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Introduction

The aim of this dissertation is to give geometric characterisations of interpolating
sequences for weighted spaces of entire functions related to spaces of ultradistribu-
tions. In particular, we present such a characterisation for Fourier-Laplace transform
images of so-called Roumieu ultradistributions (see Theorem 5.3.2) and analyse in
depth conditions appearing in this result (see Sections 4.1 and 4.2). We also relate
our result to the known characterisation of interpolating sequences for the Beurling
ultradistributions. Before going into more detailed presentation of the contents of

this paper, we shall write some words about background and motivation.

Background

At the beginning of the twentieth century M. Gevrey discovered that solutions
of the heat equation

Owu(z,t) = Agu(z,t), (teR zeRY),

known to be not analytic in general, but always infinitely differentiable, admit a
better smoothness than arbitrary C*° functions (see [Gev18]). He proved that for a

solution u, for any compact set K C R"! it holds
0%u(t, x)] < CHH(al)? ((t2) € K)

for some constant C' > 0 and every multiindex o = («,...,q,11). Here 0% =
07102 ... 0g 1, ol = g + ... 4+ apyr and ol = aq!---a,qq!. This fact inspired
Gevrey to introduce a scale measuring smoothness of infinitely differentiable func-

tions - for an open set Q@ C R"*! and s > 1

(a)
Gs(Q) = {fECOO(Q)W’K@Q dh>0:sup sup M <oo}.
2K qeNit! hle (Oé!)s
For s = 1 the elements of this space are exactly the real analytic functions on .
The general idea behind this scale is that one weakens Cauchy’s inequalities. Since
always A(Q2) C G4(Q) € C*°(Q), the elements of G4(2) are called ultradifferentiable

functions.



Another result which initiated the study of ultradifferentiable functions, was ob-
tained by E. Borel in 1895 (see [Bor95]). He proved that for any sequence (a;,)nen, of
complex numbers there exists a function f infinitely differentiable on a neighbour-

hood of 0 and satisfying

=a, (neNy).

In other words, Taylor coefficients of a C*° function can be arbitrary. This is just
the opposite to the case of real analytic functions, where Taylor coefficients in a
point determine a function completely. This observation led to a question - how
Cauchy’s inequalities can be relaxed without the loss of this uniqueness property.
E. Borel provided an example of a €' function with its Taylor series divergent
at a point, but uniquely determined by its Taylor coefficients in that point. One
can study this problem more systematically replacing the terms (a!)® in the defi-
nition of the Gevrey classes by an arbitrary sequence (M,)), and asking whether
the obtained class does not contain non-trivial functions with compact support.
Such classes have been later called quasianalytic. In 1921 A. Denjoy (see [Den21])
found some sufficient conditions for such a class to be quasianalytic, and in 1926
T. Carleman (see [Car26]) characterised quasianalytic classes of ultradifferentiable
functions completely in terms of conditions involving the sequence (Mq)) (comp.
[Rud87, Theorem 19.11]).

In 1936, in the paper [Sob36], S. Sobolev introduced generalised functions - distri-
butions, and used them to study differential equations. The great advantage of dis-
tributions stems from the fact that they provide a way of differentiating continuous
or just locally integrable functions. Distributions became very popular and widely
used in the fifties after more systematic works of L. Schwartz ([Sch50], [Sch51]) had
been published. It was natural then to ask about an appropriate theory of distri-
butions for ultradifferentiable functions. The answer came in 1960 with the paper
[Rou60] of C. Roumieu. He studied distributions on the spaces G(£2). Nowadays,
these are called Gevrey ultradistributions. Moreover, Roumieu studied also the ex-
panded scale of ultradifferentiability with the terms (a!)® replaced by an arbitrary
sequence (M|y), and developed a theory of ultradistributions also in this general
case. This approach was later thoroughly investigated by H. Komatsu (see [Kom73],
[Kom77]).

A. Beurling found and announced in 1961 (see [Beu61]) a new way of defining
ultradifferentiable functions. He used the observation that a continuous function

with compact support is infinitely differentiable if and only if its Fourier transform



satisfies

[ e g < o

Rn

for every h > 0. Beurling replaced the function In(1 + |£|) by an arbitrary larger
weight w obtaining some subclasses of C°*°. Not much later, G. Bjorck took up
the idea and developed a theory of ultradistributions on these spaces (see [Bjo66]).
Topological properties of spaces of these ultradistributions have been later studied
by many authors (see for instance [BMT90], [BMO01], [BD07]). In 1990 Braun, Meise
and Taylor proved that ultradifferentiable functions defined by weights can also be
characterised by imposing growth conditions on their derivatives (see [BMT90]), and
therefore they deserve such a name. Ultradifferentiable functions and ultradistribu-
tions have been extensively used in the study of differential operators (see [Rod93] for
the case of Gevrey classes, [MTV96], [BMV94], [R6s97], [Lan94] for other classes).

One may observe that one of the differences between Gevrey/Roumieu’s and
Beurling’s approaches was the quantifier before the h constant - existential in the
first case and universal in the second. But there are no obstacles to consider the
other quantifier in both cases. And indeed, such classes have been later investigated
equally intensively as the original ones. Nowadays, both sequential and functional
classes with the universal quantifier bear the name of Beurling, while classes with
the existential quantifier are named after Roumieu.

The original theorem of Paley and Wiener states that f € L*[—M, M| if and

only if the Fourier transform of f,

flz) = / f(@)e = dx (2 €C),

is an entire function of exponential type, i.e.,
f(z)] < CeMl (ze)

for some C' > 0, and f € L*(R). This theorem allows complex analysis tools to be
used in the study of properties of the function f via its Fourier transform. For this
reason many theorems of this type (called Paley-Wiener type theorems) have later
been proved for various spaces of functions, in particular, for ultradifferentiable
functions with compact support (see [Bjo66], [BMT90]). Moreover, Braun, Meise
and Taylor proved in [BMT90], with the use of functional analysis methods, certain
isomorphisms between spaces of ultradifferentiable functions with compact support

and spaces of entire functions with growth conditions.



The idea of transforming problems concerning functions of a real variable to
problems for entire functions, can also be applied to ultradistributions with com-
pact support. To make this possible one defines the Fourier-Laplace transform for

ultradistributions by the formula

f(2) = (e, ™)
for an ultradistribution u with compact support and z € C. Just like in the function
case, [i(z) is an entire function and satisfies a certain growth condition. Further-
more, isomorphisms between spaces of ultradistributions and some weighted spaces
of entire functions with growth conditions can be shown (see [BMT90], [R6s97],
[HMO7)).

A particular field which benefits greatly from the Fourier-Laplace transform the-
ory and Paley-Wiener type theorems is the theory of convolution and linear partial

differential operators. Consider an equation

pxf=g

where p is a distribution, ¢ is an infinitely differentiable function with compact
support (the input data), and f is a solution we are looking for. Then applying the

Fourier-Laplace transform one obtains an equivalent equation

if=3
involving only entire functions and multiplication. Then to obtain a solution one
just needs to divide g by zi. Of course, it is not always possible, but this problem is
in general much simpler to deal with than solving the original equation.

Problems of interpolation arose in the theory of complex functions and for many
years were studied independently of the theory of differential and convolution equa-
tions. In general form one may express an interpolation problem as follows. Suppose
that we have a function space F on a domain €2 and a sequence space S. Then we
ask for a characterisation of all discrete sets A C €2 satisfying that for every sequence

of values (wy)xen € S there exists a function f € E such that
f) =wy,  (AEA).

