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ABSTRACT

The aim of this thesis is to investigate three classes of operators on the space of real analytic
functions 7 (R): Hadamard multiplier operators, Hankel operators and Toeplitz operators.
The study of the Hadamard multipliers concentrates on the problem of generating strongly
continuous semigroup by these operators. Based on the theory developed by P. Domanski and
M. Langenbruch, we give a generation theorem for Hadamard multipliers on the space .7 (R)
and apply it to the classical examples of multipliers.

Next, we study the Hankel operators. We give the integral representation of these operators
and prove that the space of Hankel operators is isomorphic to the space of entire functions
H(C). We also investigate the spectra and other properties of Hankel operators on <7 (R).

Finally, we study Toeplitz operators acting on .7 (R). We give a characterization of left-
sided invertible Toeplitz operators, which together with the result of M. Jasiczak on right-side
invertibility solves completely the problem of one-sided invertibility of Toeplitz operators. The
other result which we provide is the characterization of finite rank commutators of Toeplitz
operators.

STRESZCZENIE

Celem rozprawy jest zbadanie trzech klas operatoréw na przestrzeni funkeji analitycznych
zmiennej rzeczywistej <7 (R): operatoréw mnoznikowych Hadamarda, operatoréw Hankela
i operatorow Toeplitza. Badajac operatory mnoznikowe Hadamarda skupimy si¢ na problemie
generowania silnie ciagltej polgrupy przez te operatory. W oparciu o teorie rozwinietg przez
P. Domanskiego i M. Langenbrucha, podajemy twierdzenie o generatorach silnie ciaglej poigrupy
dla mnoznikéw Hadamarda stosujemy je do klasycznych przykladéw mnoznikow.

Nastepnie badamy operatory Hankela. Podajemy reprezentacje calkowa operatoréw Han-
kela i dowodzimy, ze przestrzen operatoréw Hankela jest izomorficzna z przestrzenia funkeji
catkowitych. Ponadto badamy spektrum oraz inne wlasnosci operator6w Hankela na o7 (R).

Ostatnim tematem roprawy sa operatory Toeplitza na <7 (R). Podajemy pelng klasyfikacje
lewostronnie odwracalnych operatoréw Toeplitza, co wraz z wynikiem M. Jasiczaka dotyczacym
prawostronnie odwracalnych operatoréw Toeplitza, rozwigzuje problem jednostronnej odwra-
calnosci operatoréw Toeplitza. Ponadto podajemy opis skoniczenie wymiarowych komutatoréw
operatorow Toeplitza.
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INTRODUCTION

There is an extensive literature on the various classes of continuous linear operators on Banach
and Hilbert spaces. Much less is known about the continuous operators on arbitrary non-
metrizable locally convex spaces, including the space of real analytic functions. Let <7 (R) be
the space of all complex-valued real analytic functions, i.e., every function f € <7 (R) develops
into a Taylor series convergent to f at every point x € R. Thus, every real analytic function can
be extended to some complex neighbourhood of R. Therefore it is natural to equip the space
</ (R) with the topology of the inductive system

JZ{(]R) = indU H(U):

where U runs over all open complex neighbourhoods of R and H(U) denotes the Fréchet space
of all holomorphic functions on U with the compact-open topology. The classical results on the
topology on .o (R) is due to Martineau [38] and it was motivated by the study of the so-called
hyperfunctions [55].

The space o/ (R) is a complete, seperable, ultrabornological and webbed nuclear locally
convex space. This allows for many tools from classical functional anaysis to work in this setting,
even though .o/ (R) is very far from being metrizable. Although polynomials are sequentially
dense in <7 (R) and for any analytic function f € o/ (R) we have that f(z) = Y7, f.z" for z
small enough, the monomials do not form a Schauder basis of <7 (R). In fact, it was shown by
Domarnski and Vogt ([21]) that the space 7 (R) has no Schauder basis. Nevertheless for every
linear continuous operator A on .7 (R) there is an associated matrix uniquely determining A,
i.e. the matrix (a;;);,jen such that

Ax"(E) = is

around zero.

The space .o/ (R) is a natural object in analysis with great relevance to the theory of par-
tial differential equations, which has recently attracted more attention. There is an extensive
literature on linear partial differential operators with constant coeflicients on <7 (R) or </ (Q),
Q c R4, as well as on convolution operators on <7 (R) (see e.g., Hdrmander [30]], Napalkov-
Rudakov [[43]], Langenbruch [37]). Recent studies of Domanski and Vogt improves our know-
ledge about the topological structure and the properties of the space <7 (R) and its subspaces
(e.g.,[12],[21],[19],[20]). Not much is known about the structure of the space of continuous
operators L, (.27 (R)). Recently, there have been some research on three classes of operators
on .2/ (R): composition operators (e.g., [5],[4],[14]), so called Hadamard multipliers operators
(e.g., [17]],[15],[18]) and Toeplitz operators ([13],[32]]). The purpose of this thesis is to further
investigate operators on the space .7 (R). To be more precise, we study the properties of Toep-
litz and Hankel operators and investigate the strongly continuous semigroups generated by
Hadamard multipliers.

The first class of operators we consider is the class of Hadamard multipliers. Let G;, G, be
domains in C containing zero and let f: G, - C, g: G, - C be holomorphic functions with

1



2 CHAPTER 1. INTRODUCTION

Taylor series at zero given by f(z) = X2 fuz" and f(z) = Y0 g»2". The Hadamard product of
f anf gis defined by (f * ¢)(z) = X2y fugnz". In 1899 Jacques Hadamard published his famous
multiplication theorem stating that f ~ g extends to a holomorphic function on a domain G;
which is the complement of the set Gf - G5. Hadamard’s multiplication theorem leads to the
definition of a coefficient multiplier given in [42],[41]: Let G;, G, be domains containing zero.
A power series g(z) = Y1 £42" is a coefficient multiplier if g » f € H(G,) for all f € H(G,),
ie, Tg(f) = g * f defines a linear mapping T,: H(G;) - H(G).

In the recent years Domanski and Langenbruch developed the corresponding theory of
Hadamard multipliers on the space of real analytic functions </ (R) and <7 (I) for any I c R.
The continuous linear operator M: .o/ (R) — o7 (R) is called a multiplier if every monomial
is its eigenvector, i.e. Mx" = m,x" for all n € N and some sequence (m,)3, € C. If f €
o/ (R) develops into the Taylor series f(z) = ¥.,°, fuz" at zero, then M f(z) = ¥, m, fnz"
near zero. Hence the relation to classical (complex) coefficient multiplier is clear. In [16] the
authors state the representation theorem for Hadamard multipliers on <7 (R): each multiplier
corresponds to an analytic functional and by Kothe-Grothendieck-da Silva duality corresponds
to a holomorphic function. In [15] the authors describe the multiplier sequences (1, ) ey both
in the "matricial language" and via interpolation properties of holomorphic functions with
restricted growth. Papers [16],[15] together answer the question about the invertibility and
surjectivity of the Hadamard multiplier on the space 7 (I) for an open subset I c R.

In the thesis we investigate when a Hadamard multiplier M: o7 (R) - </ (R) generates a
strongly continuous semigroup. The Cy-semigroups arise naturally when studying the abstract
Cauchy problem

0
Eu(t) = Mu(t),
u(0) = £,

where M is a linear operator on .27 (R) and f € &7 (R). We restrict ourselves to the case when
M is a Hadamard multiplier. Given a Banach space, every continuous and linear operator from
the space into itself generates a Cy-semigroup given by an exponential series representation.
Hence, in the Banach space case the continuous generator is considered to be trivial situation.
In a non-Banach locally convex space the exponential series exp(A)(x) = Yoy A¥x/k! need not
converge for a continuous operator, and a continuous linear operator does not always generate
a strongly continuous semigroup (see for instanse [25, Example 4]). In the case of sequentially
complete locally convex space not much is known. The first general generation theorem was
the one mentioned in the book [58]] of Yosida, which states that every power bounded operator
always generates a Cy-semigroup. Recently, Wegner and the author of the thesis showed that
m-topologizable operator on a sequentially complete locally convex space generates a uniformly
continuous semigroup of operators [28, Thm. 1]. In chapter 3| we state a generation theorem
for Hadamard multipliers on the space .7 (R). Next, we apply it to the classical examples of
multipliers.

The first ones are finite order Euler differential operators, E = ¥ 4,07, 0 f(x) = xf'(x),
o, . .., a, € C. We prove that the first order Euler differential operator E = a0 + bl generates a
strongly continuous semigroup if and only if a € R. Next we show the other cases when finite



order Euler differential operator is not a ganerator of a Cy-semigroup. Unfortunately, we were
not able to obtain a full characterization of Euler differtial generators. The other multiplier
which we consider is the Hardy operator Hf (x) = 1 [ f(y)dy. We prove that every operator
of the form M = Zf;o a,H", ay,...,a, € C generates a Cy-semigroup.

Let us note, that presented in the thesis results on the Cy-semigroups generated by the
Hadamard multipliers was already published (see [26]).

The second class of operators which we are interested in are Hankel operators. An infinite
matrix is called a Hankel matrix if it is of the form

a, a a, as .. w
ay dz ds a4y
a, dz dg 4s

as dg4 d4s dg

where (a,) 50 i a sequence of complex numbers. A Hankel operator is a continuous operator
for which the associated matrix is a Hankel matrix. Hankel operators are one of the most
important classes of operators on the spaces of analytic functions and thus they are the object
of interest of several domains of analysis such as operator theory, polynomial and rational
approximation, interpolation by analytic or meromorphic functions.

The most classical setting for studying Hankel operators is the Hardy space H?(T). In that
case Hankel operator H acts from the space H?(T) into H2(T) = L?(T) © H?(T). One of the
earliest results on Hankel operators on H?(T) is the Kronecker’s theorem which states that
Hankel operator with associated matrix [a;,]; j»o is of finite rank if and only if }°7° a,z" is
a rational function. The fundamental result in the theory of Hankel operator is the Nehari
theorem [44]] which states that for every bounded Hankel operator H: H?(T) — H?(T) there
exists a bounded function ¢ (a symbol of H) such that Hf = H,f = P_(¢f), f € H*(T), where
P_ denotes the orthogonal projection of L?(T) onto H2(T). The next important result was a
complete characterization of compact Hankel operators given by Hartman [29].

In the following years the spectral properties of the Hankel operators and the inverse spectral
problem were studied, see for instance [47],[1],[39]. For more information on Hankel operators
see the two recent monographs [[45],[48]] or the classical books [46],[53].

Lately Hankel operators have been studied on other Hilbert spaces of analytic functions -
Bergman and Fock spaces and many analogues of the classical theorems were obtained. Hankel
operators on the Hardy and Bergman spaces of several variables have been also studied recently,
mainly on the unit disc and ball, but also on arbitrary strongly pseudoconvex domains.

In the thesis we study the class of Hankel operators on the space of real analytic functions
2/ (R). We study operators for which the associated matrix is a Hankel matrix, but since the
space <7 (R) does not have a basis the formal definition is the following

Definition. We say that a continuous operator I': ./ (R) - <7 (R) is a Hankel operator if there
exist complex numbers ay, aj, a,, . . . € C such that for all monomials x” and for £ near zero

Ix"(8) = ki Guoi
=0



4 CHAPTER 1. INTRODUCTION

We call the function Tx? € &7 (R), ['x°(&) = 332, axé* around zero, the symbol of the operator
H.

In chapter [4 we find the integral representation of Hankel operators and prove a representa-
tion theorem, which states that the space of all Hankel operators on .o/ (R) with the topology
induced from L, (<7 (RR)) is topologically isomorphic to the space of entire functions H(C).
Next, we study properties of the Hankel operators. The Kronecker theorem for finite rank
Hankel operators can be applied in the setting of .o/ (R). In the thesis we try to find the spec-
trum of a Hankel operators. In [47] Peller proved that Hankel operator H,: H*(T) — H?*(T)

with ¢ € H(ID) is in p- Schatten-von Neumann ideal if and only if ¢ is in a Besov class B;/ P,
Using this result we prove that the spectrum of Hankel operator I': &7 (R) - <7 (R) is equal to
the point spectrum and the sequence of eigenvalues belongs to the space of rapidly decreasing
sequences s.

The last class of operators investigated in the thesis is the class of Toeplitz operators. An
infinite Toeplitz matrix is a matrix that is constant on each line parallel to the main diagonal, i.e.
a matrix of the form

ap a.; a-, a_
a adp d_ d4d_p
a, a 4ag a4,
a; a, a; dap

where (a,).»0 is a sequence of complex numbers.

Similarly to Hankel operators, the most natural setting for studying Toeplitz operators is
the Hardy space H?(T'), where they are probably the most-studied and best-known class of
operators. The simple, but very important examples are forward and backward shift. Toeplitz
operators on H?(T) are defined to be the compressions of multiplication operators to the space
H*(T), i.e. for each function ¢ € L*(T) the Toeplitz operator with symbol ¢ is given by
T,f = P(¢f) for each f € H?(T), where P denotes the orthogonal projection of L?(T) onto
H?(T). The fundamental theorem of Brown and Halmos [7] states that the Toeplitz operators
on H?(T) are exactly these operators whose matrices with respect to the basis (e"?)>, of
H?(T) are Toeplitz matrices. The study of spectra of Toeplitz operators led to many interesting
results. Although there is no known way of expressing the spectrum of the Toeplitz operator in
terms of the symbol for general ¢ € L (T), there are some special cases which are quite well
understood. Let us mentioned here just two of them. There is a complete description of the
spectrum of Toeplitz operators in case the symbol ¢ is a continuous function and in the case of
self-adjoint Toeplitz operators.

Naturally, in the following years the Toeplitz operators were also considered on other
function spaces like other Hardy spaces H?(T'), Bergman spaces A%(ID) or Fock spaces and the
corresponding theories are well developed now. Recently, Domanski and Jasiczak established
the theory of Toeplitz operators on the space of real analytic functions .7 (R) [13],[33[],[32]. It
turned out that this theory is quite similar to the classical one. A Toeplitz operator on <7 (R) is
the operator whose associated matrix is a Toeplitz matrix, but once again, since .7 (R) does not
have a basis we use the following precise definition



Definition. We say that a continuous operator T: <7 (R) — <7 (R) is a Toeplitz operator if there
exist complex numbers . .., a_j, ag, gy, . .. € C such that for all n € N locally near zero

Tx"(§)=a_,+apné+a,.8+....

In [13] Domanski and Jasiczak proved that a Toeplitz operator on ./ (R), similarly to the
classical one, is a compressions of a multiplication operator. More precisely they proved that an
operator T: &7 (R) — <7 (R) is a Toeplitz operator if and only if there exists a function F € X
such that T = CMg. The symbol space X is defined as the inductive limit of Fréchet spaces:

X = indU,KH(U\ K)

where U runs over all open complex neighbourhoods of R and K runs through all compact sets
of R. The symbol C denotes the appropriate Cauchy transform which is also a projection from
X onto 7 (R). The operator M is the operator of multiplication by F. In the same paper the
authors give a full characterization of Fredholm Toeplitz operators on <7 (R).

A Teoplitz operator on <7 (R) is invertible if and only if it is a Fredholm operator with index
zero [32]. In chapter [5|of the thesis we study the problem of one-sided invertibility of Toeplitz
operators on ¢/ (R) and give the complete characterization of one-sided invertible Toeplitz
operators. This section is a part of the joint work with M. Jasiczak.

In [9] Ding and Zeng described when the commutator of two Toeplitz operators on Hardy
space H?(T) has finite rank. Based on their work we give a complete characterization of the
finite rank commutators of Teoplitz operators on <7 (R).

In the next Chapter 2| we will recall the definitions and notions necessary in this thesis.






PRELIMINARIES

The aim of this chapter is to introduce necessary notions and to collect basic facts which will be
used further on. We use the standard notation and terminology. All the notions from functional
analysis that are not defined here are explained in [40]] and those from complex analysis in (8],
(54].

2.1 THE SPACE OF REAL ANALYTIC FUNCTIONS &7 (R)

A complex-valued function f:R — C is real analytic at x, € R if it develops into Taylor series
centered at xo which converges to f on a small neigbourhood of x,. It is called a real analytic
function on R if it is real analytic at every point of R. We denote by <7 (R) the space of all
real analytic functions. Since f € o7 (R) develops into a Taylor series at every point, it can be
extended to a holomorphic function on some open neigbourhood U of R. Therefore it is natural
to equip the space <7 (R) with the inductive system topology,

</ (R) =indy H(U),

where U runs over all open neigbourhood of R and H(U) denotes the Fréchet space of functions
holomorphic on U with the topology of uniform convergence on compact subsets of U. The
topology on &7 (R) is then the finest locally convex topology for which all the restriction maps
ro:H(U) — &/ (R), ry(f) = flr, are continuous. For more information on the construction of
the inductive limit of an inductive system of locally convex spaces we refer to [24, §23].

There is a second natural topology that we can equip the space <7 (R) with, namely the
topology of a projective system of locally convex spaces. Let K be a compact subset of R. Recall
that in the set of all functions that are holomorphic on some neighborhood of K we can define
an equivalence relation: f ~k g if and only if there exists an open neigbourhood U of K such
that f|y = g|lu. Equivalence classes of this relation are called germs. By H(K) we denote the
space of germs of holomorphic functions on K. For more information on the space H(K) we
refer to [3, p. 63]. Each real analytic function f € o/ (R) is holomorphic in some open complex
neigbourhood of R and so it is also holomorphic in some open complex neigbourhood of K.
Hence f defines the germ [ f].x which belongs to H(K). We consider the space <7 (R) with
the topology of the projective system,

o (R) = projy.g H(K)

i.e., the coarsest (locally convex) topology for which all the maps 7g: <7 (R) - H(K),
nx(f) = [ f]~k are continuous.
The following deep theorem is due to Marineau

Theorem 2.1.1. [38] The topology of the inductive system (ry: H(U) - 7 (R))y-r coincides
with the topology of the projective system (mg: o/ (R) - H(K) ) ker-

Recall that from the inductive system topology it follows

7



8 CHAPTER 2. PRELIMINARIES

Proposition 2.1.2. A sequence (f,) € o/ (R) converges to f in o7 (R) if and only if there exists
an open neigbourhood U of R such that f, € H(U) for all n and f, converges to f in H(U).

