergent in Z; then by the sum of
(%a)aer we mean the limit of the net (}° 4 za)aes and denote it by > 2a.

- orthogonal with respect to B C P(Z) if

Vp e BYAEFV(ta)aca CK:p (C; taza> = Iggj{p(taza).
- orthogonal in Z if it is orthogonal with respect to some base B of P(7).
- an orthogonal basis in Z if it is orthogonal and linearly dense in Z and z, # 0
forall a € T".
- a Schauder basis in Z if there exists (2}, )aer C Z' such that Y 2, (2)2 = 2
for every z € Z and 2, (z3) = dap for all a,f € I'; then for every (t,) C K and

z € Z with Y _taze = z we have t, = 2/, (z) for all a € T..

ael
Let (Z,| - ||) be a normed space. We say that (z4)aer C Z is an orthonormal
basis in Z, if it is linearly dense in Z, ||z,]| = 1 for o € I' and

VA€ FVY(ta)aca CK: D tazal = max [t|.

acA

Clearly, any orthonormal basis (z4)aer in Z is an orthogonal basis in Z.

By the strong triangle inequality a series >~ | z, in a Fréchet space Z is con-
vergent if and only if the sequence (z,) is convergent to 0. We can generalize this

result.

Proposition 1. Let Z be a Fréchet space. Then (zq)aer C Z is summable in Z if

and only if (zo)aer s strictly convergent to 0 in Z.



Proof. (=) Let 2 =) . 2, and let U be an absolutely convex neighbourhood
of 0 in Z. Then there is 'y € I such that for every I'y € Fr with I'g D I'yy we have
(2 = Xaer, %a) € U. Hence for o € (I'\ I'y) and for I'y = 'y U {o} we have

2y = (z— Zza>—<z—22a> ceU-U=U.

a€l'y acly
Thus the set {o € I' : z, ¢ U} C I'yy is finite, s0 (24 )aer is strictly convergent to 0
in Z.

(<) Clearly, the set I'* = {a € I : 2, # 0} is countable and lim,, z,, = 0, where
{ay, : n € N} =T"*. Thus the series Y~ | z,, is convergent in Z. Put z =) | z,, .
Let U be an absolutely convex neighbourhood of 0in Z. Let I'y = {a € l': 2, € U}
and ['y € Fr with 'y D I'y. Then

Z—Zzazz,za— Z Zo = Z zo € U.

acly acl'* acloNI'* aE(F*\Fo)

Thus (z4)aer is summable in Z and ) 2, = 2. O

Corollary 2. Let (to)aer C K. Let Z be a Banach space and let (24)aer C Z
with ||zo|| = 1 for all « € T. Then (taza)acr is summable in Z if and only if
(ta)acr € co(I;K) d.e. the set {a € T : |to| > €} is finite for every e > 0.

We have the following generalizations of [4, Propositions 1.4 and 1.7].
Proposition 3. Any orthogonal basis (z4)acr in a les Z is a Schauder basis in Z.

Proof. The linear span S of (z4)aer is dense in Z. Clearly, (24 )acr is orthogonal
with respect to some base B of P(Z). Let A € F and (t4)aea C Kwith >~ _,
0. Then maxaea ¢(taza) = ¢(D_,cataza) = 0 for every ¢ € B. Hence ¢, = 0 for all

taZa =

a € A. Thus (z4)aer is linearly independent, so there exists (z%)qer C S* with
25 (28) = 0a,p for all a, B € I'. Then ) 1 2%(2)zq = 2 for every z € S.
For A € F we put
Py:S—S8z— Zzé(z)za.
acA
Then maxaer q(P5(2)) < q(z) for all z € S and g € B. Hence (z%)aer C 5.
For A € F we put
Py: 7 —Zz— Zz;(z)za,
acA

where 2/, € Z' is a unique extension of 2%, a € T
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Clearly maxacq q(P4(2)) < ¢q(z) for all z € Z and ¢ € B.

We shall prove that (P}(z))aes is convergent to z in Z for every z € Z. Let
z € Z and ¢ € B. Then there is a non-zero element s € S with ¢(z —s) < 1.
Put Ag = {a € I' : 2/ (s) # 0}. Clearly Ag € F. Let A € F with A D Ag. Then

P)(s) =s, so
¢(Py(z) = 2) = q(Py(z —s) = (2 —5)) <q(z —s) < 1.