In 1958 L. Carleson published a solution to this problem for E = H*(D), the space
of bounded holomorphic functions on the unit disc, and S = [* (see [Carb§]). In
1961 Shapiro and Shields solved the problem completely for other Hardy spaces
E = HP(D) and S = [P (see [SS61]). Later this problem has been considered in
many other spaces like Bergman, Bloch, Paley-Wiener spaces (see [Sei04]), Bern-
stein algebra (see [MOCO09]), Hormander algebras (see [BT79], [Squ81], [Squ&3],
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[BL95], [BLV95], [MOCOO03], [Oun03], [Oun07], [Oun08]), as well as many others
(see for instance [Mas98], [OCS99], [HMO00], [MMOCO03], [HMNTO04]). For us, the
most interesting results are these devoted to Hormander algebras A, which consist
of entire functions with growth conditions given by a weight function p. In this case
the problem of interpolation requires a characterisation of so-called interpolating
varieties. A multiplicity variety {(A,my)| A € A}, where A runs through a discrete
set A C C, m, are positive integers, is called an interpolating variety for A, if for
any doubly indexed sequence of complex numbers {v,;} with suitable growth there
exists f € A, satisfying
FON

N = U\

for any A € A and 0 <[ < m,. Particularly desired are geometric descriptions. The
most notable results of this kind have been obtained for radial weights by Berenstein
and Li [BL95] for A, algebras and by Berenstein, Li and Vidras [BLV95] for A9 -
Hormander algebras of minimal type.

From our point of view, the most important geometric characterisation of inter-
polating varieties came with the paper of Massaneda, Ortega-Cerdd, and Ounaies
[IMOCOO03], where the weight was of the form p(z) = |Im z| + w(z). Under certain
conditions on w the space A, is then isomorphic, by a Paley-Wiener type theorem,
to the space of ultradistributions of Beurling type with compact support on the
real line. This is the point where the study of convolution operators connects with
interpolation problems.

As we have seen, on the side of Fourier-Laplace transforms of ultradifferentiable
functions or ultradistributions a convolution operator 7}, becomes just a multipli-
cation operator M, which multiplies by an entire function ji. The image of this
operator consists of functions in A,) = Ajm|+w(-) vanishing at zeroes of fi (in
some cases all such functions). If the set of zeroes is an interpolating variety then
A/ Im M can be identified with the space of sequences with suitable growth,
which is in turn isomorphic to the dual of the kernel of T),. This idea lies behind
results in [Mei89], [FM90], [BMO08], [Mey97], [Lan94], [BM90], [BMV90], [MT8§],
where sequential descriptions of kernels of convolution operators are given, surjec-
tivity characterisations of convolution operators are obtained, or existence of right
inverses for convolution operators is established. This methodology was developed
in [Mei85], [MT87a], [MT87b], [Bra87] and it is connected with the study of ideals

in Hormander algebras.
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Results

The geometric characterisation of interpolating varieties for A, i.e., the space
of Fourier-Laplace transforms of ultradistributions of Beurling type with compact
support & (w), due to Massaneda, Ortega-Cerdd, and Ounaies [MOCO03], was stated
for weights w which are subadditive and non-quasianalytic. In this dissertation we
show that the assumption of subadditivity can be replaced by a weaker condition
- w(2t) < Cw(t) for some C' > 0 and all ¢ big enough. Moreover, we show that
most of their proof works equally well in the quasianalytic case and this way we find
sufficient conditions for interpolation in this case (see Theorem 5.2.17). Another aim
of this dissertation is an analysis of geometric conditions introduced in [MOCOO03].
There are three types of such conditions - imposing estimates on the growth of
the Nevanlinna counting function /N, conditions involving the Poisson balayage of a
certain measure related to the mutliplicity variety, and Carleson type conditions in-
volving Blaschke products (similar to the famous Carleson condition from the paper
[Carb8]). We explain the meaning of the conditions of the first kind by expressing
them in a nearly equivalent more straightforward form (see Propositions 4.1.10 and
4.1.12). Further, we introduce new conditions with Poisson balayage, and provide a
thorough analysis of dependencies between all considered geometric conditions (see
Sections 4.2 and 5.4). Moreover, we show that also these new conditions can be used
instead of conditions from [MOCOO03] to characterise interpolating varieties in the
non-quasianalytic Beurling case (see Theorem 5.2.1).

The problem of interpolation can also be considered for the space Ay, of Fourier-
Laplace transforms of ultradistributions of Roumieu type with compact support
& 'twy- This problem has never been studied earlier. First, we give an analogue in
the Roumieu case (see Lemmas 2.1.2 and 2.1.4) of the earlier known uniform inter-
polation lemma for the Beurling case (see [BL95, Lemma 3.3]). The methods used
for the proof are rather standard.

The main result of this dissertation is a geometric characterisation of interpolat-
ing varieties for the spaces Ay, for non-quasianalytic weights (see Theorem 5.3.2).
The geometric conditions used in this theorem are similar in spirit to those for
the Beurling case. In this part we use considerably our previous analysis of these
properties (see Sections 4.1 and 4.2).

In the quasianalytic Roumieu case we give sufficient conditions for interpolation
(see Theorem 5.3.1). It is worth noting that this result covers the case of the space
of Fourier-Laplace transforms of the analytic functionals on the real line A’(R). This
space plays in turn a primary role in the definition and development of the so-called
hyperfunctions (see [Sat59], [Sat60]).

Furthermore, we describe the relation between interpolation in the Beurling case

11



and in the Roumieu case. More precisely, for non-quasianalytic weights we show a
highly non-obvious fact, that a multiplicity variety X is interpolating for Ay, if and
only if it is interpolating for some A, where o is a weight satisfying o = o(w) (see
Theorem 5.3.2). For quasianalytic weights we prove only the implication from right
to left (see Corollary 3.3.1).

At the end, we derive several consequences of geometric descriptions of interpo-
lating varieties in the Roumieu case, mostly for non-quasianalytic weights. We prove
an analogue of the analytic characterisation given by Berenstein and Li [BL95] for
the Beurling case (see Theorem 5.4.6). We show that finite unions of interpolating
varieties are interpolating under some mild conditions (see Theorem 5.4.5, and com-
pare [Oun03] or Theorem 2.3.6). We prove that if a variety is A,y interpolating then
it is Ay interpolating for every weight w satisfying o = O(w) (see Corollary 5.4.7
and compare Corollary 3.1.2). Finally, we show that the Carleson type conditions
introduced in Section 4.2 are not necessary for interpolation in the quasianalytic

case (both Beurling and Roumieu).