The space of real analytic functions is not a Banach space, not even a Fréchet space, but it
still has some useful properties. We start with a short introduction to the notions used in the
thoery of general locally convex spaces.

Definition 2.1.3. A locally convex space E is said to be barrelled, if each absolutely convex,
closed and absorbing set in E is a zero neighborhood.

Definition 2.1.4. Alocally convex space E is said to be nuclear, if for each continuous seminorm
p on E there exists a continuous seminorm g with q > p such that the canonical linking map
if: E, — E, between local Banach spaces is nuclear.

Nuclear spaces are an important class of the locally convex spaces because many natural
non-normable locally convex spaces are in fact nuclear. For more information on the nuclear
locally convex spaces we refer to [40, Chapter 28], [31, Chapter 21].

Definition 2.1.5. A locally convex space E is said to be ultrabornological if it has the topology
of some inductive system (j;: E; - E);; of Banach spaces. E is said to be an LB-space if it has
the topology of a countable inductive system of Banach spaces.

Definition 2.1.6. A web {C,, ., } inalocally convex space E is a family C,, .11, ..., g €N,
k € N, of absolutely convex subsets of E with the following properties:

1. U2,C,=E

2. UpiCoyyonon = Gy, forall g, ..oy e Ny ke N

Treees

3. For each sequence (714 )key in N there exists a sequence (Ax)key in (0, 00) so that for every

.....

Lemma 2.1.7. [40, 24.28] Let E be a locally convex space and F be a closed subspace of E. If E
admits a web then so do F and E[F.

The notion of webbed and ultrabornological space allows to generalize the open mapping
theorem and closed graph theorem.

Theorem 2.1.8. [40, 24.30] Let E and F be locally convex spaces. If E has a web and F is ul-
trabornological, then every continuous, linear, surjective map A: E — F is open.

Theorem 2.1.9. [40, 24.31] let E and F be locally convex spaces. If E has a web and F is ultraborno-
logical, then every linear map A: F — E with a closed graph is continuous.

Proposition 2.1.10. [I1, 1.28][20, 1.6] The space </ (R) has the following properties
o it is barrelled, ultrabornological, nuclear and reflexive,

o it is seperable with polynomials with rational coefficients forming a dense subset,
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o it is webbed,
o bounded sets are compact.

Recall that a subset B of a locally convex space E is called bounded, if for each zero neigh-
borhood U there exists € > 0 such that eB c U.

Although polynomials are dense in 27 (R) and for any analytic function f € .7 (R) we have
that f(z) = Y2, faz" around zero, the monomials do not form a Schauder basis of <7 (R). In
fact, the space <7 (R) has no Schauder basis ([21, Thm. 4.1]).

We will now describe the dual space ./ (R); equipped with the strong topology, i.e. the
topology of uniform convergence on bounded subsets of .7 (R). Let C, denote the Riemann
sphere. For a compact set K c R we denote by Hy(Co \ K) the Fréchet space of functions
holomorphic in C., \ K which vanish at infinity. We will always assume that K is connected.

By the Kothe-Grothendieck-da Silva duality (see [36, pp. 372-378] or [2, Thm. 1.3.5]) we
can identify the dual space of H(K) with the space Hy(Co \ K). More precisely, for every
functional T € H(K)' there exists a unique function gr € Hy(Co \ K) such that for every germ

[f]-x € H(K) |
T([10) = (Slogr) = 32 [ f@er()dz

where f € H(U) for some simply connected neighborhood U of K, y is a C* smooth Jordan
curve lying in U \ K such that Ind, (x) = 1for x € K.
From the description of the topology as a projective limit it follows that algebraically

o/ (R) = indg H(K)' = indg Hy(Coo ~ K),

where K runs over all compact subsets of R. In fact, &/ (R); with the strong topology is
topologically isomorphic to the space indx H(K)’ [20, Prop. 1.7]. In the thesis we use the
notation

Hy(Co N R) =indg Hy(Co \ K).

Notice that it is enough to take the inductive limit ind Hy(C \ K), where K is connected. Further
on we will always assume that K is connected.

By L, (7 (R)) we denote the space of all continuous operators on <7 (R) equipped with the
topology of uniform convergence on bounded sets of .7 (R).

Proposition 2.1.11. [17, Proof of Theorem 2.6] The space L,(.</ (R)) admits a web.
Let T: <7 (R) - o/ (R) be a linear continuous operator such that
T(2)(x) = )" ajx’ around zero.
j=0

We call the matrix A = [aji];ken the matrix corresponding to the operator T.
We use the following definition of a bounded operator.

Definition 2.1.12. Let X be a locally convex space. An operator T € L,(X) is called bounded if
it maps some 0-neighbourhood of X into a bounded set.
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We will need the following fact concerning bounded operators on LB-spaces

Proposition 2.1.13. [40, Ex. 25.9] Every continuous operator from an LB-space into a Fréchet
space is bounded.

A bounded operator T: X — Y between locally convex spaces is called strictly singular if the
restriction of T to any closed infinite-dimensional subspace of X is not an isomorphism. By an
isomorphism we mean a continuous bijection with a continuous inverse.

Proposition 2.1.14. Let X be an infinite dimensional nuclear, webbed locally convex space. Every
linear and continuous operator on X which is bounded is strictly singular.

Proof. Let T € L(X) be bounded. Then T can be written as a product of two operators T = Ro S,
suchthatS: X — Y, R: Y — X, and Y is a Banach space ([57, Satz1]). Assume that T is not strictly
singular, i.e. there exists a closed subspace E c X, dim E = oo such that T | is an isomorphism.
Let T~:: T(E) — E be a continuous inverse of T. We can extend it to the continuous operator
T-1: T(E) — E. It follows that T(E) is closed in X. Indeed, let (z,) be a net in T(E) such that
zy > z. Then z € T(E) and T-'z, — T7'z. Hence TT 'z, = z, > zand TT 'z, - TT 'z.
Hencez=TT 'zand z € T(E).

We claim that also the image S(E) is closed in Y. Indeed, take a net (x4 )qes € E such that
Sx, — y. It follows that Tx, = RSx, — Ry. Since T(E) is closed in X there exists z € E such
that Tx, — Tz. We apply the inverse operator T~! to both sides and get that x, — z. Hence
Sx, - Sz and S(E) is closed subspace of Y. Since S(E) is a Banach space and E has a web we
can use the open mapping theorem to conclude that S| is an isomorphism. Since the space X is
nuclear it follows that S(E) is nuclear. Since there are no nuclear infinite dimensional normed
spaces ([31, 16.1.4]) we get a contradiction. O

2.2 Cy-SEMIGROUPS OF OPERATORS

In this section we introduce notation and collect definitions and facts from the theory of strongly
continuous semigroups of operators which will be used in the thesis. Throughout this section X
will always denote an arbitrary locally convex space and L(X) the space of continuous operators
on X. For more information on strongly continuous semigroups on locally convex spaces we
refer to [35].

A family M in L(X) is said to be equicontinuous, if for any neigbourhood U of zero in X,
there exists a neighbourhood V of zero such that T(V) c U forall T € M.

Definition 2.2.1. A one-parameter family (T})o in L(X) is called a Cy-semigroup (or strongly
continuous semigroup), if it satisfies the following conditions:

1. T,T, = Ty, forall t,s > 0
2. TO = ldX

3. lim,,; T;x = Tyx forany s > 0 and x € X.
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A Cy-semigroup (T;) o is said to be locally equicontinuous, if for any 0 < s < oo the subfamily
{T,:0< t<s} is equicontinuous in L(X).

If the above properties hold for ¢,s € R instead of t,s € R, := [0,00), we call (T})r a
Co-group.

Proposition 2.2.2. [35, Prop. 1.1] If X is barrelled, then every Cy-semigroup is locally equicontinu-
ous.

The infinitesimal generator (A, D(A)) of a strongly continuous semigroup (7;)» on X is
the (not neccessarily continuous) linear operator

Ax = lim Tix —x _ oTx
=0 t at t=0

defined for every x in its domain

Ttx -

D(A)={xeX: ltirrol ad exists}.

Proposition 2.2.3. [35, Prop. 1.4] For every locally equicontinuous semigroup on X, its infinites-
imal generator is closed.

Since the space <7 (R) is barrelled, by Proposition it follows that the infinitesimal
generator of a Cy-semigroup of operators on .27 (R) is always closed.

Proposition 2.2.4. [35, Prop. 1.2] Let (T;);o be a Cy-semigroup in a locally convex space X.

L Ifx € D(A), then T;x € D(A) for any t > 0 and T,x is continuously differentiable in t
relative to the topology of X, and

d
ETtx = AT;x = T;Ax foreveryt>0.

2. Anelement x € X belongs to D(A) and Ax = y if and only if

t
Ttx—xzf Tiyds foreveryt>0.
0

In the case of Banach spaces the well known spectral inclusion theorem holds ([22, 2.5]).
For general locally convex space a similar property holds for the point spectrum.

Proposition 2.2.5. Let (A, D(A)) be the infinitesimal generator of a strongly continuous semig-
roup (T;) o acting on a locally convex space X. If x is an eigenvector of A with an eigenvalue A,
then for every t > 0

T,x = ex.
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Proof. For a fixed eigenvector x with an eigenvalue A denote by (S;) o the rescaled semigroup,
S; = e T,. Clearly, the semigroup (S;) is strongly continuous. Let us denote by B the
generator of (S;)so. For every x € X we have

Six—x eMIix—-x eMIx—-Tx+Tix—-x

t t t
-t
e M—1 Tix —x
= Ttx + ! .
t t
Since
Y
e M—-1
. Tix F>0 -Ax,

we observe that D(B) = D(A) and B= A - A.
For x € D(A - 1), by Proposition [2.2.4} we have

t
Stx—x:[ Ss(A - 1)xds.
0

Hence ‘
e MTx —x = f e MT,(A-1)xds.
0

As Ax = Ax by assumption, the right hand side equals 0 and we have T;x = e*}x. O]



HADAMARD MULTIPLIER OPERATORS AND C()—SEMIGROUPS

A continuous operator on 7 (R) is called a Hadamard multiplier, if every monomial is its
eigenvector. The goal of this chapter is to investigate the problem of genarating the Cy-semigroup
by the Hadamard operators. Note that on a non-Banach locally convex space a continuous
linear operator does not always generate a strongly continuous semigroup (see [25]).

We start with a short introduction to the theory of multipliers on .7 (R), developed by
Domanski and Langenbruch [15],[16]],[17]. We explain the basic definitions and state represent-
ation theorems for multipliers, which will be our main tool in the second part.

Next we present the criterion for a multiplier to be a generator of a Cy-semigroup. We
use it for some Euler differential operators. Unfortunately, we were not able to obtain a full
characterization of the generators of Cy-semigroups in this class of operators.

Finally, we introduce the concept of Mellin transform and prove that the Hardy operator,
Hf(x) =1 [, f(y)dy, generates a Cy-semigroup on o7 (R).

3.1 ALGEBRA OF HADAMARD MULTIPLIERS

A continuous operator M: .o/ (R) — <7 (R) is called a Hadamard multiplier, if every monomial
is its eigenvector, i.e.
Mx" =m,x" forall nmeN.

We call the sequence (m,,) oy the multiplier sequence. Since monomials are linearly dense in
the space o/ (R), a multiplier is uniquely determined by its multiplier sequence. We will use
notation (M, (m,)) for a multiplier M with multiplier sequence (,,) en.

The most common examples of multipliers are:

o the Euler differential operators
N
E(f)=> a,0"f, where0f(x)=xf"(x),
n=0

« the dilation operator
D,f(x)=f(ax), foraceR,

o the Hardy operator
1 X
Hf() =~ [ f(dy.

We denote by M(R) the set of all multipliers on <7 (R). The space M(RR), with the topology
induced from L, (<7 (R)), is a closed linear subspace of L,(%7(R)). Moreover, M(R) is an
algebra with composition as a seperately continuous multiplication. In [17] Domanski and
Langenbruch investigated the properties of the multipliers and the space M(R).

The following theorem tells us that each multiplier can be represented as a special convolution
with an analytic functional.

13
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Theorem 3.1.1 (The first representation theorem). [17, Thm. 2.6] The map B: o/ (R)" - M(R)

given by
B(T)(g)(y) = (g(y), T)

is a bijective continuous map and the multiplier sequence of B(T) is equal to the sequence of
moments of the analytic functional T, i.e. to ((z", T)) pen-

We will also need another representation of the space M(IR). Recall that for a compact set
K c R we denote by H(C,, \ K) the Fréchet space of functions holomorphic on C, \ K and
by Hy(Cw \ K) its subspace consisting of functions that vanish at infinity. Put

Hy(Coo N R) := indger Ho(Co \ K).

The space Hy(Co, \ R) equipped with the Hadamard multiplication of Laurent series, i.e.

frglz)=> % around infinity
n=0

for

f(z) = ,;) Z]:’il, g(z) = ,;) % around infinity,

forms an algebra. The algebra Hy(Co \ R) is isomorphic to the algebra H(Co \ &) of func-
tions holomorphic at zero which extend to holomorphic functions on C \ R with Hadamard
multiplication of Taylor series, i.e

frg(z)= Zf,,gnz" around zero
n=0

for

f(z) =) fuz", g(z) =) guz" around zero.
n=0 n=0
The isomorphism ¢: Hy(Co N R) > H(Cx \ ) is given by ¢(f)(2) = 1f(2).
Now, we can state the second representation theorem

Theorem 3.1.2 (The second representation theorem). [17, Thm. 2.8] The algebra of multipli-
ers M(R) is topologically isomorphic as an algebra with the following algebras of holomorphic
functions:

(1) Hy(C N R) with Hadamard multiplication of Laurent series,

(2) H(Cw ~ &) with Hadamard multiplication of Taylor series.
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The multiplier sequence of the given multiplier is equal to the Laurent (Taylor) coefficients at infinity
(zero) (f,,) of the corresponding function f.

From Theorem and Theorem it follows

Corollary 3.1.3. For every functional T € o/ (R)' there exists a holomorphic function f € H(C \
%) f(&) = 202 fu&" around zero, with Taylor coefficients equal to moments of the functional T,

ie f,=(z",T).
We will also need the following simple fact

Proposition 3.1.4. [15, Prop. 2.1] The following conditions are equivalent:
I M:o/(R) - &7 (R) is a multiplier with a multiplier sequence (m,,) yen
2. forevery function f € o (R), f(z) = ¥ oo fu2" around zero, we have

Mf(z)=> m,fu2"
n=0
around zero.

3.2 CO—SEMIGROUPS GENERATED BY EULER DIFFERENTIAL OPERATORS

In this section we state the criterion for multipliers to generate a Cy- semigroup and apply it to
the Euler differential operators.

Theorem 3.2.1. Let M: .o/ (R) — <7 (R) be a multiplier with the multiplier sequence (m,,) ,en-
The following assertions are equivalent:

(i) The multiplier M generates a Cy-semigroup (T;)so.

(ii) Foreveryt € R, there exists a multiplier (T}, (m!,)) with the multiplier sequence (m!, ) pey =
(exp(tm,))neny and the map Tf:R, - </(R), Tf(t) = T,f is continuous for every
fed(R).

(iii) Foreveryt € R, there exists a multiplier (T, (m!,)) with the multiplier sequence (mY,) ey =
(exp(tm,))nen and the set {T,f : t € [0,ty]} is bounded in <7 (R) for every f € o/ (R)
and some (equivalently, every) t, > 0.

Proof. (i) = (ii): From Proposition[2.2.5)it follows that if a Cy-semigroup ()0 is generated
by a multiplier (M, (m,)), then it is a semigroup of multipliers. Moreover, for every ¢ € R, the
multiplier sequence of (T}, (m},)) is given by m!, = exp(tm,,).

(ii) = (iii): Clear.

(iii) = (i): First we will show that the multipliers (T}, (m!,)) form a semigroup. For every
t,s > 0 and every monomial x” we have

T, T,x" = T,es™nx" = e(t+s)mnxn — T, x",
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Since polynomials are dense in <7 (R) we get that T, T = T, for every t,s > 0 and (T}) o is
indeed a semigroup.

Now we will show that (T;) s is a Co-semigroup. We assume that the set {T,f : ¢ € [0, t5]}
is bounded in .27 (R) for arbitrary f € o/ (R) and some ¢, > 0. Notice that for any #; > 0 we
have {T,f : t€[0,]} c Uo{T.f : t € [nto,(n+1)to]} = Up_g T ({Tof : t € [0,t]}) for
some N € N. Hence the set {T;f : t € [0, t;]} is bounded for arbitrary ¢,.

We denote the natural topology on o7 (R) by 7. Recall that an operator

V:o/(R) = indpey H(U) - C

is continuous if and only if V o r;: H(U) — C is continuous for every complex neighbourhood
U of R ([11, 1.25]). Denote by CN the space of all sequences with the topology of pointwise
convergence. Then the linear map

B:«/(R) — CN
f%(f(n)(o)) ,

n!

)
is continuous. Indeed, from the Cauchy inequality we get |fn—,(0)| < Ckon || f | oo, for any compact

set K c U with 0 € Int K. Hence we can consider <7 (R) with the coarser topology induced by
the map above i.e. 7/ = B7!(7¢n), where 7¢on denotes the topology on CN.

The multiplier sequence of T, equals (e'),.y. Hence, by Proposition we have
(T f)(0) = et f(m(0) and the map

Cf : ]R+ i (CN
fros ((th><"><o>) ) (efmnf<n><o>)

n! n!

is continuous.