It follows that limscg P)(2) = 2 for every z € Z. Thus ) 1 2, (2)2s = 2z for every

2 € Z, 80 (24)aer 18 a Schauder basis in Z. O

Proposition 4. Any Schauder basis (24)acr in a Fréchet space Z is an orthogonal

basis in Z.

Proof. There exists (z],)acr C Z’ such that ) .2, (2)z, = 2 for every z € Z
and 2/, (zg) = 0o p for all o, f € I'. Let z € Z and g € P(Z). Then lim ey Pa(z) = 2,
where

Py:Z — Z,z— Zz;(z)za
acA
for A € F. Thus there exists Ay € F such that ¢(Pa(z) — 2) < 1 for every A € F

WlthADAO Let AG?,Al :AUAO and A2:A0\A Then
PA(z) = PAl(’Z) _PA2<Z> = (PAI(Z) _Z) +Z—PA2(Z)7

q(Pa(2)) < max{1,q(2),q(Pa,(2))} <max{l,q(2),C(2)},

where C(z) = max{q(Pa1(2)) : € Ag}. Thus (Pa) acg is pointwise bounded; so P4
for A € JF are equicontinuous, by the Banach-Steinhaus theorem (see [13, Theorems
7.1.3 and 7.1.5]). Then for every g € P(Z) the seminorm
¢ :Z—[0,00),z — SUIFDC](P{a}(Z))
ae
is well defined, continuous and ¢* > ¢. Thus B = {¢* : ¢ € P(Z)} is a base of
P(Z). Moreover (z,)aer is orthogonal with respect to B, since for every A € F and

(ta)aca C K we have

* — — * O
q (Ztaza> max q(taza) = maxq(taza)

acA

In the proofs of Proposition 6 and Theorem 11 we shall need the following gen-
eralization of [13, Theorem 9.2.4(i)].



Proposition 5. Let E; for i € I be a les with an orhogonal basis (€;4)acr;. For
i€l and o € I'; we put ey = (fja)jer, where fjo = € o if j =i and fjo = 0 if
E; (with the

J # 1. Then (eqa))ieracr; 95 an orthogonal basis in the lcs E = [],,

product topology).

Proof. Clearly, (e(;a))icr,acr, is linearly dense in £ and (e;q)acr, is orthogonal
with respect to some base B; in P(FE;),i € I.

For any non empty finite subset J of I and p = (p;);es € HjeJ B; the functional

P E—[0,00),(x;)ier — Tg}ipj(%)

is a continuous seminorm on F; it is easy to check that the family B of all these
seminorms forms a base in P(E). We shall prove that (€(;q))icraer, is orthogonal
with respect to B. Let J be a non empty finite subset of I and let p = (p;);es €
[I;c;Bj. Let Jo be a finite subset of I, let A; be a finite subset of I'; and let
(tja)aca, C K for j € Jo. Put J; = Jy N J. Then

PO D tiatia) = max p; > tjatja) = maxmaxp;(tja€ja)

“ JEJ1 a€A;
Jj€Jo a€A; acA;

* *
= max max ti (i = max max ti 0C(i

since p*(e(a)) =0 for j € (Jo\ J1),a € 4;. O

By kg we denote the prime field of the residue field k of K. Let X be an ultrareg-
ular space. The family of all clopen (i.e. open and closed) subsets of X we denote
by F(X). The family of all open and compact subsets of X we denote by F.(X).
The ko-valued characteristic function of U € F(X) we denote by 1’{,0; similarly we
define 155. Let (Uy)aer C Fe(X). We say that (U, )aer is ko-independent in F.(X),
if (1];](;)0(6[‘ is linearly independent. If (U,)aer is a maximal kp-independent set in
F.(X), we call it a ko-base in F.(X).

It is easy to see that an ultraregular space X is locally compact if the lcs C.(X; K)
has an orthogonal basis (fs)aecr consisting of K-valued characteristic functions of
open compact subsets of X. We do not know whether for any locally compact
ultraregular space X the lcs C.(X; K) has an orthogonal basis (f,)aer consisting of
K-valued characteristic functions of open compact subsets of X. Nevertheless we

have the following.