Structure of the dissertation

The paper is structured as follows. In Sections 1.2, 1.3 we define classes of ultra-
differentiable functions, ultradistributions and weighted algebras of entire functions.
In Section 1.4 we introduce weighted spaces of sequences which are a natural choice
in our setting for the interpolation problem. In Section 1.5 we study properties of
weight functions. First, we give a standard definition, and then we derive several
consequences. The most important result of this section is Lemma 1.5.16 proved by
Braun, Meise and Taylor in [BMT90]. This lemma provides a way of finding a weight
o smaller than a given weight w and bigger than an arbitrary function ¢, in the sense
that ¢ = o(0), 0 = o(w). It allows to transform problems in the Roumieu case to
problems in the Beurling case. We will frequently make use of this lemma. In Sec-
tion 1.6 we describe a relation between the sequential and the functional approach
of defining ultradifferentiable functions and state that these two ways in many cases
give the same classes. Then we mention some properties of spaces of ultradifferen-
tiable functions and spaces of ultradistributions. We present also Paley-Wiener type
theorems. In Section 1.7 we prove basic properties of the weighted algebras of entire
functions and in Section 1.8 properties of the sequence spaces. Particularly impor-
tant is Section 1.9, where we define the main objects of our study - interpolating
varieties. To describe their geometric properties we will need Nevanlinna counting
functions introduced in Section 1.10. The whole Chapter 1 is mostly a survey of
known definitions and facts.

In Chapter 2 we study basic properties of interpolating varieties. The most im-

12



portant in this part are the results concerning uniform interpolation (Section 2.1). In
Section 2.2 we give some elementary properties of interpolating varieties. In partic-
ular, we prove that shift of an interpolating variety is again interpolating, and that
multiplicities of an interpolating variety admit certain estimates on their growth.
In Section 2.3 we present a never published Ounales’ theorem about finite unions
of interpolating varieties. This result was proved for all multiplicities equal one in
[Oun03].

In Chapter 3 we start with the analytic characterisations of interpolating varieties
in the Beurling case due to Berenstein and Li [BL95, Theorem 3.1]. Then in Section
3.2 we give a new partial result of this type for the Roumieu case. We end this
chapter by proving that an interpolating variety for A, is interpolating for Ay,
for any weight w satisfying o = O(w).

In Chapter 4 we study geometric conditions for multiplicity varieties. In Section
4.1 we introduce notion of sparsity of multiplicity varieties. It imposes estimates
on the growth of the Nevanlinna function N associated with a given multiplicity
variety. The Beurling version of this notion was known. We introduce a suitable
Roumieu version. We provide a new analysis of both notions together with some
other conditions. The most interesting results of this section are Proposition 4.1.3,
which relates Roumieu sparsity to Beurling sparsity, and Propositions 4.1.10, 4.1.12
giving necessary and sufficient conditions for sparsity. In Section 4.2 we introduce
and investigate conditions involving the Poisson balayage of certain measures and
conditions of Carleson type. These conditions are related to condition (b) and Car-
leson type condition of Massaneda, Ortega-Cerdd, and Ounales (see Theorem 1 and
Remark 6 in [MOCOO03]). However, our approach is much more extensive and cov-
ers both Beurling and Roumieu cases. All these conditions can be considered as
geometric as they use quantities dependent only on points and multiplicities of a
given variety. In Corollary 4.2.13 and Proposition 4.2.14 we provide a relation be-
tween conditions involving Poisson balayage and Carleson type conditions, while in
Propositions 4.2.3 and 4.2.4 we connect Beurling and Roumieu cases.

Chapter 5 is the core of this dissertation and concerns geometric characterisa-
tion of interpolating varieties. In Section 5.1 we prove, in both the Beurling and the
Roumieu case, the necessity of earlier introduced geometric conditions for mutliplic-
ity varieties to be interpolating. The most important in this section are Theorems
5.1.1, 5.1.3, 5.1.4, and 5.1.5.

In Section 5.2 we deal with sufficiency in the Beurling case (see Theorem 5.2.17),
and then we obtain a characterisation of interpolating varieties for the non-quasi-
analytic case (see Theorem 5.2.1). This result extends the known characterisation of
Massaneda, Ortega-Cerda, and Ounaies (see [MOCO03]) to non-subadditive weights,
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and it also adds new characterising conditions involving Poisson balayage. Moreover,
we show that the same conditions are sufficient also in the quasianalytic case.

In Section 5.3 we deal with sufficiency in the Roumieu case (see Theorem 5.3.1),
also for A’(R) the space of real analytic functionals. We give sufficient conditions
for interpolation in both quasianalytic and non-quasianalytic cases. We finish this
section with a geometric characterisation of interpolating varieties in the non-quasi-
analytic Roumieu case (see Theorem 5.3.2). In particular, we use for the characteri-
sation the Carleson type conditions. We also obtain a relation between Beurling and
Roumieu interpolating varieties. This section is short, because all the work needed
has been accomplished in Sections 4.1, 4.2, and 5.2.

Finally, in Section 5.4 we show some new consequences of geometric descriptions
of interpolating varieties. The most important are the analytic characterisation of
interpolating varieties (see Theorem 5.4.6), the theorem about finite unions of inter-
polating varieties (see Theorem 5.4.5), and the monotonicity of interpolation with
respect to weights (see Corollary 5.4.7).

For unexplained notions from functional analysis we refer the reader to the book
[IMV97], for notions from complex analysis and potential theory we refer to [BG91],
[ConT8], [Con95], [Ran95]. The dissertation is written in British English.
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Chapter 1

Preliminaries

1.1 Notation

We introduce the following notation:

N={1,2,3,...} - the set of natural numbers,

No = NU {0},

Z - the set of integer numbers,

R - the set of real numbers,

C - the set of complex numbers,

Coo = CU {00} - the Riemann sphere,

|| - the biggest integer n satisfying n > « for x € R,
Re z - the real part of z € C,

Im z - the imaginary part of z € C,

D(z,r) = {w € C| |w— z| < r} - an open disc of radius r > 0 centred at
ze€C,

D(z,r) = {w € C| |w — z| < r} - a closed disc of radius r > 0 centred at
zeC,

R(z,1,1m) = {w € C| r; < |w— 2| < 7y} - an open annulus of inner radius

r1 > 0 and outer radius ro > r centred at z € C,

H, = {z € C| Imz > 0} - the upper half-plane,

15



o H_ = {zeC| Imz > 0} - the lower half-plane,

e .. - the Kronecker delta, the function d..: X x X — {0,1} defined on a set
X given by the formula

1 for x =y,
0 for x # y,

Opy =
for x,y € X,

e X, - the characteristic function of a set A C X given by the formula

1 forz € A,

Xa(z) =
0 for z € X \ A4,

e dx - the Lebesgue measure on the real line,
e dz - the two dimensional Lebesgue measure,

e (T,p) - a symbol defined by the formula (T, p) := T(¢) for a distribution T

and a function ¢ in its domain,

e . - the Dirac’s delta in z € C, the distribution defined by the formula (J., ¢) :=

©(z) for a function ¢,

e [ < g - a relation between functions f,g: X — R defined on some set X
holding if and only if f(z) < Cg(z) for some constant C' > 0 and every z € X,

o frg& fSgandg S f,

e f=0(g) - a relation between functions f, g: [0,00) — R holding if and only
if

3C >03dxp€[0,00) Vo >x9: flx) <Cg(x),

e f =o0(g) - arelation between functions f, g: [0,00) — R holding if and only if

Ve>0 Jxge€[0,00) Ve >zo: flx) <eg(x),

16



e (C'°() - the space of all infinitely differentiable functions on an open set Q C K
(K=R,C),

o (C'°(Q) - the space of all infinitely differentiable functions with compact sup-
port contained in an open set 2 C K (K =R, C), also called test functions or

cut-off functions,
e H(Q) - the space of all holomorphic functions on Q2 C C,
o A(Q) - the space of all real analytic functions on Q2 C R,

® proj,cy Xn - the topological projective limit of a sequence of locally convex

spaces X,,,

e ind,cy X, - the locally convex inductive limit of a sequence of locally convex

spaces X,,.