Consider the mapping Tf:R, — (&7 (R), 1), Tf(t) := T,f. The map
Tf:R. > (/(R), B (1))

is continuous. Indeed, take an open set U € B7!(7¢n)). Hence, there exists an open set V € CN
such that U = B7!(V') and we have

(Tf)7(U) = (T (B(V)) = (BoTf)7(V) = C/(V).

Since by the assumption the set {T;f : t € [0, t,]} is bounded in (27 (R), 7), hence compact
and the compact Hausdorff topology is the minimal Hausdorft topology [23, 3.1.14] we get that
T=1"on{T,f :t€[0,t]} and the map Tf:[0, ty] - (&7 (R), 7) is continuous for every ¢, > 0.
Hence (T;) ;s is strongly continuous.

Denote by A the generator of the semigroup (T})so. For every monomial x" we have
Tyx" — x" elmnx —xn el —1

Ax" =lim = lim =lim
t\0 t N0 t tN0 t

x"=m,x".




3.2. Cy-SEMIGROUPS GENERATED BY EULER DIFFERENTIAL OPERATORS 17

Hence, A = M on the set of polynomials, which is dense in <7 (R). As the operator M is
continuous, for any function f € o/ (R) and a sequence of polynomials p,, converging to f, we
have Ap, = Mp, — Mf in o (R). Because the generator A is closed (Proposition[2.2.3), we get
that f € D(A) and Af = Mf.

O

The equivalence (ii) < (iii) in Theorem [3.2.]|can be also proved by [35} 1.1].
From Theorems and follows

Corollary 3.2.2. The following assertions are equivalent
(1) The multiplier (M, (m,)) generates a Cy-semigroup (T;)»o on <7 (R)

(2) Foreveryt >0 the function fi, fi(z) = 3o exp(tm,)z", extends to a holomorphic function
belonging to H(C \ %) and the set {f, : t < to} is bounded in H(C \ %) for some to > 0.

(3) Forevery t > 0 the function f,, f,(z) = £, ex"z(ntf’f"), extends to a holomorphic function
belonging to Hy(Co \R) and the set { f; : t < ty} is bounded in Hy(Cq \ R) for some ty > 0.

Proof. (1) < (2): By Theorem 3.2.1} the statement (1) is equivalent to the operators T, being
multipliers with multiplier sequences (e ),y and {T;f : t < ty} being bounded in </ (R)
for all t, > 0 and all f € &/ (R). By Theorem [3.1.2} the operator (T;, (¢""") ) is a multiplier
if and only if f; ¢ H(Cw \ &), where fi(z) = Y2 exp(tm,)z" around zero. Since </ (R) is
barrelled we can use the uniform boundedness principle [49, Prop. 4.1.3] and get that the set
{T,f :t < ty}isbounded in &7 (R) ifand only if { T} : t < #y} is bounded in L, (.27 (R)), which
by Theoremis equivalent to { f; : t < to} being bounded in H(C \ ).

(1) < (3): The proof is similar to the above. O

Lemma 3.2.3. The set of multipliers generating a Cy-semigroup on <7 (R) is additive.

Proof. Let the multipliers (A, (a,)), (B, (b)) generate the Co-semigroups (T, (e'*)) s and
(TE, (et")) 50 respectively and let f;, g; € H(Co \ ) be the corresponding (in view of Theorem
holomorphic functions. Take ¢ > 0 and choose 0 < &,8 < 1such that f; € H(Co ~
((~o00,-¢]ule, ))) and g; € H(Co N ((—00,-8]U[J, 20))). By the Hadamard multiplication
theorem f; * g € H(Coo \ ((—00, €8] U [€8, 0))) [42} Th. H]. Hence by Theorem [3.1.2] there
exists a multiplier TA*8 corresponding to f; * g; with the multiplier sequence (e!(¢n*bn)), ..
Since for monomials we have TA*Bx" = et(an+bn) xn = TATBx" and monomials are linearly dense
in o/ (R), we get that TA*B = TATE. Hence the map T4*Bf: R, — o7 (R), TA*Bf(t) = TA*Bf is
continuous for all f € o7 (R). Thus by Theorem 3.2.1|the multiplier (A + B, (a, + b, )) generates
a Co-semigroup (TAB) .

0

Now we answer the question when the Euler differential operator generates a Cy-semigroup.

Theorem 3.2.4. Let E € L(.o/ (R)) be a first order Euler differential operator,

Ef(x)=axf'(x)+bf(x).
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The multiplier E generates a Cy-semigroup if and only if a € R.
For a € R the semigroup generated by E is given by

T, f(x) =e"f(e"x), fed(R),xeR.

Proof. A multiplier (M, (¢)) with a constant multiplier sequence generates the strongly con-
tinuous semigroup (7)o, Tt f = € f. Hence by Lemma[3.2.3| without loss of generality we can
assume that b = 0.

The multiplier sequence of E is (m,,) = (an) and the corresponding functions are

(3.1) file) =S e = — L Hy(Con e,
n=0

1-zet

Hence for every a € R, t > 0 we have f, € H(Ci \ %) and (T}, (e'")) is a multiplier. On
the other hand, if a ¢ R then for every ¢ such that ta # ki, k € Z, we have f, ¢ H(Cs \ %) and
E does not generate a Cy-semigroup.

To finish the proof we need to show that under the assumption a € R the semigroup (T}) o
is strongly continuous, i.e., we need to prove the continuity of the map

Tf:R, >/ (R), Tf(t)=T.f

for arbitrary f € o7 (R). We can extend the map Tf:R, - o/ (R) to the map Tf:R - &/ (R).
Indeed, by for every t < 0 functions f; belong to Hy(C \ R) and so there exists a multiplier
T, with the multiplier sequence (e*"), t < 0.

To prove the continuity we will use the explicit formula of the multipliers T, with (m!) =
(e'™). We claim that T, f(x) = f(e'x). Indeed, for a monomial x" we have

Ttxn(y) — etanxn(y) — etanyn — xn(etay).

Moreover, observe that the dilation map f — g, g(x) = f(e'“x) is linear and continuous on
o/ (R) for any a, t € R. Thus the claim follows from the density of polynomials in <7 (R).

AsT,f — Tyysf = T,(f - Tsf) and s € R it is enough to show the continuity at ¢ = 0. Recall
that Ty, f — f in o/ (R) as t, — 0 if and only if there exists an open complex neighbourhood
UoRsuchthat Ty, f €e H(U) foreveryn e Nand Ty, f — f in H(U).

Let U be a complex open neighbourhood of R such that f € H(U). Let U’ be a starlike
subset of U containing R and put V := JU’. We choose ¢ > 0 such that el?¢ < 2. Then for |f| < ¢
we have eV c U' c Uand T, f € H(V).

Now we will show that T, f — f in H(V). Let K be a compact set in V. For any compact
set K, such that K c K, c V, K c IntK;, and for ¢, small enough we have e/"?K c K, c V and

lim |, - f1 = lim sup 7 (e'+%2) - £(2)| =
n n zeK

since f is uniformly continuous on compact sets.
We have proved that (T} ), is strongly continuous. Finally, by Theorem the operator
E is the generator of the Cy-semigroup (T;)»o.
O
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Now we consider the Euler differential operators of higher orders.

Theorem 3.2.5. Let P(0) = Y ax0% 0f(x) = xf'(x), be a finite order Euler differential
operator of degree at least 2. The operator P(6) does not generate a Cy-semigroup in the following
cases:

(1) Reagx =...=Reay,; =0andRea; > 0 for some | > 2.

(2) ak,...,a, €iQ.

Proof. ([l): The multiplier sequence of P(0) is given by (m,) = (P(n)). Assume that P(6)
generates a Co-semigroup (T;) 0. Then, by Corollary[3.2.2} for all ¢ > 0 the operator ( T;, e!P("))
is a multiplier and the function f;, fi(z) = Y2, e'P(n)z" around 0, extends to a holomorphic
function in H(C \ ). In particular, f; is analytic in some neighborhood of zero. But, for every
R > 0 we have

sup ‘etP(n)| R" = sup etReP(n)Rn > sup et(al—s)ann - oo
neN neN neN

for some ¢ > 0.

: We start with the case P(0) = Y, ax0F such that a; € iQ for every1 < k < K
and ay = 0. We will show, that for every such polynomial P there exists t, € R, such that
(M) nen = (exp(toP(n))) ey is not a multiplier sequence.

Let P(x) = YK, @cx* be a polynomial such that @ € Z for all k < K and m,, = éﬁ(n), where
S is the common denominator of all the coeflicients “¢. As @, = 0 we have that P(0) = 0. Let
ny € N be such that

1. |§(n0 + 2)| =q,9>2,
2. P(ng) # P(ny+2) (mod 29).

Itis clear that such n, exists. Indeed, take n, such that P(n) is monotonous for # > n,. Then
|P(n0)‘ < ‘P(no + 2)| <2q.
Take t, = 57” and consider the function

P(n)

fulz)= 3 miszr - zexp(
n=0 n=0

i ) z" around 0.

The expression exp (mni ) takes at most 2¢ different values and

ex @m’)zex (mﬂi)
p( q P q '

P(n)

Denote &, = exp( ;

ﬂi). Hence we have

(o]
fo(2) =D &z =2+ §2 + E27 4+ 2+ P+ £ 4
n=0

2g-1
_ Znio nZ"

C 1-zM
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This implies that f;, is defined on C except it can have poles of order 1 at 2g-roots of unity.
Now we will show that f;, ¢ H(C \ ). Assume that f;, € H(C \ &), so f;, would have only
poles of order 1 in points +1. Then g(z) = (1-2?)f;,(z) € H(C). But

g(2) = (1-2)fu(2) = (1- 2) if _ 2(5# ~ )
1t bz S (6 Er)e

For every k € N we have

kaqunoJrZ = fn0+2 * fno = EquanO

and

‘kaq+no+2 - €2kq+no| =4

for some & > 0. Hence

limsup \/|&, — &5 =1
and we get a contradiction. Hence f;, ¢ H(C \ &) and (P(0), (P(n))) does not generate a
semigroup.
Now consider P(6) = Y'x_, ax0%, with ax, ..., a, € iQ, a, = ir, r e R\ Q. Taking t, = 28,
where S denotes the common denominator of £, ... 22, we get that

etgP(n) — eZSrmn.

By Theorem the operator (Tj,, (e*™")) is not a multiplier since 257 ¢ R for r ¢ Q and

1

1
— ¢ H(C\=).
1— e2Srmig ¢ H(C R)

fto(z) — Z eZSrﬂinzn —
n=0
By Theorem (P(0),P(n)) cannot generate a semigroup.

Summarizing, we have proved that a multiplier (P(0), (P(n))) with P(0) = Y5, ax0*,
ag,...a; € iQ, a; € iR does not generate a semigroup. Now take a multiplier Q(0) = P(0) +
b0+ c with b; € R. As the operators (M_y, (-byn—c)), (My, (bin+c)) generate Cy-semigroups
(Theorem and the sum of multipliers being generators is a generator (Lemma[3.2.3) we
conlude that (Q(0),(Q(n))) generates the semigroup if and only if (P(6),(P(n))) does,
which finishes the proof. ]

3.3 THE Cy-SEMIGROUP GENERATED BY THE HARDY OPERATOR

Now we will give another example of a multiplier that generates a strongly continuous semigroup
on </ (R), i.e., we will show that the Hardy operator, Hf (x) = 1 [* f(#)dt, is a generator of a
Co-semigroup. The proof is based on the so called Mellin functions, which we define as in [15].
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Definition 3.3.1. Let (k) nenv» (Ky)new be increasing sequences of real numbers such that x; < 0
and 0 < K,, - oo. We define an asymptotic halfplane w by

w = J(kn + wg,) for wg, := {z € C:|Imz| < K, Rez}.

n=1

Roughly speaking an asymptotic halfplane is the union of shifted cones. We call a holo-
morphic function f € H(w) a Mellin function for the sequence (1, ) ey if there exists a constant
C > 0 such that

1f(2)| < Ce“®e?l for z € w
and
f(n) =my.
We will denote the space of Mellin functions by .Z (w).
Definition 3.3.2. For a € R we define

Mo(0) = {f € M (w): V] sup|f(z)] e TR < 0o}

zeFj

where T = U,<j(x, +1/j + wk, ).

The space .#,(w) is a Fréchet space with the fundamental system of seminorms (|- | j) jeN
given by

U1, =suplf@)] e 1
Theorem 3.3.3 ([16, 4.1]). There exists a continuous, linear and surjective mapping
H: Mo(w) - H([0, e%])’
satisfying
(H:(f),x") = f(n) forevery n e N.

Now we can prove our main theorem of this section

Theorem 3.3.4. Let H € L(.«/ (R)) be the Hardy operator, Hf (x) = 1 [* f(y)dy. The operator
A=Y3oarHY ay,...,ax € C generates a Co-semigroup on o/ (R).

Proof. The multiplier sequence of the Hardy operator H equals () .en. Hence the multiplier

sequence of (A, (m,)) equals m, = Yx_, (nL By Theorem [3.2.1]it is enough to show that the

+1)k*

sequences (exp (ZI,S:O ("tf—lk)"))neN are multiplier sequences for the multipliers T; and that the

mapping Tf:R - &/ (R), Tf(t) = T;f is continuous for every f € o/ (R). By Theorem[3.L1|the
taj

sequences (exp (Zl,fzo Tl)"))neN are multiplier sequences if and only if there exist functionals
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F; € o/ (R)' satisfying (F;, x") = exp (Zl,fzo (ntf—lk)k), which by Theorem [3.3.3is equivalent to the
existence of Mellin functions y, € ., (w;) for (exp (Zf:o (ntf—lk)k)) .

For the proof it is enough to find a € R, an asymptotic halfplane w and Mellin functions
i € M,(w) such that the mapping ¢: R - .#,(w), t = y; is continuous. Indeed, consider the
following diagram

R, 5 . ,(0) 2 H([0,e"]) 2 M(R).

Recall that H};, 9 are continuous (Theorems|3.3.3}3.1.1) with &8 o H* o ¢(t) = T;. Hence, if the
function ¢ is continuous then the map t — T, f is continuous.
Let w be an asymptotic halfplane such that k; = -3, «, = 0 for all # > 2 and consider the

functions p;(z) = exp (Zf:o (t&), t>0.

z+1)k
The function y; is clearly holomorphic on w and for z € w ¢ {Rez > —1} it satisfies

()] = p(z (ztfknk) : P(Z oy ) : e""(ézkt'“k')

K 1
< exp (Z 12K |ag| + E) exp(Rez).
k=0

Hence {y;} 10 € # (w). Since y,(n) = exp (Zszo m—") , we get that functions y, are Mellin

n+1)k
tay

functions for the sequence (exp (Zf:(, T )F ) )nEN.

n+1)k

Now we will show that y, € .#,(w) for any a > 0 and all ¢ € R,. We compute

“(as) K 1
sup|u,(2)] e “”f”‘”sexp(Zz"tml)Supexp(‘(“E)Rez)
zel"j

k=0 zel;

. 1)1
<exp| > 2*t|ai||exp||a+ - 5] <o
k=0 J

To finish the proof we need to prove the continuity of the map

R, > My(w),  @(t) = pr.
Fix t >0, j > 1. Then
1
Lttt = sup e (2) — e (2)] exp ( ( , 3) Rez)
zel"j
1
- sup (2|1 - yh<z>|exp(— ( ; ;)Rez)
zeI‘j

K 1 1
< exp(z 2K |tay| + E(a + —,))sup|1— pn(2)|.
k=0 ] ] zer;



3.3. THE Cy-SEMIGROUP GENERATED BY THE HARDY OPERATOR
For the last component we have that

K ha, K
2 (z+ 1)k Sh

k=0

Ak k
l)k < hZZ |ak\

for all z € T';. Hence p;(2) 20 uniformly on T'; and

h—0
lue = peen] ; — 0.
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HANKEL OPERATORS

An infinite matrix is called a Hankel matrix if it is of the form

ap dadpy dz; ds
a4y dy dz dg
a, d4s a4 ds
as dg 4ds dg

where (a,) .50 is a sequence of complex numbers. A Hankel operator is a continuous operator
for which the associated matrix is a Hankel matrix.

In this chapter, we study Hankel operators on .o/ (R ). First we give a representation theorem
for Hankel operators and study their properties. In the second part of the chapter, we show the
relation between Hankel operators on .7 (R) and Hankel operators on the Hardy space H?(ID)
and investigate the spectrum of Hankel operators on <7 (R).

4.1 CHARACTERIZATION OF HANKEL OPERATORS ON .2/ (R)

In this section we give a representation theorem for Hankel operators on .o/ (R). We start with
the more precise definition of a Hankel operator.

Definition 4.1.1. We say that a continuous operator I': .7 (R) - <7 (R) is a Hankel operator if
there exist a sequence of complex numbers (a, ), such that for all monomials x” and for &
near zero

Tx"(&) = ) ands.
k=0
We call the function I'x? € &7 (R), Tx? = Y12, ax&F around zero, the symbol of the operator T.

We denote by B the backward shift operator, i.e. Bf(x) = M for f € o/ (R). Since for
every function ¢ € &7 (R), ¢(z) = X7, ¢n2z" for z around zero, and for every k € N we have
Bk(z) = Y020 ¢nsx2" for small z, we can also describe the Hankel operator via its relation with
the backward shift.

Fact 4.1.2. An operator T € L,(</(R)) is a Hankel operator with the symbol ¢ € o7 (R) if and
only if Tx" = B"¢ for all n.

We denote by .77 the set of all Hankel operators on .7 (R). From the definition of Hankel
operators it is clear that the space 77 is a linear subspace of the space of all linear continuous
operators L, (<7 (R)) and we equip - with the topology induced from L,(.27 (R)), i.e. the
topology of uniform convergence on bounded subsets of <7 (R).