Proposition 6. Let X be a paracompact locally compact ultraregular space. Then
X has a partition (X;)ier C F(X). The les Co(X;K) is isomorphic to the product
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[Lic; C(Xi;K) of Banach spaces. Let (Uiqa)acr, be a ko-base in Fo(X;) for i €
I. Then (1“&_ )ier,aer; s an orthogonal basis in C.(X;K) (consisting of K-valued

NeY

characteristic functions of open compact subsets of X ).

Proof. By [6, Theorem 5.1.27], X has a partition (Xjz)gep consisting of clopen
Lindelof subspaces. Let 8 € B. Then Xj is a locally compact ultraregular Lindelof
space. Thus the family of all open compact subsets of Xz is an open cover of Xz,
so it has a countable subcover of Xg. It follows that X3 has a countable partition
consisting of open compact subsets. Thus X has a partition (X;);c; consisting of

open compact subsets. It is easy to see that the linear map

T: Co(X;K) = [[ C(X5K), f = (f[Xi)ier
iel
is an isomorphism. By the van der Put theorem and Proposition 5 we get the last
part of Proposition 6. O
By Proposition 6 and its proof we get

Corollary 7. Let X be a locally compact ultrareqular space such that the lcs C.(X; K)
is metrizable. Then X has a partition (X)) C F(X). The lcs C.(X;K) is isomor-
phic to the product [[ ., C(X,;K) of Banach spaces. Let (Uy a)aer, be a ko-base
in F.(X,) forn € N. Then (1]15” JneN.acr,, @S an orthogonal basis in C.(X;K). This

Ne%

basis is countable if and only if Co(X;K) is of countable type.
We have also the following

Proposition 8. Let X be an ultrareqular space such that the lcs C.(X;K) is of
countable type and metrizable. Then the following conditions are equivalent:

(1) X is locally compact;

(2) X has a countable partition (X,,) consisting of open compact subsets;

(3) X is ultrametrizable.

Proof. C.(X;K) is metrizable, so X has a fundamental sequence (Y;,) of compact
subsets.

(1) = (2) X is locally compact, so there exists an increasing sequence (Z,,) of
open compact subsets of X, such that Y, C Z, for every n € N. Put X; = Z; and
Xn = (Zy \ Zp—1) for n > 1. Clearly, (X,,) is a partition of X consisting of open

compact subsets.



(2) = (3) C.(X;K) is of countable type, so the sets X,,,n € N, are ultrametriz-
able; clearly X = @, , X,,. Thus X is ultrametrizable, by [6, Theorem 4.2.1] and
its proof.

(3) = (1) Suppose, by contrary, that X is not locally compact. Then there
exists an z € X such that the closed ball B(z;1/n) in X is not compact for any
n € N. Thus B(z;1/n) ¢ Y, for n € N. Let z,, € (B(z;1/n)\ Y,) for n € N. Then
the sequence (z,) is convergent to x in X, so the set A = ({z,, : n € N} U {z}) is

compact in X. Thus A C Y, for some n € N; a contradiction. O

Now we shall prove the following.

Proposition 9. There exist non locally compact ultrareqular spaces X such that the

locally convex space C.(X;K) is a Fréchet space.

Proof. Let (D,) be a sequence of infinite compact ultraregular spaces. Let
di be an accumulation point of Dy for k € N. Put X = (J7, X,,, where X,, =
[Teei Di % [T, {di} for n € N. For every z = (2;) € X we put d(z) = inf{i €
N : z, = d; for all k > i}.

Consider on X C [];~, Dy, the topology 7 generated by the family of all subsets
of X of the form X N[[,2, Us, where Uy is a clopen subset of Dy, for every k € N.

The space X = (X, 7) is ultraregular, since the set U = X N [[,—, Uy is clopen
in X, if Uy, is a clopen subset of Dy, for every k € N. Indeed, let x = (z) € (X \U).
Put V.= X N[[2, Vi, where V, = Uy if a), € Uy, and Vj, = (Dy, \ Uy), otherwise.
Then V' is an open subset of X and x € V C (X \ U), so U is clopen in X.