1.2 Ultradifferentiable functions and ultradistri-

butions

There are two ways of defining classes of ultradifferentiable functions. In terms of
sequences and in terms of so-called weights, functions giving regularity conditions.
These approaches are not equivalent, but in a whole class of examples they give
the same functions (see [BMMO07]). For a thorough study of these spaces in the
sequential approach we refer the reader to [Kom73], for the functional approach we
refer to [BMT90], and also [Bjo66], [BMO01], [R6s97], [BDO7].

Definition 1.2.1. For a sequence (M,,)nen, C (0,00) and an open set Q2 C R we

define the class of ultradifferentiable functions of Beurling type as follows

()
En)(Q) = {f cC¥(Q)|vKeavh>o: sup —l“];n]\(f)‘ - OO}
n€Ng

and of Roumieu type in the following way
Enpr (Q) = = (=)
() = feC(Q)IVK eQ Ih>0:sup ———— <00 .
reK hnMn

neNy

Both these definitions contain a natural candidate for a topology. Denote

(n)
= sup TN e ns o
K n

n€eNp

17



Then the topologies are given by the representations

g(Mn)(Q) = Projxeq Projso éa[Mn],KJw

En,y () = Projgeq indyso i),k

where

Engicn = {f € CF(E) [ fllxn < 00}

is a normed space. A little word is needed to explain what the symbol C*°(K)
denotes. We may assume that the compact set K has a dense interior and then we
can consider C*°(K) as the space of all infinitely differentiable functions on Int K
with all derivatives extending continuously to the boundary of K. More generally,
one can consider elements of C*°(K') as Whitney jets on K, but this notion will not
be used later. We do not give any details concerning properties of spaces &(az,)(£2)

and &75,1(€2) as these will not be important for the main subject of this dissertation.

Definition 1.2.2. Let 2 be an open subset of R. We say that a class of functions
E C C>=(9) is quasianalytic if it does not contain any nontrivial function with

compact support. Otherwise, it is called non-quasianalytic.

Ezxample 1.2.3. The most known spaces of ultradifferentiable functions defined by
sequences are the Gevrey classes (in the book [Rod93] of L. Rodino the reader will

find a deep study concerning these classes). For s > 1 one defines

(n)
Z{fEC'OO(R)|‘V’MEN Fh>0: sup supM<oo}.

we[-M,M]neN, P (nl)s

The space G4(R) is non-quasianalytic for every s > 1.
For s = 1 the class G1(R) is the space of real analytic functions on the real line

(see [Rud87, Theorem 19.9]). This is an example of a quasianalytic class.

To define ultradifferentiable functions given by a function w: [0, 00) — [0, 00) we
need to introduce another function associated with w. Let ¢: R — [0, 00) be given
by ¢(t) := w(e') and its Young conjugate by

" (x) = sup{zy — @(y) 1 y > 0}
for > 0. The function ¢* is an extended function and can take the value oco.

Definition 1.2.4. The space of w-ultradifferentiable functions of Beurling type is
defined in the following way

() == {f ceC(Q)IVKeQVmeN: sup]f(”)(x)]exp(—mgo* <£)> <oo},
25k "
nciNo
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and the space of w-ultradifferentiable functions of Roumieu type as follows

Sy () = {f €eCQ)VK e Je>0: sup|f(")(at)|exp<—eg0* <E>> <oo}.
= ‘

This definition is quite complex, but, as we will see later, the duals of these
spaces are more tractable. The topologies of these spaces can be given analogously

as in the sequential case. We define

e
1 fllkp = sup | f™ (z)| exp (‘W (‘>> Kefp>0.
zeK p

n€Ng
Then
éa(w) (Q) = PIOj g eq PTOJmen g[w],K,m,
g{w}(Q) = prOjK@Q indeN g)[w],K,%
where

S iep = € CT(K)| [[fllxp < 00}

is a normed spaces. To prove any useful properties of these spaces we will need
certain assumptions imposed on the function w. We will study conditions for weights
in Section 1.5, and in Section 1.6 we will give more detailed information about the
spaces &, (2) and &,y ().

Ezample 1.2.5. Let €2 be an open subset of R. For w(t) = In(1+¢) we have p*(z) = oo
for x big enough, thus

) () = C=(Q).
For w(t) =t we have

Sy () = A(Q).
For 0 < ¢ < 1 and w(t) = t? it holds

&y (R) = G1 (R).

q

To draw the complete picture, we add that one considers also ultradifferentiable
functions with compact support. Then the elements of their strong duals are called
ultradistributions. This reflects the standard definition of distributions. Finally, tak-
ing strong duals of &u,)(Q2), a1 (), Ew)(2) and &3 (€2) we obtain spaces of
ultradistributions with compact support of Beurling or Roumieu type, respectively.

These spaces will serve as a framework for all our studies.
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1.3 Weighted algebras of entire functions

Independently of ultradistributions we can define closely related spaces of entire

functions with growth conditions (comp. Section 1.6).

Definition 1.3.1. Let w: [0,00) — [0, 00). For a function f € H(C) and a constant
M € N we define

e~ M(|Im z[+w(2))

I

[f1|ar := sup|f(z)]
zeC

and for a function f € H(C) and two constants M € N, m € N

HfHM,m = Sllp|f(z)|€7M‘ImZ|*%w(z).
2€C

Then we introduce weighted algebras of entire functions of Beurling type in the

following way
A(w) = {f S H((C)l dJMeN: ||f||M < OO}
and of Roumieu type as follows

Apy = {f € HC)|IM eNVmeN: || fllarm < 0}.

It can be immediately seen that A,y and Ay, are indeed algebras.

Proposition 1.3.2. A, and Ay, are unital algebras with the pointwise multipli-

cation.

Proof. Let f,g € Ag.y. Then for some constants My, M, > 0, every m € N and some

B,.,C,, we have

(F - 9)(2)] < ePortCont O Eb I 2,

Hence f - g € Ag.y. Moreover, the function f =1 belongs to Ay..
The proof for A, is similar. O

The topology of A,y is given by the following representation
Ay = indpyren Ay,
where

Awar = {f € HO)| [|fllar < o0}
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are normed Spaces.

In the case of Ay, algebras the topology is given by the representation

A{w} - indMEN proijN A{w},M,m

where

A{w},M,m = {f S H(C>| ||f||M,m < OO}

are normed spaces.

The algebras A, are a special case of so-called Hormander algebras, where the
weight |Im z| 4+ w(z) is replaced by an arbitrary function p: C — [0,00). These
algebras were introduced by L. Hérmander in [H6r90], [Hor67] and used to study
the Cauchy-Riemann equations in C". Further information about these spaces can
be found for instance in [Mei85] or [BG95]. The spaces Ay, were studied for instance
in the paper of Meise [Mei89).

Example 1.3.3. For p > 0 and p(z) = |z|*, A, is the space of entire functions of
finite type and order p. For p(z) = In(1 + |2]?), A, = C[z] where C|[z] is the space of

complex polynomials.

Interesting examples of the spaces A,y and Ay, will be presented in Section 1.6.

We end this section with an elementary observation.