Proposition 4.1.3. The space of Hankel operators 7€ is a closed subspace of L,(<7 (R)).

25
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Proof. Let (I,), be a net converging to I' in L,(</(R)). Let f, := T,x? and f := Tx® =
limT,x° = lim f,. By Fact we have that I,x" = B"f,. For any n > 0 we have I'x" =
lim T,x" = lim B"f, = B"(lim f, ) = B" f. This shows that I' is a Hankel operator. O

We will now show the integral representation of Hankel operators acting on <7 (R). If y is a
C* smooth Jordan curve then by the Jordan’s theorem it divides the plane into interior region
bounded by y and an unbounded exterior region. We will denote them by Int(y) and Ext(y)
respectively.

Lemma 4.1.4. Let ¢ € H(C) and let g be an analytic function at zero. Define

dé, zeC,

“ . fysomg( )

2mi E-z

where y is a positively oriented C* smooth Jordan curve such that z,0 € Int(y) and g(%) is
holomorphic on y and in Ext(y). Then the definition does not depend on the choice of y and

(1) T,:H({0}) - H(C) is a continuous operator,
(2) Ty (R) — o/ (R) is a bounded Hankel operator.

Proof. (1): The space of germs at zero, H({0}), is the inductive limit of the spaces of bounded,
holomorphic functions H*(+ID) [3, pp. 64]. Hence to prove that the operator

I,: H({0}) = ind, H*(+D) — H(C) is continuous, it sufficies to show that for every n the
operator I'y: H* (D) — H(C) is well-defined and continuous. For g € H* (1), and z € C we
have

dg,

. fyws)g( )

f —
where v is a positively oriented C* smooth Jordan curve such that z,0 € Int(y) and g(%) is
holomorphic on y and in Ext(y). By the Cauchy’s Theorem I',g(z) does not depend on y as
long as z and zero are in the interior of y. Clearly I', g is differentiable in a neighborhood of z
and, as z is arbitrary, I', g is an entire function.

To show the continuity of T, we take an arbitrary compact set K c C. For y we take a circle
of radius p > n such that K c Int(y) and compute

1 re(9e(s)
2mi fy E-z dé

where [ @], = sup_, [¢(2)], [¢]lo = sup.c1[8(2)].

(2): Since the space &7 (R) carries the projective and injective limit topology, the inclu-
sions i:.o7 (R) — H({0}) and j: H(C) — 7(R) are continuous. It follows that the oper-
ator [,: &/ (R) — 7 (R) factorizes through a continuous linear operator from an LB-space
H({0}) = ind, H*(+DD) to a Fréchet space H(C). Hence T, is bounded by Proposition

27i

<ol pdist(y, K)" ¢ »

[Togll = sup
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It remains to show that I, is a Hankel operator. Let ¢(z) = Y32, ¢«z*. For every monomial
x" and |z| < R we have

L' (2) - "’f)‘: S ULt

2mi |&]=R =R 1o

:;Z

k—n—j— ld . j.
2t S k& ¢ = ;%nz

The next theorem shows that there are no other Hankel operators.

Theorem 4.1.5. IfT: o/ (R) — 7 (R) is a Hankel operator then there exists an entire function ¢
such that T = T,,.

Proof. LetT be a Hankel operator. For every monomial we have Tx"(&) = Y32, a1 & for & near
zero. The function ¢ := Tx?, ¢(z) = Y37, axz¥ is real analytic and there exists an open, complex
neighborhood U > R such that ¢ € H(U). On the other hand, we consider the functional
0o oI € & (R)’, where &, denotes the evaluation at 0. We compute its moments

(x",800T)=Tx"(0) = a,

for n > 0. By the theory of multipliers (Corollary there exists a function f, f(z) =
> oo axz* around zero, which is holomorphic at zero and extends to a holomorphic function on
C~((o00,—€)u(e, 0)) for some e > 0. As f = ¢ on the neighborhood of zero, we have that f = ¢.
As ¢ extends to a function holomorphic on U 5 R and holomorphic on C \ ((o0, —¢) U (¢, 0))

we get that ¢ is an entire function.
O

We proved that there is a 1 — 1 correspondence between Hankel operators on 27 (R) and
entire functions. Our next theorem shows that the spaces .7 and H(C) are even topologically
isomorphic.

Theorem 4.1.6. The space of Hankel operators 7 is topologically isomorphic to the space of entire
functions H(C). The isomorphism is given by

Q:H(C) -, Qg)=T,

R:# - H(C), R(T)=rx"
and QR =RQO =1.

Proof. Lemmald.1.4]shows that the map Q: H(C) — . is well defined. The map Q is surjective
by Theorem [4.1.5|and because ¢ = T, x° it is clearly injective.

Now, we prove that the map Q: H(C) - ., Q(¢) = T, is continuous. Since the space
Ly(</(R)) is webbed (Lemma[2.1.11) and H(C) is ultrabornological as a Fréchet space ([40}
24.15]), we can use the closed graph theorem. Take (¢4, T,,) = (¢,T) in H(C) x L, (7 (R)).
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Then I' is a Hankel operator by Proposition and, by Theorem |4.1.5} there exists an entire
function y such that I' = I,
From T, — I, in L,(</(R)) it follows that

¢ =Ty x* > T,x" = y in &/ (R).
and from ¢, — ¢ in H(C) we get that
9. — ¢ in (R).

Hence ¢ =y, I, = I, = I and the map Q is indeed continuous.
In order to prove that R is a continuous inverse of Q we consider the following diagram

A 5 H({0}) 5 Hy(Coo ~ {0}) 5 H(C).

The map S: 7# — H({0})", S(T,) = 8 o I, is continuous by Lemma 1). By the Kothe-
Grothendieck-da Silva duality ([36} pp. 372-378]) the functional S(T,,) € H({0})’ corresponds
to a function ¢ € Hy(C, ~ {0}). We denote by & the Cauchy transform, €: H({0})" —
Hy(Cw ~ {0}), defined by

“(T)(z) = (T, Z%) for T ¢ H({0})".

Since Hy(Co ~ {0}) is isomorphic to the space H(C) (the isomorphism is given by the map
F(f)(z) = 1f(1)) we get, that the map R: . - H(C), R = F o € o S is continuous.
It remains to show that R(T,) = ¢ = I,x? and it is indeed the inverse of Q. We compute

' §

where D(0, R) denotes a disc around zero with radius R > |17| Using the residue theorem we get

AL I‘(p)(z) - R_es( ¢(§) ) _ (P(i)

=1 \ &z -1 z

Tz

Since }"(M)(z) = ¢(z) we get

R(Ip)(2) = (F o€ o 5)(Ty)(2) = (2). =

Corollary 4.1.7. The space of Hankel operators 7€ is isomorphic to the space H({0})’. Moreover
if T is a continuous linear functional on H({0}) then the symbol of the corresponding Hankel
operator is defined by:

o) = (1.2

1-—ze
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Proof. The proof of Theorem [4.1.6|shows that H(C) ~ Hy(Cw \ {0}) ~ H({0})’ and that the
isomorphism U: H({0})" - H(C) is given by U’ = F o €. Hence, for T € H({0})" we have

L{(T)(z):£<T,%L_'>:<T,1+Z.>. 0
Our next theorem shows the properties of the Hankel operator I,.

Theorem 4.1.8. Let ¢ be an entire function. The following assertions are equivalent

(1) ¢ is a polynomial,

(2) T, has finite rank,

(3) T, is not injective,

(4) the image of T,, contains a polynomial.

Proof. (1) < (2): The equivalence is proved in the same way as the corresponding theorem for
Hankel operators on H?(T) of Kronecker (see for instance [48, Theorem 1.3.1]).

Let [,:. o7 (R) — o/ (R) be a finite rank Hankel operator with the symbol ¢(z) = X%, ¢;2/ €
H(C) and rank T, = n. We denote the monomials by 7,

n(z) = 2.
By the assumption Iy 79, Ip#15 . . ., [y 77, are linearly dependent and there exist complex numbers
Cos - - -» Cn» DOt All 0, such that ¢ Iyno + i lpm + ... + ¢, Lyn, = 0.

For every monomial we have [,#x(2) = X7, ¢;:x2/. So, denoting by B the backward shift
operator we have that Iy, = B¥T,10 = B*¢ and

cop+aBo+...+c,B"¢p=0.

Denote by S the forward shift operator, Sf(z) := zf(z). For k < n we can calculate

) ' ) ) k-1 ) k-1 )

San(P(Z) — Z(Pj+kzj+n — Z (PjZ]+n—k — Sn_k(P(Z) _ Z¢jzj+n_k — Sn—k(p(z) _ Sn—k Z (szj'

=0 =k =0 =0

It follows that
0= Z cBFp = " Z ckBFg = Z cxS"Brg = Z cxS" ko - p,
k=0 k=0 k=0 k=0

where p is a polynomial of degree at most n — 1.
Put

q(z) = cujz’.
j=0

Then
129(2) = 3 e S19(2) = 3 S Ho(2) = p(2)
j=0 =0
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Hence ¢ = %. Since ¢ € H(C), we conclude that ¢ is a polynomial
Conversely, let ¢ be a polynomial of degree n. Then for every k > n we have [,x* = Bkp = 0

and I, (span{z* : z < n}) c span{zF : z < n}. Since polynomials are dense in .7 (R) we conlude
that T, has finite rank.

(1) < (3):

If ¢ is a polynomial of degree n then the monomial z"*! belongs to the kernel of T, since
[,z" = B¢ = 0.

For any ¢ € H(C) which is not a polynomial, g € &7 (R) we put ¢(z)g(3) = Y2 _, ca2"
and compute

1 re(©g(d)
iy E- df_zm f,;)fnﬂ 2, adtde= ZC"

Hence I',g = 0 if and only if all coefficients with positive indices in the Laurent expansion of
the function ¢(z)g (1) are zero. Equivalently, T, ¢ = 0 if and only if all coefficients with negative
indices in the Laurent expansion of the function ¢(1)g(z) are zero. Since ¢ is not a polynomial
the function ¢(1) has an essential singularity at zero and for any g € </ (R) not identically
equal zero, ¢(1)g(z) also has an essential singularity at zero. Hence g ¢ ker T,, for all g € o7 (R),

g#0.
(1) < (4): Notice first that we have the following relation between Hankel operators and

the backward shift B:

I,g(2) =

(4.2) BoT, = Ig,.

Indeed, for every monomial we have BT,x" = B(B"¢) = B"(B¢) = I'zyx". Hence holds
for polynomials. The general case follows by density of polynomials.

Assume that there exists a function g € &/ (R) and a polynomial p of degree n such that
I',g = p. Since B"*!'p = 0, we have that B"*'T,g = I'gn1,g = 0. Hence I'gun, is not an injective
operator and by ((1) < (4)) the function B"**'¢ is a polynomial. Hence ¢ is a polynomial.

The other direction is clear, since ¢ € ImI,. ]

4.2 SPECTRA OF HANKEL OPERATORS

In this section we study the spectrum of a Hankel operator I',: &/ (R) - 27 (R).
First we show that the spectrum of a Hankel operator I,: &/ (R) — 7 (R) is the point
spectrum. We will use the following lemma

Lemma 4.2.1. [57, Satz 1] Let E be a Mackey complete locally convex space and let T be a
continuous, bounded, strictly singular operator on E. Then

L forall A € C~ {0} the operator AI — T is Fredholm with index 0,

2. The resolvent R(A, T) = (A - T')~Vis an L, (E)-valued meromorphic function on C x {0}
for which the coefficients of all the principal parts in all its poles are finite-dimensional
operators.
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Proposition 4.2.2. For every function ¢ € H(C) and every A € C\ {0} the operator T, - M is a
Fredholm operator with index 0. Moreover the spectrum of the Hankel operator T, is the sum of
point spectrum and 0.

Proof. We proved that the operator T, is bounded (Lemmal4.1.4) and strictly singular (Proposi-
tion[2.1.14). Hence the first part follows from the preceding lemma. Theorem shows that
for any function ¢ € H(C) the operator I, is not invertible, hence zero always belongs to the
spectrum. ]

The class of Hankel operators have been intensively studied on the classical Banach spaces
of analytic functions. We will now show the relation between Hankel operators on <7 (R) and
the small Hankel operators acting on the Hardy space H?(ID). For the Hardy space case we use
the following notation. Let D be the open unit disc in C and let T = dID be the unit circle with
normalized arc length do. Let H? = H2(ID) be the Hardy space, i.e.

H*= {fe H(D): sup 7 ‘f(re”)|2dt}

<r<170

and let P: L>(T, do) — H? denote the Szego projection,

Py = [ L 4o,

2n Jrl—2zw

For a function f € L>(T) the small Hankel operator Hy: H*> - H? is defined by

Hsg=P(fg), geH.

Let the space X # H(C) be such that the inclusions X < H({0}), H(C) < X are continuous.
The space L(H({0}), H(C)) consists of all continuous operators on X which can be extended
to operators mapping H({0}) into H(C). We add Ix, the identity operator on X, to this algebra
and denote the new algebra by L(H({0}), H(C))*. Then L(H({0}), H(C))* c L(X) and we
have the following theorem

Theorem 4.2.3. (/10, Th. 2.3]) An element A € L(H({0}), H(C))* is invertible in L(X) if and
only if it is invertible in L(H({0}), H(C))*.

The proof is the analogue of the proof in [10, Th. 2.3]. For the completness we present it
here.

Proof. Tt is clear that if an element is invertible in L(H({0}), H(C))* then it is invertible in
L(X).

For the other direction let A+ A € L(H({0}), H(C))* be invertible in L(X). Since Im A c
H(C) # X the operator A is not invertible, hence A # 0. Let B+ ; € L(X) be an inverse of A + A,
ie. | |

(A+1) (B+X) = Ix (B+X) (A+1) =Iy.
By the first equation we have

B=-—A-—AB.
JERY)
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Since Im A c H(C) we have B: X - H(C). By the second equation we have

B = —%A— %BA.
Since BA:H({0}) — H(C) then B:H({0}) — H(C). Hence B € L(H({0}),H(C)) and
(B+ 1) e L(H({0}),H(C))* is the inverse of A + A.
0

Theorem 4.2.4. Let ¢ € H(C). Then o(T,) = 0(H,).

Proof. For any function ¢ € H(C) the operator I';: H({0}) - H(C) is continuous by Lemma
From the projective and injective description of the topology of <7 (R) we have continuous
inclusions 7 (R) ¢ H({0}), H(C) c </ (R). Hence, due to Theorem[4.2.3| the spectrum of the
operator I, € L(.%7(IR)) is the same as the spectrum of I, in L(H({0}), H(C))*. But we also
have continuous inclusions H*(ID) c H({0}), H(C) c H?*(DD) and we can apply Theorem
to the space X = H*(ID). Hence the spectrum of H, € L(H({0}), H(C))* is the same as the
spectrum of H,, in L(H?(ID)). Because on H?*(ID) we have I', = H,, we get that 0(T,) = 0(H,).

]

In the last part of the chapter we will need the notions of the Besov class B, the sequence
spaces €, and the space s of rapidly decreasing sequences. There are several equivalent definitions
of Besov spaces with certain restrictions on the parameters. We recall here one of them, the one
with the modulus of smoothness of the function. Please note that in case s > 117 —1 this definition
is equvalent to the one based on Fourier transform.

Definition 4.2.5. Let 0 < p < 00,5 > 0, n € N, n > 5. The Besov class B, is defined by
p

w [ALf]
B;:{feLP(’]I‘):[ﬂ g dt<oor,

where A, f(e™) = f(e!x+D)) — f(e*) and AT = A, APL

Definition 4.2.6. We define the space of rapidly decreasing sequences by

s:{xe(CN: Hx||k:i|xj‘jk<oo VkEN}.

j=0

Now, we recall the basic facts concerning the Schatten-von Neumann class of operators
S, on the arbitrary Hilbert space H. We say that an operator T belongs to &, if the sequence
(s4(T)) of eigenvalues of (T*T)2 belongs to £,. From the Weyl theorem (see for instance [50,
3.5.5]) it follows that the operator ideal &, is of eigenvalue type £,, which means that for every
operator T € S, the sequence of its eigenvalues is in £,, i.e. (1,(T)) € &,.

The following theorem of Peller characterizes the Schatten-von Neumann classes of Hankel
operators on H.
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Theorem 4.2.7. ([47, Th. I']) Suppose ¢ is analytic in the disc D, and 0 < p < co. Then H, € S,
ifand only if ¢ € Bg.

Proposition 4.2.8. Let ¢ € H(C) and o(T,) = 0(H,) = {0} u{A, : n = 1,2...}. Then
(An)i2o €5

Proof. Since ¢ is an entire function it belongs to each Besov space, i.e. ¢ € Bg forall p >0
(56l 3.5.1 Theorem 1]). Hence, by Theorem H, € &, for all p > 0. This implies, that the
sequence of eigenvalues of H, belongs to the space ¢, for all p > 0. Because every decreasing
sequence in (1, £, belongs to s ([51, 8.5.5 Lemma 2]) we get that (1,):2, € s. ]






TOEPLITZ OPERATORS

In this chapter we study the Toeplitz operators on .7 (R). The class of Toeplitz operators were
thourogly studied on the classical Hardy space H2(DD). In [13] Domanski and Jasiczak developed
the theory of Toeplitz operators on .o/ (R). The theory was further extended by Jasiczak in
(32],[33].

We start with a short introduction to the theory of Toeplitz operators on 27 (R). We intro-
duce the symbol space, state the representation theorem and the theorem on characterization
of Fredholm Topelitz operators. Finally we prove the analouge of Wiener-Hopf factorization
theorem. In the next section we study the problem of one sided invertibility of Toeplitz operators.
Finally, we investigate commutators of Teoplitz operators and show when such commutator has
finite rank.