We shall prove that (X,,) is a fundamental sequence of compact subsets of X.
Let n € N. The subset X,, of X is compact, since 7|X,, is the product topology
on X,. Let K be a subset of X such that K ¢ X, for any n € N. Then we
can choose inductively a sequence (z,) C K,z, = (z,4) for n € N, such that
1 < d(z,) < d(xp41) for n € N. Put m,, = d(z,,) — 1 for n € N. Let o = (z04) be an
arbitrary element of K and let ny = d(x¢). Let V},,, be a clopen neighbourhood of d,,,,
in D, with @, & Vi, for n > ng and let Vi, = Dy, for all k € (N\ {m,, : n > ng}).
Then the set V = K N [],—, Vi is a clopen neighbourhood of zy in K and z,, ¢ V
for all n > ng. Thus x, is not an accumulation point of the set {z, : n € N}. Thus
K has an infinite subset without accumulation points in K, so K is not compact.
It follows that (X,,) is a fundamental sequence of compact subsets of X, so X is

hemicompact.



Now we shall prove that X is a kg-space.

Let U be a subset of X such that U N X,, is open in X,, for any n € N. Then U
is open in X. Indeed, let x = (z3) € U and m = d(x). The set U N X,, is open in
X, and x € UN X,,, so for every 1 < k < m there is a clopen neighbourhood Uy of

z in Dy, such that

Umy = [[Ux x [] {d} cUNX,.
k=1 k=m+1

Let y = (y;) € Uwy C U N Xpgr. The set U N X,,4q is open in X4, so for
every 1 < k < m + 1 there is a clopen neighbourhood V, s, of vy in Dj such that
erll Vire X o mgotdi} € UN Xy, The family {T];2, Vyr : ¥ € Uy} is an open

cover of the compact set [];-, Uy, so for some finite subset {y1,...,ys} of Uy, we

HUk C U{HV%’“ 1< <s}
k=1 k=1

Then U,,41 := ﬂjzl Vy;m+1 is a clopen neighbourhood of dp, 1 in Dy,q 1 such that

have

m+1 e )
Umsn = [[ Uex J] {d} CUN Xy
k=1 k=m+2

This way we can inductively construct a clopen neighbourhood U,,,1; of dp,4; in Dy, 44

for every ¢ € N such that

U = [[Us x ] {d} cUNX,
k=1 k=n+1
for any n > m. Hence x € X N[, Uy C U; so U is open in X.

It follows that X is a kgp-space. Indeed, let f : X — K be a function such
that f|X,, is continuous for every n € N. Let W be an open subset of K. Then
7tV N X, = (f|X,,) (W) is open in X, for any n € N, so f~1(W) is open in
X. Thus f is continuous.

Since {dj} is not open in Dy for all k € N, the subsets X,,,n € N, have empty
interiors in X. Thus any compact subset of X has empty interior. In particular, X
is not locally compact. By [13, Theorem 3.7.9], the lcs C.(X;K) is a Fréchet space.
O

Remark 10. Let X be an ultrareqular space constructed in the proof of Proposition
9. (1) By [13, Theorem 4.3.2], the Fréchet space C.(X;K) is of countable type
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if and only if the spaces D,,n € N, are ultrametrizable; (2) For any non empty
compact subset F' of X the K-valued characteristic function 15 : X — K of K is

not continuous.

By [5, Proposition 1.2], any compact ultraregular space X is ultranormal i.e.
any two disjoint closed subsets of X are contained in disjoint clopen subsets of X.
Hence, using [5, Lemma 1.1}, we infer that F.(Y) ={V NY : V € F.(X)} for any
closed subspace Y of a compact ultraregular space X.

Developing some ideas of [15] we shall prove our main result

Theorem 11. Let X be an ultraregular space. Assume that the lcs C.(X;K) is
a Fréchet space. Then C.(X;K) has an orthogonal basis consisting of K-valued
characteristic functions of clopen subsets of X and it is isomorphic to the product
C(X1,K) x [[iZ, Co(X}; K) of Banach spaces, where (X,,) is an increasing funda-
mental sequence of compact subsets of X and X = (Xp41 \ Xi) for k € N.