Proposition 1.3.4. Let w,0: [0,00) — [0,00) satisfy w = O(c) and 0 = O(w).
Then

Aw =A@ and Ay = Ay

In the sequel we will use the notation Ay, to indicate that a statement applies
to both Beurling and Roumieu cases. Further information about the spaces Ay, will

be given in Sections 1.6 and 1.7.

1.4 Weighted spaces of sequences

In this section we introduce spaces of sequences with growth conditions, which
will be appropriate for the study of the interpolation problem in our framework. To

do that we need the following notion.

Definition 1.4.1 (Multiplicity variety). Let A C C be discrete. Given a sequence
(my) of natural numbers we define multiplicity variety as {(\,my)| A € A}.

The spaces of sequences are defined as follows.
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Definition 1.4.2. For w: [0,00) — [0, 00), a multiplicity variety X = {(X,m))| A €

A} and a doubly-indexed sequence of complex numbers (vy;)aea 0<i<m, We define

my—1

[ollar = sup D vy e (A
AEA =0

and

m>\—1
1
||U||M,m = sup Z |U,\7l|6_M|Im>“_mw(>\)

=0

where M, m € N. Then the sequence space of the Beurling type is defined in the

following way
S(w)(X> = {(UA,l>)\€A,O§l<m)\‘ dM e N: HUHM < OO}
and of the Roumieu type as follows

S{w}(X) = {(UA,Z)AEA,0§l<mA| AMeNVmeN: ||U||M,m < OO}

The topology of S(,)(X) is given by the following representation
Stw)(X) = indyren S(w),m
where
Syt = {(Oa)reno<icmy | [|v][m < o0}

are normed space.

The topology of Sy.y(X) is given by the following representation
S{w}(X) = indpen Projen Stwy,Mm
where
Sy, Mm = {(U)\,l))\eA,Ogl<m,\| [l arm < OO}

are normed space.
The spaces S(,)(X) and Sy} (X)) were studied in a greater generality in the papers
of Meise [Mei85] and [Mei89], respectively. In the notation used in these papers

Sw)(X) = k> (A, (Ex)ren)
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where A is a K6the matrix consisted of elements ay y = e MIMAN=MeN) (X ¢ A M ¢
N), and

my—1
a:@me:Zmﬂ.
=0

In turn

St (X) = K () rens (Br)aea, (Ex)aea)

where ay = |Im A|, By = w(A) and E) is defined as in the previous case.

As in the function spaces case we have the following relations.

Proposition 1.4.3. Let X = {(\,m))| A € A} be a multiplicity variety, and assume
that w,o: [0,00) — [0,00) satisfy w = O(o) and 0 = O(w). Then
S(w) = S(g) and S{w} = S{U}.
We use the same notation for norms in both sequential and function cases, but it
cannot lead to any misunderstanding as they are applied to different objects. In the

sequel we will write Sp,)(X) if a statement applies to both Beurling and Roumieu

cases. Further information about the spaces Sy, (X) will be given in section 1.8.

1.5 Weight functions

Without additional assumptions we cannot go any farther. In this section we
present standard assumptions imposed on weights, the functions w appearing in the

previous sections. We use a small modification of the notation proposed in [BMMO7].

Definition 1.5.1 (Weight function). A function w: [0,00) — [0,00) is called a

Beurling weight if it is continuous, increasing and satisfies the following conditions
(@) w(2t) = O(w(t)), (6%)  w(t) = oft),
(8) ¢@:t— w(e') is convex, (v) Int=0(w(t)).

A function w: [0,00) — [0,00) is called a Roumieu weight if it is continuous, in-

creasing, satisfies (), (9) and the following two conditions

(8) w(t) =O(1), (7)) Int=o(w(t)).
We call w a weight if it is either a Beurling weight or Roumieu weight. If it addi-

tionally satisfies

1+1

(@‘fwﬂa:m

then we call it quasianalytic and non-quasianalytic otherwise.
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Conditions () and () provide natural boundaries for our framework. We have
seen in Example 1.2.5 that &una4)(R) = C®(R) and &y (R) = A(R). Hence
weights satisfying In(t) = O(w(t)) and w(t) = O(t) provide an entire hierarchy of
smoothness of C'* functions. Condition («) is a regularity condition and sometimes
was replaced by a stronger condition, subadditivity of the weight (see the definition
below). A function satisfying («) is usually called doubling in the literature. The
importance of condition () is revealed in Lemma 1.5.3 below. Finally, as the name
suggests, for quasianalytic weights w the spaces &(,,) and &,y are quasianalytic, and
for non-quasinalytic weights they are non-quasianalytic. This holds by the Denjoy-
Carleman theorem (see [BMT90, Corollary 2.5, Corollary 2.6]).

In the sequel we will just write weight when a statement applies to Beurling and

Roumieu weights.

FExample 1.5.2. Quasianalytic weights:

o w(t) =t,
o W(t):m7
o W(t) = iy for 0<g < 1.

Non-quasianalytic weights:
o w(t) =1In(1+1),
e w(t)=1tlfor 0 <q<1,
o w(t)=In*(1+1¢) for s > 1.
We extend every weight radially to the entire complex plane by the formula
w: C—[0,00), w(z)=uw(z).

By abuse of notation we will denote it w. The following lemma asserts that it is

always subharmonic.

Lemma 1.5.3 ([Ran95, Theorem 2.6.6]). Let w: [0,00) — R. Then w is increasing

and the map x — w(e®) convex if and only if the function @ is subharmonic.

This property will allow us to use the 0 technique of Hérmander with weighted

estimates.

Definition 1.5.4. A function w: [0,00) — [0,00) is called subadditive if it satisfies
w(r +y) < w(z) +wy)

for all z,y € [0,00). It is called weakly subadditive if it satisfies

3C>0Va,ye0,00): wx+y) <Cw(x)+wly) +1).
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From the standard assumptions imposed on weights we can derive additional

useful statements. The following one comes from [BMT90].
Lemma 1.5.5. Fvery weight is weakly subadditive.
Proof. Let w be a weight. By (a) for some C' > 0 for all z,y € [0, c0)
w(z +y) < w(2max(z,y)) < Clw(max(z,y)) +1) < Clw(r) +w(y) +1). O
The following property will be frequently used later on.
Lemma 1.5.6. Fvery weight w satisfies the following condition:
A3C>0V2,EeCr>0:|z—¢ <r=w(z) <CWw¢) +r+1).
Proof. Using Lemma 1.5.5, the continuity of w and condition (/)
w(z) S w([g] +7) < Clw([g]) +wlr) +1) < Clw(f¢]) + Ar + B). O
In the next lemma we formulate other properties of weights.

Lemma 1.5.7. Let w be a weight and p(z) = |[Imz| + w(z). Then the following

conditions are satisfied:

(1) Ve>03C,D>0V2zeCVEe D(z,ep(z))
p(§) < Cp(z) + D,
(2) de>03C,D>0VzeCVEe D(z,ep(z))

p(z) < Cp(&) + D.