5.1 TOEPLITZ OPERATORS ON &/ (R) AND THE SYMBOL SPACE X’
An infinite matrix is called a Toeplitz matrix if it is of the form

dgp ad_1 d_—p d_j3
a1 ay d-1 4d_p
a) a ag d_1
as [75) a ao

where (a, )0 is a sequence of complex numbers. A Toeplitz operator is a continuous linear
operator for which the associated matrix is a Toeplitz matrix. More precisely

Definition 5.1.1. We say that a continuous linear operator T:.o/ (R) - 7 (R) is a Toeplitz
operator if there exist complex numbers ..., a_j, a9, ay, ... € C such that for all n € N locally
near zero

Tx"(&)=a_,+a pné+a_ 28 +....

Similarly to the classical case, a Toeplitz operator T: .27 (R) - <7 (R) is the compression of
a multiplication operator [13]. Roughly speaking T is of the form PMp, where P is a projection
onto 7 (R) and M is the multiplication by a function from some space X, called the symbol
space. We will now describe the symbol space X’ and the projection P.

Let U be an open neigbourhood of R and K c U a compact subset of R and let H(U \ K)
denote the Fréchet space of functions holomorphic in U \ K. Define the symbol space as the
inductive limit of Fréchet spaces

X :=indyx H(U \ K),

where U runs over all open neigbourhood of R and K c U through all compact subset of R.
For the proof that the corresponding inductive topology exists, we refer to [13]. Notice that

35
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it is enough to take the inductive limit ind H(U \ K), where U is simple connected and K is
connected. Further on we will assume this.

Two functions F; € H(U; \ K;), F, € H(U, \ K;) are considered equivalent in X if and only
if there exist an open set U c U; n U, and compact set K > (K; U K;) such that Fj|y.x = F|y-k-
Elements of X', which we will call symbols of Toeplitz operators, are equivalence classes with
respect to the above defined equivalence relation. In this thesis we will usually identify function
F € H(U \ K) with its equivalence class with respect to this relation.This should not lead to
confusion.

Recall that we denoted by Hy(C \ R) the space indx Hy(Co \ K), where K runs over all
compact subsets of R.

Theorem 5.1.2. [13, Thm. 3.3] The space X can be decomposed as
X =/ (R)® Hy(Cex \R) =/ (R) ® o/ (R)".

For any function F € X there exist an open and simply connected set U > R and a compact,
connected subset K c R, 0 € K such that F € H(U \ K). Let C: X - X be the Cauchy transform,

ie.,
1 rE@Q)
2nty E-2°
where y denotes a C* smooth Jordan curve in U \ K seperating co and K such that ind, (z) = 1.
The operator C is a continuous projection onto .o (R)([13, Thm. 3.2]).

For any function F € X we denote by Mp: X — X the multiplication operator, Mg f = Ff
for f e X.

CF(z):=C,F(z) =

Theorem 5.1.3. [13, Thm. 1] The following assertions are equivalent

L T:o/(R) - o/ (R) is a Toeplitz operator, i.e. T is continuous operator such that locally
near zero

(5.1) T(x")(2) = G_p + A_p1Z + A_ps22’
for some complex numbers a,, n € N.
2. there exists a function F € X such that
T = CMp,

where M is the multiplication operator and C is the Cauchy projection.

Then holds with
1
— F n-1 ,
an 27Ti./y (§)&dé

where y is a C* smooth Jordan curve in U \ K surrounding K and F € H(U \ K).

A continuous operator T: .o/ (R) - o/ (R) is called Fredholm if it has finite dimensional
kernel and cokernel. If T is Fredholm we define its index by

index T = dimker T — dim coker T.
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Theorem 5.1.4. [13, Thm. 2] A Toeplitz operator Tp: o/ (R) - o/ (R) with F € X is a Fredholm
operator if and only if there exist an open complex set U > R and a compact set K € R such that
F(z) # 0 for z € U \ K. If Tr is Fredholm then the index of Ty is equal to the winding number of
F,ie,

index Tr = — winding F.

Recall the definition of the winding number. Let F € H(U \ K) be not-vanishing on U \ K.
Let y: T — U \ K be a diffeomorphism such that Ind, (0) = 1. We define the winding number
of F as Indr,,(0) and denote it by winding F. Note that this definition does not depend on the
choice of y.

Theorem 5.1.5. [32, Thm. 5.1] A Toeplitz operator Ty: o7 (R) — o7 (R) is invertible if and only if
it is a Fredholm operator of index zero.

Theorem 5.1.6. [32, Thm. 1.2] Let Tp: o/ (R) - <7/ (R) be a Topelitz operator with non-zero
F € X. Then either ker Tr = {0} or ker T} = {0}.

Now, we prove an analogue of the Simonenko theorem on Wiener-Hopf factorization of
Toeplitz operators acting on the weighted Hardy spaces on curves (see, e.g., [6]]). The proof
is similar to the classical one. Analogously to the classical setting, we say that f € A admits a
Wiener Hopf factorization in X, if f can be written in the form

f(z) = f—Zkf+’

where f_, f~' € indg H(Co \ K), f1, fi' € @/ (R) and k € Z. We use the notation f~! := 1/y.
We denote by Q: & — X the projection complementary to C,i.e. Q = —-C.

Lemma 5.1.7. Assume that at least one of the condition holds : F € H(Cx \R), G € &7 (R). Then
(52) TFG = TFTG-

Proof. The Toeplitz operator Tr: o/ (R) — 7 (R) can be written in the form Tr = CMzC. We
can calculate

TFG = CMFGC = CMF(CMG + QMG)C = CMFCMGC + CMFQMGC = TFTG + CMFQMGC

If Fe HCyx NR) then CMrQ = 0. If G € o/ (R) then QMC = 0.

Lemma 5.1.8. Let F € X' and consider three operators:

o Tr:?(R) > o7 (R),
. (CMFC‘FQ)X—)X,
o (MiC+Q):X - X.

If one of these operators is invertible then so are the other two.
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Proof. By Theorem[5.1.2]the space X' can be decomposed as a direct sum:
X = (R)®Hy(C \R).

The operator CMrC + Q can be written as the operator matrix

T 0\ [ (R) o (R)
(0 I)(HMCM\RJ‘*(HMCw\R)

Hence,

Im(CMFC + Q) =Im TF ® HO(Coo AN R),
ker(CMpC + Q) = ker Tg,

which prove that T is invertible if and only if CMrC + Q is invertible.
To get the assertion for the pair MC + Q and CM¢C + Q notice that

MFC+Q:(CMFC+Q)(I+ QMFC) and (I+ QMFC)_IZ (I—QMFC)
Indeed

(CMFC + Q)(I+ QMFC) = CMFC +CMFCQMFC + Q + QMFC
=(C+Q)MC+Q=MC+Q,
(I+ QMFC)(I— QMFC) = I— QMFC + QMFC - QMFCQMFC = I

Now we state the factorization theorem.

Theorem 5.1.9. A Toeplitz operator Tr: o/ (R) — &7/ (R), F € X, is Fredholm if and only if F
admits a Wiener-Hopf factorization in X, i.e.

F=F_Z'F,,
where F,,F;' € o/ (R), F_,F~' € H(C, \ R) and k = — index T.
Proof. (=): Let Tr be a Fredholm operator with index k. We put G = Fz*. By Lemmal5.1.7]
(5.3) T =TTy (ifk>0) or Tg=TuTe (ifk<0).

By Theorem [5.1.4] the operator T is Fredholm with index T,« = —k. Hence implies that
ind T = 0. Using Theorem again we get that the winding number of G and G™! is zero.
Hence, by Theorem we get that both operators T and T;-1 are invertible.

By Lemma [5.1.8| we also get invertibility of the operators MgC + Q and Mg-1C + Q. Let
@, ¥ € X be the solutions of the equations:

(MgC+Q)g =1, (Mg-C+Q)y =1
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We put

¢+ =Co, y.:=Cy.
Since C is the projection onto 7 (R), there exists an open complex neigbourhood U of R such
that ¢,,y, € H(U). Hence

G, =1-Q¢, Gly.=1-Qy

with Qg, Qy € Hy(Cs \ K) for some compact set K ¢ R. For an open set U o R and a compact
set K ¢ R by the Liouville theorem we have H(U) n H(C., \ K) = {constant functions}.
Since ¢, v, = ¢.GGly, = (1- Qe)(1-Qvy) and (1 - Qe)(1 - Qy)(o0) = 1 we get that
¢,y = constant = 1.
Finally we put
F+=1//+, F—=1_Q(P

Then F'=¢,, F-'=1-Qyand
Fz*F, =(1-Qe)z*y, = (1-Qe)z*GG 'y, = (1- Qp)z *G(1- Qy) =z *G = F.

(«=): If F admits a factorization of this form then F # 0 on some U \ K, U - open complex
neighborhood of R, K - compact subset of R, and Ty is Fredholm by Theorem [5.1.4] Since by
Lemma we have

Tp, Tp =1 and Tp T =1,

Theorem asserts that ind Ty, = 0 and ind Tr_ = 0. Finally, we use Lemma once again,
and get
ind TF =ind (TF_ Tzk TF+) = —k.

5.2 INVERTIBILITY OF TOEPLITZ OPERATORS

Theorem from the previous section states that a Topelitz operator Tr: &7 (R) — <7 (R) is
invertible if and only if it is a Fredholm operator of index zero. In this section, which is based
on joint work with Jasiczak [27], we study one sided invertibility of the Toeplitz operators.
Our starting point is Theorem[5.2.1} but first we need to introduce some notation. Let F € X
andlet F e H(U \ K), K c R-compact, U > R open, be its representative, i.e. F = [F].. We say

(i) that F has real zeros going to infinity if there are x, € R such that lim|x,| = co and
F(x,) =0.

(ii) that F has non-real zeros accumulating at a real point if the function F has zeros z, ¢ R
whose limit lim z,, exists and belongs to R.

Observe that these properties depend only on the germ F € A and do not depend on the choice
of U, K and the representative F € H(U \ K) of F.

Theorem 5.2.1. [33, Thm. 1.6] Assume that F € X does not vanish identically. Consider the
Toeplitz operator Tr: o/ (R) - o7 (R).
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(i) IfF has no real zeros going to infinity and no non-real zeros accumulating at a real point,
then the kernel of Tr is finite dimensional, the cokernel is finite dimensional and the image
of Tr is closed;

(ii) If F has non-real zeros accumulating at a real point, but has no real zeros going to infinity,
then the operator Tr. is surjective and the kernel of T is infinite dimensional;

(iii) If F has real zeros going to infinity, but has no non-real zeros accumulating at a real
point, then the operator Tk is injective and the range of Tr is a closed subspace of infinite
codimension;

(iv) IfF has both real zeros going to infinity and non-real zeros accumulating at a real point, then
the operator Tg is injective and the range of T is a dense subspace of infinite codimension.

For any F € X on of the above four cases holds true.

It is clear that if the operator is left invertible then it is injective. Hence the operator Ty is
not left invertible if the case (ii) holds. Moreover, if A is a left inverse of Tr then Tz o A is a
continuous projection onto the range of Tr. Hence the operator Ty is left invertible only if the
range of Tr is a complemented subspace of .o/ (R).

Theorem 5.2.2 (Jasiczak). Assume that F € X has real zeros going to infinity, but has no non-real

zeros accumulating at a real point. Then there exists a sequence of continuous linear functionals
(&2)nso € o (R)} such that

Im Ty = () ker &,.

n=1

The range of the operator Tr is not a complemented subspace of <7 (R).

It follows that a Toeplitz operator can be left-invertible only if (i) holds, i.e. it is a Fredholm
operator. More precisely,

Theorem 5.2.3 (Jasiczak). A Toeplitz operator Tg: o/ (R) — o7/ (R), F € X, is left-invertible if
and only if T is an injective Fredholm operator.

A right-invertible operator is surjective. Hence, a Toeplitz operator Tr can be right-invertible
only in cases (i) and (ii). We will show that, in fact, T is right-invertible if and only if it is a
surjective Fredholm operator. To exclude the (ii) case, we use the adjoints and show that the
operator Tj: o/ (R); — o/ (R); is not left-invertible. Similarly to Theoremwe will prove

Theorem 5.2.4. Assume that F € X has non-real zeros accumulating at a real point, but has no
real zeros going to infinity. Then the range of Ty, is not complemented in o/ (R)" and the operator
T}, is not left-invertible.

Throughout the proof we identify the space </ (R); with the function space Hy(Co \ R).
For F € X the operator T}: Hy(Co N R) - Hy(Cy \ R) is given by

Trg(z) = ﬁ [y %df for z € Ext(y),
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where F € H(UNK), g € Hy(Co ~ L) and y is a positively oriented C> smooth Jordan curve
in U such that Ku L c Int(y).

In the proof of Theorem we use the dual space of Hy(C, \ R), which is the space
o/ (R) itself, i.e., for any continuous functional ¢: Hy(Co \ R) — C there exist an open set
U 5 R and a function g € H(U) such that

(5.4) o(f) = (f.g) = [ f(2)g(z)dz,  f € Hy(Coo \R),

where f € Hy(Co N L) for some compact set L c R and y is a C* smooth Jordan curve in
U ~ L such that L € Int(y). Since for every functional ¢ € Hy(C,, \ R)’ there exist the unique
function g satisfiying (5.4)), to simplify notation we shall identify the functional ¢ with the
corresponding function g € o/ (R).

For any open sets U, W > R, compact sets K, L c R and functions F € H(U \ K), f ¢
Hy(Co N L), g € H(W) we have

(5.5) (Tif,g) = (f. Trg) = f F(2)f(2)g(z)dz

where y is a positively oriented C* smooth Jordan curve in (U n W) such that (KU L) € Int(y).
Indeed, by the Fubini theorem we have

(1i5.) - [ mer©goac- [ oo [ H2E

. z-&

- [ FRf(@)g(2)dz
where y, y, are positively oriented C* smooth Jordan curves in (U n W) \ (K u L) such that

(KUL)elnt(y;) and (KU L) € Int(y,).
We will need the following auxiliary lemmas and facts.

Lemma 5.2.5. If an operator A: o/ (R) — 7 (R) is surjective then the image of the adjoint
operator A" o/ (R); — &/ (R)], is closed.

Proof. Since ker A = (Im A’)° we have
(ker A)° = (ImA")** > ImA’.

To show that (ker A)° c Im A’ we define the map Ay: &/ (R)/ker A — <7 (R), Ag(x + ker A) =
Ax. The map A, is a continuous linear bijection. The space <7 (R) is ultrabornological. Since
</ (R) has a web, so does the space 7 (R)/ker A [40, Lemma 24.28]. Hence we can use the
open mapping theorem and get the continuous inverse map

Ay (R) » o/ (R)/ ker A.
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Take y € (ker A)° and define the functional y: .7 (R)/ker A — C by
y:(x+kerA) ~ y(x).

Let
n:i=yoAg.
Obviously 7 € 7 (R)’. For x € o7 (R) we have

(A'n,x) =(n,Ax) = (1, Aog(x +ker A)) = y(x + ker A) = y(x).

Hence (ker A)° c Im A’. Finally, we have (ker A)° = Im A’ and because (ker A)° is a closed set
we get that Im A’ is closed.
O

Lemma 5.2.6. Let F € H(U ~\ K) vanish on z, € C \ R with accumulating points in compact set
K c R. The image of the Toeplitz operator T;: o/ (R); — 2/ (R); is closed.

Proof. Under this assumption, by Theorem[5.2.1} the operator Tr: & (R) — o/ (R) is surjective
and we can apply Lemmal[5.2.5 O

Proposition 5.2.7. If an operator A: o/ (R)] — o/ (R); is Fredholm then its image is closed.

Proof. Similarly to the classical Banach case (see e.g. [34, Lemma 332]), the proof is based on the
open mapping theorem. Since the space .o (IR) is Schwartz its dual <7 (R )] is ultrabornological
([40} Prop. 24.23]). For a compact set K c R the space Hy(C,, \ K) admits a web as a Fréchet
space ([40, 24.29]), and the space Hy(C, \ R) admits a web as an inductive limit of webbed
spaces ([40, Lemma 24.28]). Let Y be a closed finite dimensional subspace of &7 (R); such
thatIimA e Y = &/ (R)’. By Lemmathe space o7 (R)} [ ker A + Y also admits a web. Now
consider the operator

A/ (R),[kerA®@ Y — o/ (R)', A(f +kerA,y)=Af+y.

The operator A is clearly continuous and surjective. By the open mapping theorem it is open.
Note that Im A = Im A(.2Z (R); / ker A ® {0} ), which completes the proof. N

Theorem 5.2.8. If an operator Tp: o/ (R) — o/ (R), F € X, is a Fredholm operator, then the
adjoint operator T}: o/ (R) - o7 (R) is also a Fredholm operator. Moreover

index T} = —index Tk.

Proof. By the assumption Im T is a subspace of finite codimension of the bornological space
</ (R). Hence, by [31, Thm 13.5.2] it is bornological. Since it is closed ([13, Prop. 5.1]) in a
complete space, it is ultrabornological (|40, 24.15(b)]). Hence we can use the open mapping
theorem for the map Tg: .o/ (R) — Im T to conclude that Ty is open. According to [52, Satz 1.1]
the operator Ty is a p-transformation ([52, Definition 1.1]). By [52, Satz 7.1] the adjoint operator
Tp: o/ (R); — o/ (R)] is a p-transformation and the following holds

dimker Tr = codimIm Ty, dim codim Ty = dim ker Tj. O
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Lemma5.2.9. Let F € H(U \ K) and let y be a C> smooth Jordan curve in U and K c Int(y). If
fF(z)z‘kdz= 0 k=12,...,
y

then F can be holomorphically extended to Co, \ K.