Proof. (A). The space £ = C.(X;K) is metrizable, so X is hemicompact. Let
(X,,) be an increasing fundamental sequence of compact subsets of X. Without loss

of generality we can assume that ) # X,, ¢ X,,11,n € N. For n € N we put

Pn: B —[0,00), f — SQ£>|f($)h
TEXn

clearly (p,) is an increasing base in P(FE).
Put E, = C(X,,;K) for n € N. By [11, Theorem 1.1], the continuous linear map

on: E— E,, f— f|X,,
is surjective for n € N, and the linear map
Tn t Bnr — Eny f = fI1 X,

is continuous for n € N. The subspace

F= {(fn> S HEn : 7Tn(fn-‘rl) = fn for any n € N}
n=1

of the Fréchet space [[,~, E, is linear and closed. The linear map

p: E—= Foo(f)=(ea(f))

is continuous and injective.
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We shall prove that ¢ is surjective. Let g = (g,,) € F. For every n € N there exists
fn € E such that g, = ¢,(f,). Let h,, = fi1— fn,n € N. Then h,, € ker ¢,, = kerp,
for n € N; so h, — 0 in E. Thus the series Y, h, is convergent in E to some
element hy € E. For h = f; + hy we have ¢(h) = g¢. Indeed, for m,n € N with
m > n we have ¢, (h,,) = 0, since . (hyn) = 0. Thus @, (h) = @u(fi + 1< hi) =
@n(fn) = gn for n € N; so o(h) = g.

By the open mapping theorem the operator ¢ is an isomorphism.

(B). We shall prove that F' is isomorphic to the Fréchet space [[ 2, F,, where
Fy = FE, and F,, = kerm,_; for n > 1.

Let X, = (Xg1 \ Xi) for £ € N. We shall construct inductively a ko-base
(Uk,a)aer, in Fe(Xg) for £ =1,2,... such that I'y C I'yyq and Upy10 N Xi = Uga
for all o € T’y and (Up41,0)ae(r,.i\1y) 18 a ko-base in F.(X}) for k € N.

Let k € N and let (Ug o)aer, be a ko-base in F,.(Xy). For every a € T'y, there exists
a clopen subset U1, of Xiiq such that Ugi1a N Xi = Uga. Clearly, (Ugi1.a)aer,
is ko-independent in F.(Xyi1).

Let (Uk“,a)aep;ﬁ be a ko-base in F.(X}). Clearly, I', N Ty = () and (Uk+1,a)a€1“;€
is ko-independent in F,(Xyy1). Put I'pyq = I, UL, Note that (Ui11,a)acr,,, is ko-

independent in F.(Xyy1). Indeed, let n,m € Nyay,...,a, € Tk, i1, Qpim €
Dty .o tnem € ko and Zn+m 1%“ = 0. Then (ZZ L 1';};1 )|X;C 0, since
ot 1’,‘2“ )X = 0. Thus S° ¢ 1’“0 =5, 1’;&“&% 0, so t; =
=1, =0. Therefore Zytﬁlt 1]3;“ = O, SO tnp1 =+ = tnam = 0.

To prove that (Uky1,a)aer,,, 1S a ko- base of F.(Xks1) it is enough to show that
(1%
Uk+1,a
By the van der Put theorem, (]_Héka)aerk is an orthonormal basis in the Ba-

)acry,., is linearly dense in Ejq.

nach space Ej. By Proposition 3, there exists (hgq)aer, C Ej, such that f =
> e, hk’a(f)lﬂékya for every f € Ej) and hk,a(lﬂéw) = 04 for all a, 8 € T'y.. More-
over, we have || f|loc = Sup,er, |Ar.a(f)| for every f € Ej. By Corollary 2, the map
Ty : By = Brpr, f = Y heaHIG,
€Ty
is well defined. Clearly T}, is linear and continuous. Moreover, m, o T} is the identity
map on Fj. Indeed, for f € E) we have
T(Tef) = (O haa(HIG, ., )X =D o (D)1 e = > hieo (DG, = [
a€Ty a€ly aely

By the van der Put theorem, (1]5“1@

Banach space G, = Cy(X},, K).

| X} )acr; is an orthonormal basis in the

12



We shall prove that the map Sk : Fyy1 — G, f — f|X} is an isometric isomor-
phism.