Proof.
(1) Let ¢ > 0,z € C be arbitrary and £ € D(z,cp(z)). Then using Lemma 1.5.6 and
condition ()

pl€) = [me] +w(€) < [Im 2| + |€ — 2| + Clwlz) + w(€ — 2) + 1)
< |Imz| + ep(z) + C(w(z) + Al — 2| + B)
< (c+ Dp(z) + C(p(z) + Acp(z) + B)
=(c+1+C+CAc)p(z)+CB
for some constants A, B,C' > 0.
(2) Let € > 0,z € C be arbitrary and £ € D(z,ep(z)). Then, again using Lemma
1.5.6 and condition (f),
p(2) = [Im 2| + w(z) < [Im&] + |z = £[ + C(w(é) + w(z = &) + 1)
< p(§) +ep(2) + C(p(§) + Alz — £ + B)
< p(§) +ep(2) + Cp(§) + CAep(z) + CB
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for some constants A, B, C' > 0. Hence
p(z) —ep(z) — CAep(z) < (C+ 1)p(§) + CB.

. 1 .
Assuming € < 377 we obtain

]

(C+ Dp(&) CB
PO ST cary tToqcar

Remark 1.5.8. Lemma 1.5.7 is also true if we replace the function p by w. But the
version with p will more convenient later.
We can give a slightly more precise estimate than in Lemma 1.5.7 (1). The

following lemma shows that weights are somehow stable on long intervals.

Lemma 1.5.9. Let w be a Beurling weight and denote by C' the weak subadditivity
constant of w. Then for every constant ¢ > 0 there exist ty € [0,00) such that for
every t > 1y
1 w(x)

— < =L <30

3C T w(t) —
for every x € (t — cw(t),t + cw(t)).
Proof. Let tg € [0,00) be such that for every t > ¢,

Bew(t) <t and w(t— cw(t)) > 1.

This is possible since w(t) = o(t). Then by the weak subadditivity of the weight we

have
w(t —caw(t)) <w(z) <w(t+ aw(t)) < C(w(t — cw(t)) + w(2ew(t)) + 1)
< 3Cw(t — cw(t)).
Finally,
I w(t—caw(t)) w(t—cw(t))  w(z) w(x)
30~ 30wl — () = et ew®) = wl) S al—w@) =% P

Remark 1.5.10. Assuming that w is subadditive one can prove Lemma 1.5.9 with
C =2 (see [MOCOO03, Property (g)]).

A similar in spirit result is true when we replace the interval (t —cw(t),t + cw(t))
by (t — €t,t + €t) for small € > 0.

Lemma 1.5.11. Let w be a weight and denote by C' the weak subadditivity constant
of w. Then for every constant € € (0, %] there ezist to € [0,00) such that for every
t >t
1 w(x)
— < =2 <30
3C ~ w(t) —
for every x € (t — et,t + et).



Proof. Let ty € [0,00) be such that for every t > t,
w(t —et) > 1.
Then by the weak subadditivity of the weight we have

w(t—et) <w(z) <w(t+et) < Clw(t —et) +w(2et) + 1)
< 3Cw(t — et).

Finally,

I w(t—et) w(t —et)  w(x) w(x)
3C  3Cw(t — et) = w(t + et) = w(t) = w(t — et)

< 3C. O

In fact, Lemma 1.5.9 could be derived as a corollary to Lemma 1.5.11.

A less general version of the following lemma for subadditive weights was proved
by Bjorck in [Bjo66.

Proposition 1.5.12. Every increasing function w: [0,00) — [0,00) not having

property (Q) (quasianalyticity) satisfies

w(t) = o(ﬁ)

In particular, every non-quasianalytic weight satisfies this condition.

Proof. First, we will show that w(t) = o(t). Assume to the contrary that for some
€ > 0 there exists a sequence (t,) tending to infinity such that w(t,) > et, for every
n € N. Then

00 tnt1
w(t) | & 1 = ty
OO>/t_QZZEtn/t_2:€Z<1—tn+l)
1 n=1 o n=ng
By [Rud87, Theorem 15.5] we obtain that 0 < [, t , but we can calculate that

this product is 0. A contradiction.

Now, we will construct a new sequence (t,). Let ty € [0, 00) be such that w(ty) >

0. Then for some ng € N we have w(ty) > i—% Since w(t) = o(t) there must be ¢, > to
such that w(t,,) = nio Assume that we have an increasing sequence t,,,, t,o11, .-, tn
such that w(ty) = % for k = ng,...,n. As w(t,) > oz and w(t) = o(t) we can find

another point t,,1 > t, in which w(t,11) = t”“ . We can go on with this process.
Since w is increasing and for every fixed ¢ € [0, oo), L tends to 0 with n tending to

infinity, ¢,, must diverge to infinity. Then we obtain

tn+1

°°>7tL i /t? Z

1
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This yields lim,, t;jll = 1. Hence for every € > 0 we have t,.; < (1 + €)t, for n

big enough. Using this recursively we obtain

Ve>03In. e NVn>n: t, <(1+e€)" "t,,.

Then
Int, In((1+¢e)" "¢, — N, In(¢, In(¢,
n n n n n

Choosing € small enough we can make this expression arbitrarily close to zero for all

Inty,

. . . t .
= 0. Once again using lim,, ,, =+ = 1 we obtain
n

n big enough. Hence lim,,_,
that

tn In tn—l

lim

nsoot, 1 N

=0.

Let € > 0 be arbitrary. Then for n big enough and all ¢ € [t,_1,t,] we get

t [ t
§en1<e—. O

wit) < wltn) = g" Int,_; = Int

The next lemma allows us to assume, when needed, that a weight is infinitely
differentiable. It was proved by Braun, Meise and Taylor in [BMT90] (see the proof
of [BMT90, Lemma 1.7]) for non-quasianalytic weights. However, its proof applies
equally well to quasianalytic weights. For the sake of completeness we give here a
detailed proof. We will use the notation ¢’ (x) to denote the right derivative of a

function ¢ in x.

Lemma 1.5.13. For every function w: [0,00) — [0,00) continuous, increasing and
satisfying («) there is a C™ function v: [0,00) — [0,00) with the same properties
and satisfying that for every 6 > 0 there exists C' > 0 such that for allt > §

w(t) <v(t) < Cw(t) (1.1)
and for every A > 1
A A
hltgigp sz(t? < li?li;lp % (1.2)

If p(x) = w(e®) is convex then v could be chosen such that (x) = v(e®) is convex
as well. The same holds for strict convexity. Moreover, the convexity of v and the
condition ¢’ (x) 2% oo imply that v could be chosen with ' (z) =22 co. Finally,

w(0) = 0 then we can make v to satisfy v(0) = 0.
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Remark 1.5.14. The right derivative ¢/, exists in every point, since ¢ is convex. No-
tice that for w and v as in the lemma we have Ay, = Apj and Sy, (X) = Sp(X). We
recall that square brackets stand for both Beurling and Roumieu cases. Furthermore,
by (1.1) conditions (/3), (7), (%) and (@) are carried from w to v. Taking (1.2) into
account we see that if w was a weight then v would be so as well. Quasianalyticity

would also be preserved then.
Proof. Denote p(x) = w(e”). Choose a C'* function X > 0 with supp X C (0,1n2)
and [, X dm = 1, and define

Y(z) = /gp(s +2)X(s)ds and v(t) =¢(Int).