Proof. By Theorem we can decompose the function Finto F = F, + F_, where F, ¢ H(U),
F_ € Hy(Cy \ K). Define the curve y by y(¢) = y(t) We have

F (1
/F(Z)Z*kdz: —[F(l)zkzdz: —[F+(l)zk2dz—f (Z)zk’ldz
y Yy \Z Y z y Z

Since the function (z is holomorphic in Int(y) the second term equals zero. We are left with

- f7F+ (é) ZF%dz = '/yFJr(z)z‘kdz =(z"5 F.).

If the functional F, vanishes on all the z* then it has to be zero, since span{z*: k=1,2,...}
is dense in Hy(Co, \ K). O

Recall that for any f, g € Hy(C \ K), K € R compact, we have

fyfg=0

for every y such that K c Int(y). Indeed, we change the order of integration and get

Jr@s@iz= [ 1(2)s(2)ede=0

since both functions f(;)/z and &(3)/z are holomorphic in Int(1/y).

Now we set the stage for the proof of Theorem
Let F € X satisfy condition (ii) in Theorem Let (z,) be a sequence of non-real zeros
of F and let (¢, ),y be a sequence in K such that

dist(z,, K) = |z, — ¢4

We assume that
dist(z;, K) > dist(z, K) > ...

We factorize the symbol function F as

F(z) = HEm" ( "

where E," denotes the Weierstrass elementary factor, i.e.,

=) Fu(z),

}’l

E" 1-z)" z il
o(z) = (1-2z)™exp | m, z+5+...+pn ,
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the function F, does not vanish on U \ K, m, denotes the multiplicity of z, and (p,)sen is @
sequence of natural numbers chosen in such a way that

Z M (1|2, — Cn|)p”+1 <oo forallr>0.

n=1

Notice that we can always find a function F from the equivalence class of F in X' such that
F factorizes as

F(z) = £(2)Fo(2),
where £ € H(Co ™ {1, ¢2,...}) is a Weierstrass product, F, does not vanish on some V \ K
and index TFL = -1. Indeed, let k be the index of TIQO and choose the natural numbers N, Iy,
0
Iy < my such that
mi+...my+Iy=]k+1].

Then, if k > 0 we put Gy := [T\ E, (%) E;}XJ (ZZ"_;;”) Fy(z). By Theorem we have
ind T, = —ind Tg,, hence we get

N-1 N-1
index T, = winding G, = - Z m, — Iy + winding F, = — Z m, — Iy + index T,
n=1 n=1

N-1
= — E: my _'lN + k =-1
n=1
In the case k < 0 we put G := Lt and get
sy (2 ) B (25)
N-1 N-1
index T, = winding G, = Z m, + Iy + winding F, = Z m, + Iy + index Ty,
n=1 n=1

Z

-1
i+ Ly - |K| = 1.
1

B
]

Naturally, in both cases there exist an open neigbourhood V of R such that {z,...,zy1} ¢ V,
which means that G, does not vanish on V \ K. Now, we write

F(z) := E(2)Gy(2),
where £(z) = Ep¥ ™™ (22 ) [T vy Ep (252) or
E(z) = TIG By (52) Epu ™™ (252) Tiwa Epyr (2522).
The next lemma is the key factor in the proof. Recall that we identify the functionals on
Hy(Co ~ R) with the corresponding functions from </ (R) satisfiying (5.4).

Lemma 5.2.10. Assume that Gy € H(U\K) does not vanish in U\K for some open neighbourhood
U of R and compact set K c R, and let T, be a Fredholm operator with index T(, = —1. There
exists a function ¢ € o7 (R) such that

Im(T¢,) = ker ¢.
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Proof. Since T¢, is a Fredholm operator, by Proposition [5.2.7} it has closed image. From

index T, = —1 we have that dim coker T, > 0. Consider the space </ (R)’/Im T/, and let Ebe
a non-zero functional on it. Denote by 7 the quotient map

m: o/ (R) - 4®R) [im T, .

The functional & := £ o 7 is a non-zero functional on .« (R)’ such that { £, &) = 0 for all
functions f € Im T¢, . Hence Im T, c ker &. Since index Tg, =1, by Theorem we get that
ker T;;, = {0} and dim coker T; = 1. Hence Im T¢, = ker &. N

Lemma 5.2.11. Assume that Gy € H(U\K) does not vanish in U\K for some open neighbourhood
U of R and a compact set K c R and let T, be a Fredholm operator with index T, = -1. Let
¢ € o (R) satisfy Im T, = ker ¢.

(i) Put
6(2) = [T (22 6u(a) = £()60(2)

for some sequences (c,) c K, (z,) c U~ K such that dist(z,, K) = |z, — ¢,|. Then

N i
Im T}, :ker(pnqkﬂ_lkerﬁ.

In other words, if y vanishes on Im T, then

% ¢ % ¢ %
z-20 (z-2)2 " (z-2)" T z—2zy U (z—azy)V |

Y € span {(p,

(ii) Put
Zn — Cp

G(z) := ’IjE;,"n (

for some sequences (c,) c K, (z,) c U \ K such that dist(z,,, K) = |z, — c,| and sequences
(in), (pn) € N such that the Weierstrass product is convergent. Then

)Go(z) = £(2)Go(2)

zZ—¢y,

Im T, =kergpn ﬂlkﬁkerﬁ.
n= =1 n

(iii) Assume that ¢ € H(V) for some open set V > R. There exists a function a € Hy(Co \ K)
such that

o(2) = G(—())

forze (UnV)\K.
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Proof. (i): The function G has finitely many zeros in U \ K, all of them at the points z,, n € N.
Hence there exists an open set V c U, containing R, such that G does not vanish on V' \ K. It
follows from Theorem that T is a Fredholm operator and we can compute

N N
index T}, = —index T = winding G = - Z in + winding Gy = — Z i, -1
n=1 n=1

Hence index T > 0 and dim ker Tg; > 0. By Theorem[5.1.6we get ker T¢, = {0} and dim coker T}, =

S g +1
Consider the family of functions

g:{(/)(z) 9(2) _9(2) 9(2) 9(2) 9(2) }

z-z (z-2)% T (z—z) T z—zy T (z-zy)iN

We treat the family G c &7 (R) as functionals on Hy(C,, ~ R). We prove that the functionals
from G vanish on Im T/. Indeed, take y € G. For f € Hy(Co \ R), n < N and j < i, we have

Go(2)E(2)9(2)f(2) ;. _

(z-z,)

(Tef =5 [ @S @@= o [ = (Tt,8.9)

where g(z) = S((Zz);‘ ()Zj) € Hy(Co ~ R). Since the functional ¢ vanishes on Im T, we get that
(Tef-v) =

We proved that Im T¢, c Mg ker y. We will show that dimspan G = YN i, +1. This ends
the proof since it means that both spaces Im T, and g ker y have the same codimension and
have to be equal.

To prove that functions from G are linearily independent assume that

0:0c0</>+a112_z1+oc12(z_—(p21)2+ ..+almlﬁ+a212—L;2+.”+aN’l(z_(PZN)l'
Thus
T I A O S S
z-z (z-2z)? "(z-z)m™ z-2, Tz = zn)!

Since on the right we have a sum of meromorphic functions with poles of different order it
follows that all the ;; have to be zero.

(ii): Recall, that by the assumption the function ¢ € o7 (R) satisfies Im(T(, ) = ker ¢. Take
fe€Hy(Cou NR). Forany n € Nand 0 < j < i, we have

(165, 225 ) = [0 ZE ez = (o -o.
where g(z) = £21E) ¢ ¢ H (C, ~ K). Hence

(z zn)l

' = A @
Im(T.) ckeropn ker ———.
( G) (P QQ (Z—Zn)J
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To prove the other inclusion we assume that the functional y € H(V) c o/ (R) vanishes on
Im(T}), i.e., for any compact set K c Rand f € Hy(Cw \ K) we have (T f, y) = 0. Then

0=(Tef¥) = [ Gz = [(Gy)()f(2)dz,
y y
where y is a C* smooth Jordan curve in (V n U) \ K such that K € Int(y). Since Gy ¢

H(V n U\ K), by Lemma5.2.9} we get that Gy holomorphically extends to C., \ K. Put
a:=Gy,a e H(Cy \ K). We have

a(z) - ﬁlﬂ;;; (ZZ"_‘CC") Go(2)y(z) forze (VU)K

n

Since a vanishes at points z, € U n V, we can find a function by € Hy(C, \ K) such that

bn(z) = HE'”( - — )Go(z)t//(z) forze (VnU)\K.

n

The number N should be chosen is such way that all z, ..., zy liein Co, N (V N U). We can

write

1 bN(Z)
[T, 1E11>"n (Z_C") 0(2)
For Gy(z) := [T, E}; (Z_ )Go(z) and f € Hy(C,, \ R) we have

y(z) =

forze (VnU)\K.

(T4 fov) = f Gr(2)f(2)w(2)dz = [ F(2)by(2)dz=0

since f,by € Hy(Co \ L) for some compact set L ¢ R. This means that y vanishes on the
Im T¢, . From the point (i) of the Lemma we get that

(A S R }
—z T (z-z)h T (z-2y) T (z—2n)iY

¥ € span {q), 2

At the begining of the proof we showed that Im(T) c kerp n N2, N ker ) -. Assume
that Im(7T¢;) # ker ¢ n ;2 N7 ker —; (Z oy Since Im(TY) is closed (by Lemma 6) there

exists a functlonal & such that ¢ vanishes on Im(T() and &(f) = 1 for some f € ker(p N
My N2 ker (z o+ But we just proved that if £ vanishes on Im(T/;) then it belongs to

¢ ¢ ¢ ¢ }

span< @, .
P {(p zZ-z (z=2z)n (z-2zn) (z—2zn)V

for some N. Hence £ vanishes on f. We get a contradiction and we can finally conclude that

' XA ¢
Im(T:) =keron ker -,
( G) (P nr]lg (Z—Zn)]
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(iii): We repeat a part of the proof of (ii). Since Im T/, = ker ¢, we have

~ (T4 fr9) = / Go(2)f(2)(2)dz

for every f € Hy(Co \ K) and any smooth Jordan curvein UnV \ K. Since Goy € H(VnU\K),
by Lemma|5.2.9} we can extend G,y holomorphically to C, \ K. Finally, we put a := Gop. [

We proved that for a Toeplitz operator Tj: Hy(Co N\ R) - Hy(Cq \ R) with symbol func-
tion F € H(U \ K), where U is some open neigbourhood of R and K is a compact set in R,
satistiying

(*) there exists a sequence z, € C\ R accumulating in a compact set K c R such that F(z,) =0
and these are the only zeroes of Fin U \ K

we can find a sequence of continuous linear functionals £, such that Im(Ty) = N, ker &,. Now,
we construct a sequence of functions (f;) in Hy(Co \ R) such that &,(f;) = 8; 5.
We can assume that function F factorizes as

F(z):i[lE;";(; C )Fo(z)

n

where F, does not vanish on U\ K, a sequence (¢, ) satisfy dist(z,, K) = |z, — ¢,| and index Tg, =
—1. We can also assume that the sequence of zeros (z,) satisfies dist(z,, K) > dist(z,.1, K) for
all n e N,

Now we can be more precise and write

m(Té) = ker(pnqpker#
n=1 k=1 n

for some non zero function ¢ € o7 (R).
Notice that there are two posibilities: either

co My

(5.6) ker ¢ N 6:ﬂ )k ﬂﬂker( )

n=1k=1

or the equality does not hold. In the latter case there exists a non-zero function f € Hy(Co \ R)
such that
oo my (P oo my
fe ker ———~ (kergo N ker ———— )
ey ey
The function f/¢(f) is the first element of the construction in this case. If holds then we

skip the first step. Then we have to construct functions f € Hy(Cq, \ R) dual to the functionals

of the form =z, n e N, k <, and to ¢.
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Denote &, = ﬁ for n e Nand 1 < k < m,. We will construct functions f, s such that
(57) <fn,k’ #) =0, fori+mnandl< _] <m;
) .
5.8 wk———) =0, forj#k
(5.8) (f,k (z—z,,)f) or j

o9 () .

Recall that by Lemma|5.2.11(iii) we can find a function a € Hy(Cq, ~ K) such that

Denote
A:={neN:a(z,)=0}.
Notice that A is finite. This follows from (5.10) since a(z) = 0 implies ¢(z) = 0 and ¢ is
holomorphic in V o K for some open neigbourhood of the real line V. For n € A let a,, be the
multiplicity of z,,. Write
a(z) = [[(z-2.)*b(2)
neA

for some function b € Hy(C,, \ K).
Consider the symbol function

i Epy (22 f,f)

Fu(2) = [Tica(z —2zi)%

()(Z).

Let g € Hy(Co  R) be arbitrary. For I #+ n and 1< x < m; it holds that

(e L) - [Rstag

[Ticn Esz' (Zz fn")

O(Z) (Z _IZI)Kg(Z) HneA(Z — Zn)“n b(z) dz

y Tlica(z —zi)% Fy(z)
e By (552) B
- fy o ¢(2)b(z)dz = 0.

The integral equals zero because we have

hmHE ( _Cn) 1

Z—>00 i

and the integrand is a product of functions from Hy(Co \ R).
A similar calculations shows that (T}, g, ¢) =0
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It looks like functions of the form Ty, g are good candidates for the dual functions ( f,,x)
satisfiying (5.7). We need to choose a function g, x € Hy(Co \ R) such that

/ ¢ .
<Tann,k>m>=5kj, j=1...,my.

By the Cauchy integral formula we have

Hi#n Em,l %
(o)) e s
2ni di! m; [ Zi = Cn
B C(j-1)dz! (gEm (z— c )gn,k(z)b(z)) (zn)-

Hence the function g, , must be chosen in such way that

. in
(5.1) 2ni  d (

"otz ITEﬁ(Ei;@)gndZﬂK@)(%)=8M,j:L.”,mw

i+n 2= Cy

The system (5.11)) can be solved inductively for gf,] ]Z(Zn)) j=0,1,...,m, — 1. With given values

of derivatives at points z,, by Mittag-Leffler’s theorem we can find the appropriate function g, k.
We are ready to prove Theorem

Proof of Theorem Assume that there exists a continuous projection P: Hy(C, N R) —
Hy(Cs \ R) onto the range of the operator T}. Denote

XN = {f € Ho(Coo N R) : Enin(f) = Enia(f) = ... = 0},

where functionals &, were constructed in Lemma 5.2.11|and satisfy Im(Ty) = N2, ker &,,. Let

X=JXy.

N=1
For any f € X the expression

f—zaum”

where the functions f,, satisfy &,,(f,) = 8,., is well defined, since the sum is finite. For any m
we have

a1~ S 6008 = 60D a1 -0
Hence for any f € X
f - Z:; £n(f)fn € Im(TI{“)

and

Pv—iaum)w>§aump
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In other words,

U—mf=§&&ﬂ%,

where v, = (I-P)(f,,). Since &,(f,) = lit follows that f, ¢ Im T} and y,, # 0 for all n. Therefore,
there exists Z € Co, \ R such that y,(2) # 0 for every n € N.

Our aim is to construct a sequence of functions (g, ) convergent in Hy(C,, \ R) such that
(I - P)g, does not converge.

Step 1: There exists a function f € H(C,, \ K) such that

f(z))=f(z4)=...= f"Yz,)=0 ifa(z,)=0
and

2mi
(

(5.12) af)(z,) =

1
,j=0,...,m,—-1 ifa(z,)#0
yu(@ /
where vy = (I - P) fyy and fy is dual to &y = ) —*—. Indeed, if a(z,) # 0, then the system
(5.12) can be solved inductively. Let us recall that a(zn) 0 only for finitely many n € N.

Step 2: Let (g4 )n0 be a sequence of natural numbers such that the product [T;2; Eg," (2=2)
converges and consider the symbol function

Fv) = ] B (222 ko)

n=N+1 Z—Cp

We claim that the sequences ( Ty, f)nz0, which depend on the choice of (g, ) 20, are convergent
in Hy(Co N R).
Ifn>Nand1<k<m,then

(5.13) (T;Nf,L%fyHn o Bl (2o Cm)Fo(z)f( )a(z) oo

(z-za)k (z-z,)k Fy(2)

since the integrand is the product of functions form Hy(Ce \ R). This implies that T} f € X
forany N e N.
The function
I (2=2) 2
n=N+1
converges uniformly on compact sets of Co, \ K to f. Hence it converges to f in Hy(Cq, \ R)
and

T;Nf:Tgo( I] E (

n=N+1

) 5a)) - 1
Thus if P is continuous we should have

(I-P)Tg f = (I-P)Ty,f.
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Step 3: We choose a sequence (g, ) nzo such that (I - P)(Ty,_ f) diverges.
For1<i<N,1<j< m; wehave

o\ _ MiwaEg (5 )f(Z)a(Z)
e

(z-2z)

i (e (222 reae) @)

n=N+1

.1 . —e\ P ‘
(5.14) - _2”’ (J D! (]‘[ E;“(Z—)) (z:)(fa)U ()

n=N+1 Z=Cn

i il i—1)! n— Cn ® j—1
_(J’z—l)lzk!(g]—llzlk)!(nn B (2 )) =) (fa) )

k=1 =N+1 n

Since for all N € N the product [T,2y,, E," (ZZ—C) converges to 1, its derivatives tend to 0
and we get
2mi

where, as before, vy = (I — P) far with fy; dual to &y =

1
yu(2)’

N—oo

lim <TFI/\]f,
_v
(z-z;)J*
Without loss of generality we can assume that

diSt(Zl, K) > diSt(Zz, K) > ...