Sk is well defined, since for all f € Fi,, and € > 0 we have
{ve Xy [f(2)] =2 e} ={o € Xy : | f(2)] 2 e}

Clearly, S}, is a linear isometry. Sy is surjective. Indeed, let g € Gy, let f : X3 — K
with f| X} = 0 and f|X] = g and let V' be an open subset of K. If 0 € V| then the
set A={r e X :g(x) e (K\V)}is compact and f~H(V) = (X1 \A). 0V,
then f~1(V) = ¢g7!(V). Thus f~'(V) is open in X1, so f is continuous. Hence
f € Fry1 and Si(f) = g. It follows that Sy is an isometric isomorphism.

Hence (1]5“1’&)&@;c is an orthonormal basis in the Banach space Fj .

We have Eyi1 = Tp(Ex) + Fry1. Indeed, let f € Epyq and g = f — Tp(mi f).
Then m,(g9) = m(f) — (mp o Ti)(mef) = 0, 80 g € Fyq and f € Tp(Ex) + Fria.
Thus (1§ 1%

. . . . K
IJI€+170()(lepk+1 is linearly dense in FEj1, since (1Uk+1’a)a€pk and ( Uk%a)aep;c

are linearly dense in Ty(E})) and Fj,1, respectively.

It follows that (Uk41,a)acry,, is @ ko-base in F(X41). Indeed, we have shown that
(Uk+1,0)aery,, is ko-independent in F.(Xj1), so there exists a ko-base in F.(Xj11)
of the form (Uk+17a)aefk+1 for some set I'yy1 O T'hyq. By the van der Put the-

K . . . K .
orem, (15, ) is an orthogonal basis in Ej.1. Hence (1, Jaery,, is not

aEfk+1
linearly dense in Ej; for any proper subset I';,; of Tiy1. Thus Tyyy = Tpyq, so
(Uk+1,0)aery,, 1s a ko-base in F,(Xjp41).

Next we shall prove that the map T : [[°2, F, — F,

(fn) — (f17T1f1+f27 ceey (Tno : 'OT1>(f1)+<TnO' : ‘OT2)<f2>+' ' '+Tnfn+fn+1> .- )

is an isomorphism. Clearly T is well defined, linear and injective.
We show that T is surjective. Let (g,,) € F. Put f; = ¢g1. Then go — T f1 € F5; so
there exists an fo € F, such that go = T} f1 + f2. Assume that for some n > 1 we have

a sequence (f1,..., foy1) € H?:ll F; with g1 = (Ty0---oTy)(f1)+ -+ Tnfu+ fri1-

Then gn10 — Thi19ns1 € Frio. Hence there exists an f,, o in F),, o such that

G2 = Toni1Gni1 + fora = (Togr0--- 0 T)(f1) + .o+ Tosr fosr + frio

Thus we can construct inductively a sequence (f,,) € [[,—, F,, with T((f,.)) = (gn)-
The linear maps T,,,n € N, are continuous and the spaces [[ -, F,, and F' have

the product topologies. It follows that the map T is continuous. By the open

13



mapping theorem, 7" is an isomorphism; so E is isomorphic to the countable product
[[Z, F, and so to the product C'(X;,K) x [[,2, Co(X;;K) of Banach spaces with

an orthonormal basis.

(C). Finally we shall prove that E has an orthogonal basis consisting of K-valued
characteristic functions of clopen subsets of X.

Put I'y =Ty and I' = ;- I} Let &£ > 0 and a € T'. Let Uy = U, Una,
where Up o =0 for 1 <n <k+1.If1<m<k+1then U,NX,, =0 = Upa-
If m > k41, then Uy N X, = U2 i1 Unia N Xy = Unna, since Uy o C Uy o for
k<n<mand

Un,ame:Un,aanflm"'me: nfl,aanfQQ"'me:"':Um,a

for n > m. It follows that U, N K is clopen in K for every compact subset K of X.
Thus U, is clopen in X, since X is a ky-space (see [13, Theorem 3.7.6]).