R

It is a convolution of continuous and C'* function hence it is of class C*. By («)
and the continuity of w there exists C' > 0 such that w(2t) < Cw(t) for ¢t > 6. Then

o(r +1n2) = w(e™?) = w(2e*) < Cw(e”) = Cp(x)

for > Ind. Recall that ¢ is increasing and supp X C (0,1n2). Thus

¢@y:/¢@n@ﬁmg/@@+sn@ym:¢@)

R R

and

In2 In2

Y(z) = /gp(x + 5)X(s) ds < /(p(x +1In2)X(s)ds < C’/cp(x)X(s) ds = Cp(z)

0 0 R

for £ > In¢. Therefore for t > ¢
w(t) = p(int) < (int) = v()
and
v(t) = (Int) < Co(lnt) = w(t).

Let A > 1 be given. Using («), maybe several times, we obtain B such that for
all ¢ big enough

w(At) < Bw(t).
Denote a = In A. Then

v(r+a)= /gp(s + 2+ a)X(s)ds < /Bgo(x + s5)X(s) ds = By(x).

R R
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This gives (1.2) and we can conclude («) for v taking A = 2.
Suppose now that ¢ is convex. Then for a + 3 =1

oz + By) = / ooz + By + 5)X(s) ds

R

_ / ooz + ) + Bly + $))X(s) ds

R

< / (ap(z + 5) + By + 5)X(s) ds

R

= ap(z) + Fi(y)-

Thus ¢(x) = v(e”) is convex. Assume that additionally ¢’ () 2% 0. As s

convex, ¢, is increasing and we obtain

In2 In2

V' (z) = /gpﬂr(:r; + 8)X(s) ds > /(pﬁr(x)x(s) ds = ¢/ (z)

0 0

and the assertion follows. Finally, by the definition of ¢ we see that lim,_, ., ¥ (x) =
lim, o ¢(x) hence w(0) = 0 implies v(0) = 0. O

Before stating an important result about weights we need an additional technical

lemma.

Lemma 1.5.15. Let w: [0,00) — [0,00) be an increasing, continuous function with
the map ¢: R — [0,00), p(z) = w(e®) conver. Then Int = o(w(t)) if and only if

T—r00

¢ (v) — o0
Proof. (=) The condition Int = o(w(t)) implies

1 o0 x (o9}
nt %0 and ¢lz) 7% 00 (1.3)
o(Int) x

Further, for x € R and h > 0

p(xt+h) _ p(z) 1

oth o pla+h)—px) o)

h T a+h h z(x+h)

Hence the right derivative of @ exists, since there exists ¢/, (). We will show that

condition (1.3) gives that for every n € N there is x,, > n such that

(M)' > 0. (1.4)

Ty +
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Indeed, if it was not the case we would have that for some n € N and all z > n
/
(s@(fﬂ)) <0
r /4
This would imply that ¢(z)/x was bounded above, which contradicts (1.3). This
proves (1.4). Further,

thus

@y (2n) >

Since the right-hand side of this inequality tends to infinity with n and ¢/, is non-
decreasing by convexity of ¢, we get ¢, () 7% .
(<) We have ¢(z) = w(e”) hence for z € R and h > 0

wle® +e"(e"— 1)) —w(e”)  w(e™™) —w(e)

er(eh —1) er(eh —1)
_plz+h) —o(z) h
B h er(eh —1)
hooy, ()

Therefore ¢/, (x) = W/, (e*)e” for every x € R and ¢/, (Int) = W’ (t)t for every t > 0.
Since ¢/, (Int) tends to infinity with ¢, we get that for every n € N there exists ¢, > 0
such for all ¢ > ¢,

Further, using Proposition 1.6.1 of [NP06] we obtain
Int Int
w(t) — w(ty) = p(nt) — p(Int,) = / ¢l (s)ds = / Wl (e*)e’ ds

Int, Inty,
t t

:/wﬁr(s) dsz/E ds = n(lnt — Int,).
s
tn in

For t big enough we have Int —Int, > %lnt thus

< w(t) —w(ty) < w(t) < Qw(t)‘
~ Int—1Int¢, ~ Int—Int¢, — Int

Therefore
wit) S n
Int — 2
provided ¢ is big enough. This means %tt) 2% 0. O
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The following lemma comes from [BMT90, Lemma 1.7]. It was originally stated
for non-quasianalytic weights, but [BMT90, Remark 1.8(1)] extends its applicability
to quasianalytic weights as well. For the sake of completeness we present here its
proof. This lemma is of great importance in translating problems from the Roumieu

case to the Beurling case.

Lemma 1.5.16. Let w be a Roumieu weight and q: [0,00) — [0,00) be any function
with q(t) = o(w(t)). Then there is a Roumieu weight v such that

(1) q(t) = o(v(1)),
(i) v(t) = o(w(t)),
(111) for every A > 1:

: v(At) . w(At)
lim sup < limsup ———=.
t—o00 V(t) t—o0 w(t)

If w(0) = 0 or it is strictly increasing then v could be chosen with the same property.

Proof. By Lemma 1.5.13 we may assume that w € C*°. We put x1 = y; = 20 =0

and define inductively x,,, y,, z, with

T > Yn—1 + n, (15)

q(e®) < % for all x > x,,, (1.6)

pln) 20y (a0, (17)

n

#'(yn) = —— ¢'(@n), (1.8)

©(zn) = () — (0= 1)@(Yn) + 1(yn — 20)¢ (20), (1.9)

where p(z) = w(e”). First, we choose z,,. We are able to fulfil (1.6) since ¢(t) =
o(w(t)), (1.7) is possible because ¢ is increasing. Then we choose y,, satisfying (1.8).
It is possible since o(Int) = w(t) and by Lemma 1.5.15, ¢/(z) ~==% 0. Then we can
choose z, satisfying (1.9). We claim that

T < 2 < Yp. (1.10)

From (1.8) it follows that z,, < y,,. From (1.9) and (1.8) we get

Pen) 2 olon) g P 2 00)
DSy — Pn) = (@)
— (n = 1) (¢ () i ).
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which is nonnegative because ¢’ is nondecreasing. On the other hand, (1.9) also
implies
PYn) = @(20) _ (yn) = p(za) 0 () > 0.
Yn — Tn Yn — Tn
We define ¢: R — [0, 00) by

( ) + Zz 1 z(1+1 (Zi+1) + xni‘rl” gOl(xn) for z, <z < y,,

’l/)(l') = % ( ) + Zz 1 4( Z+1)90(ZZ+1) for Yn <z < Tn+1,
() for z < 0.

This function is affine on intervals [z,,, y,,| and on intervals [y,, £,11] it is the function
© leaned more and more. All the constants appearing in the definition of v are just
to make it continuously differentiable. In fact, conditions (1.8) and (1.9) give that
) € C. Moreover, it is convex since it consists only of linear parts and of dilated
and shifted parts of ¢.

We define

v(t) = w(int
for t € [0,00). We think of v(0) as the limit of ¢ at —oo. It is again a C'* function.