Otherwise, we group the points z, into the subgroups of the same distance and then choose
en> (PN )nso for these subgroups, i.e. if dist(z;, K) = dist(zj, K) then we choose ¢; = ¢; and

(pil)"ZO = (P{a)nzo-

First, we choose the numbers 8y to be such that
diSt(ZN, K) - 6N > diSt(ZN+1, K)

Next, we choose a sequence (ey), ey < 1 such that

2r L (j-1)! k!(dist(zy, K) - Ox)en (i-1-k) 1
61 GomigRgoe seg (V@@

for j=1,... N. Finally, we choose a sequence (g, ) satisfying

i My Zn —Cp
HE%( )—1g

n=N+1 2= Cy

1

SEN>

(5.16) 3

for every N = 1,2, ... and z such that dist(z, K) > dist(z, zy) — dy. This is possible, because the
product 1,2, Eg" (%) converges, so its tails converge to 1 and all its factors get closer to 1
with larger p,,.
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We now show, that for such choice of (g, ) x20, the sequence (I - P)(Tj, f) diverges. Denote

Sn(z) = f—o[ E: (Zn - Cn) :

n=N+1 2= Cn

Recall that we assume that K is connected, hence
y:={{eC:dist((,K) = dist(zn,K) — On}
is a piecewise smooth curve. By Cauchy’s integral formula for j > 0 we have

Wy Jb [Sn(0) -
Sy () == 2mi Jy (¢ - Z)J“d(

for dist(z, K) > dist(zy, K) — 8n. For z such that dist(z, K) > dist(z, zy ) — Oy we have

maxgey [Sn(¢) 1]
j+1
s

Let &y = oy With i <N and yy; = (I — P) fy, where fy is dual to &,;. We use 1b and
compute

(517) |SIJV(Z)‘ < j!(diSt(ZN, K) - 8]\]) < ] (dlSt(ZN, K) 6N)

8]+1

|(T§Nf,<$M)1//M(%')—1\g‘ 21” ﬁ Em (Zn_ n)(af)(] D(z, )VIM(N)_I‘

1)'71 N+1 <
5 (G-
kz KG-1-k)!

® |
)) (2)(Fa) 00 () (3)

(n 1o (s

The first summand is < 3 by . 5.12) and (5.16] . The second summand < 1 by (5.15) and (5.17).
Recall that, by (5 for i>Nand 1<k < m; we have (T}, f, (z—z-)k) = 0. Hence

<

UJIN

<

W1
MZ

B
1l
—

|<I—P><T;Nf><a—§mn

2 TS £, Ehum(Z) - zmn

and
i N%oo

We proved that Im T}, is not complemented in .7 (R)’. Hence the operator T, is not left-
invertible. O]

(1= P)(T;, ) (®)] 2 im —|(I=P) (T, ))(Z) - imn >

Finally we can state the theorem
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Theorem 5.2.12. A Toeplitz operator Tr: o/ (R) — o7 (R) with symbol F € X is right-invertible
if and only if it is a surjective Fredholm operator. Moreover, the right-inverse is of the form T Ty,
where G € o/ (R).

Proof. We proved that if Tr is not a Fredholm operator then it is not right-invertible. Let Tr be
a surjective Fredholm operator. Then index Tr = k with k > 0. By Theorem[5.1.9|the function F
admits the following factorization

F=F,z*F_,

where F,,F;' ¢ H(U) and F_, F-! € H(C4 \ K) for some open complex neigbourhood U of R,
and a compact set K c R containing 0. We claim that the right-inverse of T is given by

TFJ:I ZkF:l .
Indeed, using Lemmal[5.1.7| we get
Te,ovp (T Topt) (8) = Tootprr T, Too Tokpr g

= Toxp Tp, po Trpmi g

= Tz"‘F:l kF18
= Tz‘ijlsz:Ig
= g_

5.3 COMMUTATORS OF TOPELITZ OPERATORS

A commutator of two operators A and B in L, (<7 (R)) is given by
[A,B] := AB - BA.

In this section we characterize when the commutator [T, S] = TS — ST of two Toeplitz oper-
ators has finite rank. The proof is similar to the proof of Ding and Zheng [9] for a corresponding
result on H(T).

Recall that the symbol space X' can be decomposed as X' = &7 (R) @ Hy(Co, “R))and C, Q
denote the complementary projections onto .7 (R) and Hy(C, \ R), respectively. Up to this
point we have only considered Toeplitz and Hankel operators acting on the space <7 (R). We
will now need Toeplitz operators acting on Hy(C,, \ R). We also need another definition of
Hankel operators. For f € X we define Toeplitz and Hankel operators with symbol f in the
following way

Ty o/ (R) - o/ (R), Trg=C(fg)
Ty Ho(Coo N R) - Hp(Coo \ R), Trh=Q(fh)
Hy:.o/ (R) - Hp(Coo N\ R), Hy(g) = Q(fg)

Hy:Hy(Coo \R) - & (R), H(h) =C(fh)
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for g € &7 (R) and h € Hy(Co ~ R). The adjoint operators are the following
Ti=Ts;, T;=T;, H;=Hy, H;=Hj.

We have the following realtions between Toeplitz and Hankel operators

(5.18) Tye = Ty T, + HyHy,
(5.19) Tye = T;T, + H¢H,
(5.20) Hf, = HiT, + T;H,
(5.21) Hf, = TH, + HT,.
Indeed,

Trg(h) = C(fgh) = C(f(C + Q)(gh)) = C(fC(gh)) + C(fQ(gh)) = Ty Ty(h) + HyHy(h),
Tre(h) = Q(fgh) = Q(f(C+ Q)(gh)) = Q(fC(gh)) + Q(fQ(gh)) = HfHy(h) + T; Ty (h),
Hpo(h) = Q(fgh) = Q(f(C+Q)(gh)) = Q(fC(gh)) + Q(fQ(gh)) = HyTy(h) + TyHy(h),
Hpy(h) =C(fgh) =C(f(C+Q)(gh)) = C(fC(gh)) +C(fQ(gh)) = T;H,(h) + HTy(h).

Hence, for f € &7/ (R) we have Hy = 0 and
(5.22) Hy, = TfH, = H, Ty.
For f € Hy(Co \ R) we have H; = 0 and
(5.23) Hf, = T/H, = H,T;.

Moreover, if f € Hy(Co N R) or g € &7(R) then we also have

(5.24) Ty = Ty T,
and
(5.25) Tt = T, Ty

We investigate when the commutator of the Toeplitz operators, [Ty, T, | = Ty T, — T, Ty is of
finite rank, i.e., its image is finite dimensional. Notice that from (5.18))

Tng - Tng =HgH, - HoHy

and so the rank of the commutator [T, T,] is related to the rank of the corresponding Hankel
operators and their product.

We use Pol, to denote the set of all analytic polynomials (i.e., polynomials in z) and Pol_ to
denote the set of polynomials in 1. By the Kronecker theorem we get

Theorem 5.3.1 (Kronecker). Let f € X. The Hankel operator H has finite rank if and only if
there exists a polynomial p € Pol, such that pf € o/ (R).
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Proof. The proof of implication (=) is similar to the one given in Theorem [4.1.8} hence we
present here just a sketch of it. Let f-(z) = Qf(z) = X ,2, a,2z " around infinity. Assume
that rank(Hf) = N. Then Z;VOCJHf(Zj) = 0 for some ¢;,...,cy € C. Let p = Z?]:o c;z",

q(2) = L}t Ty cjaxz’ . Then pf_ = q.
For the other direction, (<), let f- = Qf, f-(z) = X2, a4,z " around infinity. Assume that
pf € Z(R). Since pf- € H(C \ K), for some compact K c Rand pf- € &/(R), it follows that
pf- € H(C) and by Liouville theorem pf_ is a polynomial. Let

fo=y degla) <deg(p).
Assume that .
p(z) = Z ¢z,
j=0
Then N
p(2)f-(z2) = Z ¢z Z Z > cjarz ™ = q(2).

We have

hence

N
chaj+l:O Vi1eN.

j=0

For every u € N we have

N N ) =) N
Yo Hp(27") =3 ¢; Y ajunz ' =) (Zc a1+1+u)z = 0.

j=0 j=0 =1 =1 \ j=0

—
—

Hence, for every N-tuple z, ..., 25N the vectors Hy(z*), ..., Hy(2k*N) are linearly dependent
and dim(H (< (R))) < N.
[

Analogously, we have

Theorem 5.3.2 (Kronecker). Let f € X. The Hankel operator ﬁf has finite rank if and only if
there exists a polynomial q € Pol_ such that qf € Hy(Co \ R).

Lemma 5.3.3. Let p,q € Pol,, p,q € Pol_.
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(a) Let A: o/ (R) - o/ (R) be a continuous operator. If the operator T;AT, has finite rank, then
A also has finite rank.

(b) Let A:Hy(Co ~NR) —» Hp(Co \ R) be a continuous operator. If the operator TPATq has
finite rank, then A also has finite rank.

(c) Let A: o/ (R) — Hy(Co \ R) be a continuous operator. If the operator TqATp has finite rank,
then A also has finite rank.

(d) Let A:Hy(Coo N R) — &7 (R) be a continuous operator. If the operator Tquﬁ has finite
rank, then A also has finite rank.

Proof. First notice, that each polynomial p € Pol, can be decomposed into p = p_zFp,, with
P, p- € H(Co \R), p,, pil € o (R), k = deg p. Indeed, let

k , ‘
p(z)=c[[(z-aj) =[] (1— ﬂ)zkc [ (1— ﬂ) =p z*p,.
j=1 ajeR z aj¢R z
Similarly we can decompose g into g = q.z"'g_, withg_,q_' € H(Co, \ R), g,,q7' € #(R),
leN.
We prove (a). The other cases are similar. By we have

Ty=Ts 4p. = T5 Ty, = T5 Tp, Tut.

_ZkP+ kP+

Let M = T;AT,(</(R)), dim M < co. We claim that the operator TGAT; T, also has finite
rank. Indeed,
N = T;AT; T, (/(R)) = TyAT; T, (T (7 (R)) @ Xy)
= TqATp(JZ{(R)) ® TgATﬁ_T +(Xk),
where X = {f € &/ (R) : f() =0 for j > k}. Hence dim N < dim M + k < oo.
Notice that, by

TgATﬁ_ = TﬁATﬁ_ Tp+p11 = (TqATp_ T N ) TPII .

Hence rank(TzAT; ) < oo. We repeat the last step

T7A = T7AT; 51 = ToAT; Tpo

and get that rank(TzA) < co.
We have (T;A)" = A/ Tq. By the same argument we show that rank A’ is finite. As before, by

(5.25) we have

T;=T, .5 =1

Let M = A'Tz(Hy(Co N R)). We have
N = AT, T, (Ho(Cu R)) = AT, Ty (T (Hy(Co v R)) 0 )
= A'T;(Hy(Coo “R)) @ A'T,. T; (Y1),
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where Y; = {f € Hy(Coo\R), f(2) = X2, fuz™": f, = 0 for n. > I}. Hence dim N < dim M +1 <

o0,

Finally, we have

ATy, = AT, T, 1= AT, T; T

4+ 1q_q!
A =AT, = AT, T,
and so rank(A) = rank(A’) < oo. N
We will write
A=B (mod F)

to denote that the operator A — B has finite rank.
Recal that the dual space .7 (R)’ is isomorphic to Hy(Co N R). Hence, for x € o/ (R),
y € Hy(Co \ R) we can define the rank one operator (x ® y) by

(x®y)(h) = (h,y)x, hed(R)

Lemma5.3.4. Let fi,gi € X, i=1,...,n Ifrank(X", Hy,H,,) = K then there exist polynomials
A; € Pol_ and B; € Pol,, such that

Zn: fie HCow ~R) or Zn:B,-g,-e,@f(R).

i=1 i=1
Moreover,

max (degA,, deg B; ) K.

1<i<n

Proof. Let n € N and rank(Y", H 1 H,,) = K. We prove the result by induction on the rank K.
Let K = 0. Then

Zn: i_vangi =0
i=1

If for some i one of the operators H f.» Hy, is zero, then the result is clear - it is enough to take
polynomials A; = B; = 0 for j # i and non zero constants A; or B;. Hence we assume that for all
i, Hy # 0and Hy, # 0.
Note that for h € Hy(Co \ R), h = 372, h,z7" around infinity, we have
(1- T2 T,)(h) = h - Q(z7'Q(zh)) = h - 27'Q(zh) = lyz™' = (h, 1)z

Hence for h € &/ (R) and i = 1,...n we have

Hy(1- T~ T.)H,, (h) = Hy, ((Hg, (h),1) 271) = (b, H; (1)) Hy, (z)
= (Hy(z") @ H, (1)) (h) = (Hg,(z7") ® Hy, (1)) (h).
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By (5.22) and (5.23)) we get the identity

no__ no__ ~
S Hp(z') ® Hy (1) = Y Hy, (1- T.- T.) Hy,
i i=1

(5.26) . "
=Y H;H,, - T, (Z ﬁf,.Hg,.) T,
i=1 i=1
Taking adjoints we get
S H,, (1) ® Hy(2") =Y H,, (1- T,T,~) Hy,
(5.27) i - )
- ZHgiﬁﬁ - TZ (ZHgiﬁfi) i'l
i=1 i=1
For A € R we put hi(z) = 3=75. We have h) € Hy(Co N R) and (f, hy) = f(1) for all

f € o (R). Since Hy, # 0 for all i, there exists A such that Hy,(z7!)(1) # 0 for all i. Since
rank (Y1, Hy, Hy,) = 0 we get

> Hy (1) © Hy () () = 3 (s (e ) Ho (1) = 3 (2 () H (1) = 0.

i=1 i=1

i=1

Put B; := Hf,(z!)(A). Then B, # 0 for all i and

0= ZBngi(l) = HZ?:IBfgf(l) =Q (Z Bigi) .
i=1 i=1
Hence Y7, B;g; € </ (R). This concludes the case K = 0.

Assume that the result is true for K < k and consider K = k. Let

no__ k
Z;Hfngi = ij ® Yjs
i

=1
for some x; € &7 (R), y; € Hy(Co \ R), with
dimspan{xy,...,x;} = dimspan{y,..., yx} = k.
We will consider three cases:
(1) the vectors Ty, ..., I,k are linearly dependent,
(2) the vectors T,-1xy, . .., T,-1xy are linearly dependent,

(3) both sets of vectors { T, yy, ..., T,yx} are { T,1xy, . .., Ty1x; } are linearly independent.
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Case (1): Let
k-1

szk = ZC]TIZ)/J
i1
For further reference let us observe that for x € &7 (R) and y € Hy(Co \ R) we have

T,1(x® y)T,(h) = T,«({T.h, y)x) = (h, T,y) T,-1x
= (h, sz)TZ—lx = (Tz—lx ® Tz)/) (I’l)

Now, by (5.22) and (5.23)) we get
Zﬁ"ﬁ Heg = Ten (ZHfH )T T (ZXJ‘X’)’J)T ZTIX}@TZ)/J

i=1 j=1 j=1
k-1 _ _
= Z TZ—1Xj ® szj + Tx, ® szk
=
k-1 _ k-1
= Z Txij®@ Ty + T1x, ® Z ¢;iT;y;
J"l Jj=1
- k-1
=Z 1x]®TZy]+Zc] -1xk®sz]
j=1 j=1
k-1

=) Ta(xj+cjxg) ® iyj.
j:

—

< k — 1. By the induction hypothesis there exist
polynomials a; € Pol_, b; € Pol,, such that max;(deg(a;),deg(b;)) = k —1and

We showed that rank(¥", H, fHz,) <

zn:a_‘lfeH (Co~R) or zn:zbg,e%
i=1

i=1

The polynomials

have the required properties.
Case (2): The proof of is similar.

Case (3): We assume that T, Virenos T, ¥ are linearly independent and T,1xy,. .., Ty1x; are also
linearly independent. From ([5.26]) we have

n K k _
(5.28) Y Hp(z")®Hg (1) =) x;®y;— > T,ax;® T.y;.

i1 =1 j=1
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So, for any w € &7 (R) we have

n k k
(5.29) S (w, He, (D) Hf (271) = Y (w, y)x; = Y (w, Toyj) Tx;.
j=1 j=1

i=1
Since T, yy, ... T,y are linearly independent we can find w,, . .. wi € o7 (R) such that
det ((w,, iyj))lj # 0.

Such choice is possible by the Hahn-Banach theorem. We treat the space <7 (R) and vectors
Wi, ..., Wi as functionals on Hy(Co \ R). Hence for every I = 1,..., k we find the vector w,
such that (w;, T,y;) = 1if j = I and (w;, T,y;) = 0if j # I.
We define scalar matrices A € My, C € My, by
A=(ay), a;=(w,Ty;),
C=(cij), aj=(wi,Hg(1))

and a k x k matrix B of polynomials in £ by
B=(byj), bij=(wiy;)—ayz"
Finally we denote
X=(xp..0x0)7,
Hy=(Hp(z"),.... Hy(z )

Because
.X'j — X](O)

TZ—IXJ' =
V4

= z’lxj - 271Xj(0),
using (/5.29]) we have N
CH, = BX + AX(0)z™".

Indeed, we compute the /-th element
(CHy), = ZCIJHf () = Z wi, Hy, (1)) Hy, (7))

(WI’J’J> (Wl> TZyJ')TZ"xJ'

k

(wl,szJ)z x> (wi, Zy])z 'x;(0)
j=1

- T T
- EM»

<Wl’y]>

._.

.
]
il

I=
= (BX); + (AX(O))ZZ_I.
Denote B = det B. From the definition of the matrix B it follows that

B(z) = (-Dkaz™* + ariz7 %+ ..+ ay,
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where a = det A is non-zero by the choice of w;, 1 = 1,...,k, and ay,..., a,_; are constants.
Hence deg B = k.
We denote by adj(B) the adjugate of the matrix B and have

adj(B)CH, = BX +adj(B)AX(0)z™".
Let C = (Elj)lgk,jgn =adj(B)C. Each Elj is a polynomial in ! of degree at most k — 1. We apply
the projection C: X - o7 (R) to both sides and get
(5.30) C(CH,)=C(BX).
Notice, that for arbitrary f € X, g, h € Hy(C \ R) we have
C(hH;g) =C (hC(fg)) =C(h(Q+C)(fg) - hQ(f8)) = C(hfg) = Hisg.