For £ > 0 and a € I'), we put f, = (fna), Where f,, o = 1H§k+1,a ifn==%kF+1
and f,, = 0, otherwise. Then (f,)aer is an orthogonal basis in [[7, F,, since
0
and o € T,. Then we have T'f, = (gn.o), Where g,, = 0 = 1]5”’& ifl<n<k+1,
Ono = 1H§k+l,a ifn=*kFr+1, and g0 = (Th-10---0 Tk+1)(1ﬂl§k+1,a) = lﬂéw if
n>k+1 Thus Tf, = (15, ) = (1f.nx,) = »(155,), s0 15, = (¢~ ' o T)(fa). The
map ¢ ' oT : [[2, F,, — E is an isomorphism, so (1{; )aer is an orthogonal basis

m E. 0O

)aery, is an orthonormal basis in Fj.1 for k > 0 (see Proposition 5). Let k > 0

Remark. Let X be an ultraregular space such that the les C.(X;K) is a Fréchet
space of countable type. Then any compact subset of X is ultrametrizable. Let (Xj)
be an increasing fundamental sequence of compact subsets of X. By [10, Theorem
7.3], any nonempty closed subset Y of a metrizable compact ultraregular space Z
is a retract of Z (i.e. there exists a continuous map r : Z — Y such that r(y) = y
for every y € V). Thus for any k € N, there is a continuous map 7y, : Xy — Xi
such that ry(x) = x for all z € Xj. Then in the proof of Theorem 11, we can put
Ukt1,0 = rlzl(Uk@) for k € N,a € I';, and

Ty : By — FExy1, f — for, for k€ N.

Clearly, C.(X;K) has a countable orthogonal basis consisting of K-valued charac-

teristic functions of clopen subsets of X. O

Using Theorem 11 we get the following.

14



Proposition 12. Let X be an ultrareqular space. Assume that the lcs C.(X;K) is
a Fréchet space. Then for every increasing fundamental sequence (X)) of compact
subsets of X there exists (Uy)acr C F(X) such that

(1) (15, )acr is a Schauder basis in Co(X;K);

(2) (15| Xon)acr,, is an orthonormal basis in the Banach space C(X,,;K) for
every m € N, where T, = {a €T : U, N X,, # 0};

(3) (15 )acr is orthogonal with respect to the base (pm) of P(Ce(X;K)), where

Pm : CC<X5K) - [Oa OO),f — sup |f($)’

{L‘GXm

Proof. Let (Uy)aer € F(X) be as in the proof of Theorem 11. Then (17 )acr
is an orthogonal basis in £ = C.(X; K). By Proposition 3 we get (1).

(2). Note that (15 |Xn)aer,, is an orthonormal basis in E,, = C(X,,;K) for
every m € N. Indeed, let m € N. Then 1 |X,, = 1jj x, [Xm = 15, for all
o € Ty, We know that (Up,a)acr,, 18 a ko-base in Fo(Xiy,), so (15 aer,, is an

ies

orthonormal basis in F,,.

(3). ImeNand a € (['\I'y) = U2, I, then Uy, N X, = Upo = 0; so
1% |X,, = 0.

It follows that the Schauder basis (1f )aer in E is orthogonal with respect to
the base (p,,) in P(F). O

Proposition 13. Let X be an ultrareqular space such that the lcs Co.(X;K) is a
Fréchet space. Let (X,,) be an increasing fundamental sequence of compact subsets
of X. Put X\ =Xy and X] = (Xg11 \ Xi) for k € N. Let (Uy)aer C F(X), [ =
{ael:U,nNX; #£0} and T}, ={a €T :U,NXy =0 # U, N Xp11} for k € N.
If (15,1 X} )acr, is an orthonormal basis in the Banach space Co(X};K) for k > 0,
then (1§ )aer is an orthogonal basis in C.(X;K) satisfying the conditions (1) - (3)
of Proposition 12.

We state the following problems.

Problem 14. Let X be ultraregular (and locally compact). Does the lcs Co(X; K)
have an orthogonal basis [consisting of K-valued characteristic functions of clopen
(and compact) subsets of X |]?

Problem 15. Determine all ultrareqular spaces X such that the lcs C.(X;K) [is
metrizable and] (a) has an [countable] orthogonal basis; (b) has an [countable] or-

thogonal basis consisting of K-valued characteristic functions of clopen subsets of X ;

15



(¢) has an [countable] orthogonal basis consisting of K-valued characteristic func-

tions of open compact subsets of X.
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