Hence for each i = 1,... k we have
¢ ([Eil’ e ’Ei"] Ef) =C (ZE’JﬁfJ (z_l)) =C (Hz;’:laij,fj (Z_l)) = ﬁz;:lajfj (Z_l)

and by

(5.31) : =

Analogously, using adjoints, from we get
n k ko
(5.32) Y Hy(1)®@Hp(z") =) y;®xj— Y. T.y; ® T,ax;.
i-1 j=1 =1

and repeating the last procedure, we get a polynomial B(z) € Pol,, deg B = k and polynomials
UyjePol,,I=1,...,n,j=1,...k, of the degree at most k — 1 such that

HZ;‘:I Ul,jgj(l) TBxl
(5.33) : = :
HZ;LI Uk,jgj(l) TBxk

We consider now three cases:
(i) thevectors Hy(z),..., Hy,(2™%), x5, ..., x; are linearly dependent,
(ii) the vectors Hy, (1),..., Hy, (1), y15..., yx are linearly dependent,

(iii) sets of vectors {Hp(z), ..., Hy,(z7), %1, ..., x¢} and {Hg (1), ..., Hg, (1), y1s - -5 Y1}
are linearly independent.
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Case (i): In the first case we assume that Hy, (1), ..., Hy,(z7!), x1, . . ., x4 are linearly depend-
ent. Put

n-1 k
Hy,(z7") = Y aiHp(27') + ) Bix;.
i=1 =1

We apply the operator Tj to both sides and by and we get

n-1 k
Hyg; (27") = THy, (27') = Y Ho 5, (27) + ) B Tgx;
i =1

N
|

1 k n
=2 Hyzp (z7") + 2/31 Z Hg, g (™)

' j=1 =1

—

x ~.
L

= Ha,-ﬁfi(z_l) + 2 sz.;lﬁjéﬂf,(z_l)-

i=

—

Hence
_ L
Hy, @5 pc,0-5i fi(wBest, g (27) =0

and the symbol satisfies

k n-1 k
fn (E - Zﬁ]E]n) - Zf, ((X,‘E + Zﬁ]Eﬂ) € H((Coo N\ R)
j=1 j=1

Put
— — k —_—
An :B_Zﬁjcjna
=1
k
Aii=—|a;B+) BiCii], i=1...,n-1
=1
Then,

> Af € H(Co N E)

and deg A, = k,degA; <k-1fori=1,...,n-1L

Case (ii): In the second case we assume that Hg, (1), ..., Hy, (1), y1,.. ., yx are linearly depend-
ent. We act similarly to the previuous case. We put

n-1 k
Hy, (1) = 2 aiHg (1) + 2 B
i=1 j=1
We apply the operator Tj to both sides and using and (5.33) we get

n-1 n
(5.34) Hgy, (1) = TBHgn(l) = Z; Ha,—Bgi(l) + lz—; Hz;,;l BiUug (1)
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Hence

H

Bgn-Y !l aiBgi-Y & Zj-‘:l BjUji (1) =0

and the symbol now satisfies

k n-1 k
n (B - Zﬁ]UJ") - Zgl (OC,-B + ZﬁJUJ’) € %(R)
=1 i-1 j=1

We put
k
B,:=B-> B;Uy,
j=1
k
B, —oc,B+Z/>’JUﬂ, i=1...,n-1
j=1
and get
ZBigi E%(R)

i=1

with polynomials B; satisfying our conditions.

Case (iii): We are left with the situation in which ﬁfl (zY),..., ﬁfn (z71), x4, ..., x are linearly
independent and Hy,(1),...,Hg, (1), y1,..., yk are linearly independent. We will show that
such a situation cannot occur.

Since Hg, (1),..., Hy, (1) are linearly indpendent, for each i there exists #; € 27 (R) such
that (H,, (1), 7;) = land (Hg;(1),1:) = 0 for j # i. Hence, from we get

o~

k
Hp,(z7%) = (i )% = 2 (10> Toys) Tonx;
j=1 j=1

andfori=1,...,n we have
Hy (z7") e span{xi, ..., xg, Taixp, . .., TpiXk )

Hence
dimspan{xi,..., xx, To-1x1, ..., Tox ) > k + n.

Since by the assumptions of case (3) and case (3)(iii) both sets of vectors {xi,...,xx}
and {T,-1xj, ..., T,-1x; } are linearly independent, by the Hahn-Banach theorem there exists
1< < k and a functional v € &7 (R)’ such that

(TZ—IX,‘,V/>:0 izl,...,k

and

(xy)=1
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By (5.32)) we have

n k
> v Hy (7)) He, (1) = 3w x))y
i=1 j=1
This is a contradiction since Hy, (1), ..., Hy, (1), y1,.. ., yx were assumed to be linearly inde-
pendent. ]
We can now prove the theorem on finite rank semicommutator of Toeplitz operators.

Theorem 5.3.5. Semicommutator of the Toeplitz operators [Ty, T, ) is finite dimensional if and
only if one of the operators ﬁlf, H, is of finite rank.

Proof. By (5.18) we have
[Ty, Ty) = Tgg — Tf Ty, = HH,.

Assume that rank((Ty, T,]) < oo. By Lemmathere exists a polynomial A € Pol_ such that
Af e H(C, \ R) or a polynomial B € Pol, such that Bg € o/ (R). If Af € H(C \ R) then
Hy, = TzHy = 0.
By Lemma 3, H; has finite rank. If Bg € </ (R) then
Hp, = HyTy = 0
and again by Lemma[5.3.3} H, has finite rank. ]

Theorem 5.3.6. Let fi, f>, &1, & € X. If none of the operators ﬁﬁ, PNIfz, Hy,, Hg, has finite rank
then
Hlegl = Hszgz (mod .7:)

if and only if there exist nonzero polynomials A, A, € Pol_, By, B, € Pol, such that:
Xl_fl + Zz_fz € H(Coo AN R), Blgl + Bzgz € d(R)

and
AIBI = AZBZ .

Proof. =: Assume that H,H,, = Hy,H,, (mod F). By Lemmathere exist polynomials
Ay, A, € Pol_ such that A, f; + A, f, € H(C \ R) or there exist polynomials B, B, € Pol, such
that Blg] + Bzgz € %(R)

First we assume that A, f; + A, f € H(Cq ~ R). It follows that H fisdop, = 0and so

~ ~

Hzlfl = _HZZfZ .

Since, by the assumption, H fis H 1, are not finite rank operators and at least one of the polynomials
is non-zero we get that both operators Hy ., Hy, ,, are non-zero.
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Let n = max{deg A, deg A,} and write
A(z)=a,z"+...+a
Ay2) = bz "+ ...+ by,
with |a,| + |b,| > 0. We have
TZI [ﬁlegl - Hszg ] HAfH HA fZH

HA .6 He HAleH

= ~Hp, T3, Hy, - Hy T Hy,

=-Hp,T, Tz;zo pyon-iHg = Hp, T Tz;-zo ajor-1Ha,

= ~HponHy s pyors = Hppon Hy wr ) ajones
Hfzz "Ha T bz g T g a2

Since H 1, is not of finite rank, then by Lemma the operator H fon = H £ T,-» is not of finite
rank. Hence by Theorem5.3.5]

rank (Hg1 Z;’ZO hjz”—j+g2 Z;’ZO gjzﬂ—j) < 00

and by Kronecker theorem there exists a polynomial g € Pol, such that

q(z) (gl Z biz" T+ g Z ajz"j) e o (R).
=0 =0

We put

n

B =0 20 B =a2) ) 0

=0
Hence, Big + B¢, € o/ (R) and

By(2) = 4(2) z bz = q(2)2" z bz = 4(2)2" A (2),
Ba(2) = 4(9) Y2 = q(2)2" Y 0 = ()2 ().

This proves that A;B; = A,B,.
Now we consider the other case, i.e., Bijg; + B,g, € </ (R). We act analogously. From
Hp, g,+B,g, = 0 it follows that
Hp, g = —Hp,g, # 0.

We put

Bi(z) =a,z" +...a9
By(z) =b,z" +...b,.
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with |a,| + |b,| > 0. We have
(HpHg, - HpH,,) Ty, = HyHg,g, - Hp, Hp,g,
= —HjHp,,, - HyHp,,
= ~H; Ty, H,, — Hy, Ts, H,,
= —HTsy pens TonHy, = Hp Tor g T Hy,
- ( Hy, T27:0 byanti = ﬁﬁ Tsn o) J) T, H,,
= Hysr bemiofysn, aeniHong,.

Since Hy, is not of finite rank, by Lemma MC) the operator H»,, = T.H ¢, is not of finite
rank. Hence, by Theorem

rank (Hfl Z?:O bjz—n+j_f2 Z;l:o ajz‘""’j) < 00

and by Kronecker theorem there exists a polynomial g € Pol_ such that

(ﬁsz"”—szaZ )eH(C R).
We put
A(z) =9 Y bz, A(z)=q(z") > a7
=0 =0
Hence Zlﬁ + Xzfz € H(Co N R) and

Az =q(z") Z biz " =g(z ")z zn: bz =q(z")z7"By(2),

=0
Ay (2) =4(2 1)Za] " =q(z)z" Zajzf-q(z z"Bi(z)

giVCS ZlBl = Zsz. o
<=: Now we assume that there exist polynomials A;, A,, B, B, such that

Afi+Afe H(Co, \R), Byg +Byg € 7 (R)
and A, B, = A,B,. Using (5.22), (5.23), (]5.25[) we compute
Ty, (HpHy, — Hp, Hy,) Ty, = Hy, i Ha,g, — Hy, ,Ha,g,
= iy, Hisg, ~ Ho g, Hig,
= Hy, (T3, To, - T3, Tw) He,
= Hp,(Ts,5, ~ T, )Hg  (mod F)
= Hy,(Ts,5,-5,8,)H, = 0.

Hence rank( Ty (HﬁHg1 H,H,,)Tp,) < oo and by Lemma we get that rank(H H,, -
Hf2 gz) < 00, ]
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Finally we can answer the question when the commutator of Toeplitz operators has finite
rank.

Theorem 5.3.7. Let f, g € X. The commutator [Ty, Ty] has finite rank if and only if one of the
following holds:

(1) there exists a nonzero polynomial p € Pol, such that pf € o/ (R) and pg € o/ (R),
(2) there exists a nonzero polynomial q € Pol_ such that qf € H(Co, \R) and qg € H(C,, \ R).
(3) there exist polynomials Ay, A, € Pol_, By, B, € Pol, such that

Af +Age HCyu \R), Big+B,f e (R)

and
AIBI AZBZ

Proof. (=): Let rank([ Ty, T,]) = rank(H;H, - HyHy) < co. Assume first that H; has finite
rank. By Kronecker theorem there exists a polynomial p; € Pol, such that p; f € o/ (R). Since

(Hng - Hng) T, =HsHy ¢ - HeHy,

and Hy,, = 0, we get that H fH, 4 has finite rank. From Lemma@ there exists a; € Pol_ such
that a; f € H(Co \ R) or there exists b; € Pol, such that b;p;g € &7 (R).

Ifa;f e H(C., \ R) for some @ € Pol_ then (3) holds with A, = a;, A, =0, B, = 0, B, = p,.

If bip,g € o7/ (R) for some b; € Pol, then (1) holds with p = b;p;.

If one of the operators H,, H £ H ¢ has finite rank we get a similar result.

If none of the operators Hy, H,, H [ H ¢ has finite rank, then we use Theorem and get
that (3) holds.

(«=) : Now we prove the other direction, so we assume that one of the (1) — (3) holds. If (1)
(or (2)) holds, then by Kronecker theorem H ¢ and H ¢ (or Hy and H,) are finite dimensional
and [Ty, T,] = HyH, - HyH; has finite rank. Assume then that (3) holds. Using ,
we compute

Ty (HfHy — HyHy) Ts, = Hy ;Hy,o — Hy Hp,g
Hp,g — Hz H 5,

H—Azg Ag
g( T—Kz TBz )Hg - Hg( TZI T—31 )Hg
= g(TZITB1 - TZZTBz)Hg-
Now we prove that the operator TZI T, - ng has finite rank. By 1} we get the formula for a
semicommutator L B
(Ty, Tg] = Ty Ty - Tye = HyH,.
Hence
TZI TB1 - TZZ TB2 T TB1 TAIBI + TAsz TZZ T32 = HZIHBI - HKzHg-

Since on the right hand side we have only finite rank operators, the operator TKI T, - T3, Ts,
has finite rank. Lemma completes the proof. O



5.3. CoMMUTATORS OF TOPELITZ OPERATORS 69

In Chapter 4| we have considered Hankel operators acting from .27 (R) into <7 (R). We
will now derive the result concerning commutators of Hankel operators on 7 (R) from the
just proved results on Hankel operators acting from .7 (R) into Hy(Co ~ R). Recall, that
for an entire function ¢ € H(C) we denote by I, the Hankel operator acting on &7 (R), i.e.,
Iy: o/ (R) > o7 (R)

1 ro(de(z)
Lg(2) = 5~ [ e ged(B)

where y is a C* smooth Jordan curve such that z, 0 € Int(y) and g(%) is holomorphic on y and
in Ext(y).
We have the following relation between I', and H,

F‘P = RHRq,,

where R is the isomorphism between H(C) and Hy(Cw ~ {0}), Rf(2) = 1 f(3). Indeed, take
¢(2) = X020 92" € H(C). Then for every monomial z¥ we have

I“(P(zk) = Tzkfl(/”

RHgy(2") =RQ(Re-Z*) =RQ(D. 9,z ) = R(D_ 9uz ") = Y 9,2"* = Tk, 9.
n=0 n=k n=k
Moreover, for every f,g € H(C) and k e N
I/T,(z%) =T/(TE g) = C(fzRTE. g),

H,fHgy(2") = HfRT¥,g = C(zfRTF  g).

Hence

I(T, = H.;Hg,.
Theorem 5.3.8. Let f, g, h € H(C). The following are equivalent
1. TfTy is a finite rank perturbation of T,
2. Iy and T}, are finite rank operators,
3. there are nonzero polynomials A, B, C € Pol_ such that
Af e H(Co “R) and Che H(Cu\R)

or
Bge H(Co, ~R) and CheH(Cy,\R).
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Proof. (2) < (3): Notice first that B(Rg) € o/ (R) for some B € Pol, if and only if Rg is a
rational function. Hence also g is rational. And this is equivalent to Bg € Hy(C., \ R) for some
BePol_.

From the Kronecker theorem and the identity I, = RHpy, it follows that I, has finite rank if
and only if Ch € H(C., \ R) for some C € Pol_.

Since I T, = H,;Hg,, the equivalence (2) <> (3) follows from Lemmam

(1) < (2): We have to show (1) = (2). Suppose I'tI, - I}, is a finite rank operator. From
(5.26) we have

H.;(z™") ® Hrg(1) = HyfHyy — T, H,fHpg T,
= [T, — T I T, T,
=Ty — T« T, (mod F)
=TIy - rTZZ_lh

=Thr2 -
Hence the operator I, 72 j has finite rank. By the Kronecker theorem for the Hankel operators

acting from <7 (R) into ﬂ(R) (Theorem the function h — T2, h is a polynomial. Hence h
is a polynomial, the operator I}, is of finite rank and so is I' . ]

Theorem 5.3.9. Let f, g, h € H(C). The following are equivalent
1 [Ty, T,] =T, (mod F),
2. Ty, [Ty, Tg] have finite rank,

3. T, IfTy, T, have finite rank or there are nonzero polynomials A, Ay, CePol, By, B, €
o (R) such that

Af+A,ge HCyu~R), By(Rg)+B,(Rf) e/ (R), CheH(Cy,\R)

and
ZIBI = Zsz .

Proof. (1) = (2): We act analogously to the proof of (1) = (2) in the previous lemma. By the
assumption we have

[Tf,T,] =Ty (mod F),

which is equvalent to
H,fHgg — H,gHgy = RHg, (mod F).
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From (5.26)) it follows that

FIZf(z‘l) ® Hpe(1) - ﬁzg(z‘l) ® Hgs(1)
= ~szRg - T ~szRgTz - ﬁngRf + TzflﬁngRsz
=T, — TATT T, — T, Iy = T T I T,
= [Lf, Tg] = T [Ty, T ] T2
= Fh - Tz—lrh Tz (mod .7:)

=0 —Tp2
1
=Tho12 -

Hence the operator T}, 12 j has finite rank. By the Kronecker theorem (Theorem D the

function h — T2, h is a polynomial and it follows that / is a polynomial and the operators I,
I'+T, have finite rank.

(2) = (3): Assume that I}, and [I';,T,] = IyT, - I,I; have finite rank. Since I, has finite
rank by Kronecker theorem (Theorem4.1.8) / is a polynomial. Let k be a degree of h. We put
C = z7¥!and get that Ch € H(C, \ R). If I'/T, has finite rank then so does T, I;. If neither of

[T, = H, fHpg, Ty = ﬁng rs has finite rank then we are in the following situation:
HszRg = FlngRf (mod f)

and neither of the operators H., H Rg> I:fzg, Hpgy has finite rank. Hence, by Theorem there
exists nonzero polynomials A, A, € Pol_, By, B, € Pol, such that:

Aizf + Ayzg € H(Co N R), By(Rg) + By(Rf) € &7 (R)

and L
AIBI = Asz.

If needed, we multiply polynomials A,, A, by z! and get the desired result.

(3) = (1): The condition Ch € H(C,, \ R) for some C € Pol_ means that I}, has finite rank.
Hence we want to prove that from (3) it follows that

[Ty, T,] = H,fHgg — H.gHgr =0 (mod F).

Hence the result again follows from Theorem|5.3.6] O
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