We claim
1
P(z) > —p(x) for x € [x,, Tpii],n > 2. (1.11)
n
This is obvious for x € [y, Tp41]. For x € [z, y,] we get from (1.8) and the convexity
of ¢
D) 2~ + T () 2 ) + T ) 2 (o)
T Tn Tp) = —@PTy n) Z —
“n-17 n—17 n’ Y n’
Then by (1.6) and (1.11) for t > ™
o(lnt) 1 1
1)< 280 < L) = u)

which proves (i).
For the proof of (ii), we first consider the case y, < z < z,11. We apply (1.7)
and (1.10),

¢($) Zl Zz—i—l)

() (i+1) ()
_ = ¢(zi+1) 1 ©(zn)
B 21: (i + 1 o(x) n(n —1) o(x)
=
= n Z ()  n(n-— 1)
S
“n n nn-1)
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Now let z,, <z < y,. Using the convexity of ¢ and (1.7) we obtain

@) 1 o) w1 p(na) | T3, ()
o) e D e a1 e

1 p(@n) | = — 20 ¢ (20) o( Zz+1
_n—lga(x)+n—1 o(x) +Z
“n—1 px) n—l o() +Z (:cn)gn—lgo(:c)—i_n'

To prove (iii) we will estimate ¢ (x + a) — ¢ () in terms of ¢(z). Here a = In A.
Choose

B > limsup ——= w(AY)
t—o00 W(t)

and n > a so large that for all x > z,, we have ¢(z + a) < By(x). We have to
consider five cases depending into which intervals x and z + a fall. Because of (1.5)

and n > a there are only five possibilities:
1.z, <z,2+a <y,
2., <<y, <zr+a<Thi,
3. Y <z, x4+ 0a < Ty,
4 yp < x <Tpr1 <x+a < Ypy1,

5 Un SO < Tpy1 SYnt1 ST+ a < Ty

Case 1: We use (1.11),

Yo+ a) — (@) = — () <~ EEnF0) = ()

n—1 n—1 a
B—-1
< o elm) < (B = 1)),

Case 2: First, we apply (1.9),

V(e +0) = U(e) = o(e -+ 0) + () = () — Tt (e)

1 1 Yn —
= ns@(fc+a) nso(yn)+ "

x /
1 ¥ (@n)-

Then, using

) ©(Yn) — ()
¢ (zn) < Un —

’
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which is true by convexity of ¢, and referring to (1.11) at the end, we obtain
1 1 1

Yz +a) = y() < —o(eta) = —o(ya) + ——(0(ya) — #(2))
< —eleta) - ﬁ (yn) + ﬁ(w(yn) — ¢(z))
= (el a) — o) < D g(r) < (B~ 1)—"y(a)

Case 3:

Yo+ a) — pla) = (pla +a) - p(a)) <

Case 4: By convexity of ¢ we have

o(x+a) — p(zpe1)

(@) < rT4a—Tp
hence
1 THa—1mr, , 1
Y(x+a) —(r) = ;SO(%H) B — (Tnt1) — E@(SU)
< (e +a) — ple) < ZLpl(e) < (B - ()
Case 5:
1 1 1
Y(r+a) —P(r) = o 1%0($ +a) + m@(znﬂ) - E@(x)
= n%l— 1<p(m ta)+ n(n + 1)('0(95 +a) - %gp(m)

B—-1

= plat+a)— @) < T Lo(e) < (B ula).

Now (iii) implies («) for v. We have Int = o(w) hence ¢ can always be chosen

with Int = o(q(t)) pushing v to satisfy this property as well. O

1.6 Relation between spaces of ultradistributions

and weighted algebras

In this section we will say how the sequential approach (the spaces &, (€2)
and &,3(€2)) can be reduced to the functional approach (the spaces &, (€2) and
67} () under certain assumptions on the sequence (M, ). This part will be based
on the paper [BMMO7]. Further, we will present properties of the spaces &, (2)
and &7,)(€2) and their strong duals. Then we will show the way the duals relate
to weighted algebras of entire functions. This part will be based on three papers
[BMT90], [R6s97] and [HMO7]. The first one covers non-quasianalytic Beurling and
Roumieu cases, the second one concerns the quasianalytic Roumieu case, the third

one covers all cases, in particular the missing quasianalytic Beurling case.
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Theorem 1.6.1 ([BMMO07, Theorem 14]). Let (M, )nen, be a sequence of positive

numbers such that

JAK>0VneNy: M, <AK"™ min M.M,_;

0<k<n

and

Min

dk € N: lim inf

n—oo 1M,

> 1

where m,, = Mj\ﬁl (n € N). Then w: [0,00) — [0,00) defined by

tn
w(t) = sup lnﬁ for t>0, w(0) =0

neNy n

15 a weight and it holds
a1 () = 61y ()
for any open set 2 C C.

Now we can turn to properties of &,)(2) and &ar,3(€2). The following propo-

sition can be proved by standard arguments.

Proposition 1.6.2. Let w be a weight and ) an open subset of R. Then &) km =
{f € C2(K)| || fllk.m < o0} is a Banach space.

We recall that

£y = supl £ @) exp (- (7))

n€eNy

where K € 0, p > 0.

The following proposition was proved in [BMT90, Proposition 4.9] for non-
quasianalytic weights. For quasianalytic weights it was mentioned as a remark on
page 366 in [HMO7].

Proposition 1.6.3. Let w be a Beurling weight and €2 an open subset of R. Then

Ew)(Q) is a nuclear Fréchet space.
Using [MV97, Proposition 25.20] we can deduce the following proposition.

Proposition 1.6.4. Let w be a Beurling weight and €2 an open subset of R. Then
éa('w)(Q) is a (DFN) space, in particular it is Hausdorff, complete, ultra-bornological.

For the Roumieu case we have the following.
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Proposition 1.6.5 ([BMT90, Proposition 4.9]). Letw be a Roumieu non-quasianalytic
weight and € an open subset of R. Then &,y () is nuclear, complete and reflexive.

For arbitrary weights, as is written in [HMO7] on page 373 the following statement

is true.

Proposition 1.6.6. Let w be a Roumieu weight and €2 an open subset of R. Then
810} (Q) is a complete Schwartz space.

Using [MV97, Proposition 24.23] we can obtain the following about the strong
dual of (g{w}(Q).

Proposition 1.6.7. Let w be a Roumieu weight and ) an open subset of R. Then
&, () is ultra-bornological.

In the proof of [HM07, Theorem 3.7] the following statement is shown.

Proposition 1.6.8. Let w be a Roumieu weight and €2 an open subset of R. Then
&,y () is an (LF)-space.

Now we are going to introduce the Fourier-Laplace transform for ultradistribu-
tions.

Definition 1.6.9 (Fourier-Laplace transform). Let w be a weight and € an open
subset of R. For z € C let f,: R — C be given by

fo(x) = e

for z € R. We define the Fourier-Laplace transform 1 of 1 € &, (€2) by the formula

p(z) == {u, f2)

for z € C. Finally, we define the Fourier-Laplace transform F: &(,(€2) — H(C) by

F(u) :== .

For this definition to be correct, one needs that for any z € C, f. € &,,(€2) and
that 7 is an entire function. For an argument that this is the case we refer the reader
to [BMT90, Definition 7.1].

The Fourier-Laplace transform gives a way of changing ultradistributions to en-
tire functions and vice versa. The precise relation is described in the following two

Paley-Wiener type theorems.
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Theorem 1.6.10 ([HMO07, Theorem 3.6]). Let w be a Beurling weight. Then
F é"(/w) (R> — A(w)

15 a linear topological isomorphism.

Theorem 1.6.11 ([HMO07, Theorem 3.7]). Let w be a Roumieu weight. Then
F g{lw}(R) — A{w}

1S a linear topological isomorphism.

Now we can give several examples of the spaces A, and Ay, which are especially

important.

Ezrample 1.6.12.

o Aty = F(E'(R)), where &(R) is the space of distributions with compact

support on the real line,

e for 0 < ¢ <1, Ay = F(GL(R)), where G, (R) are the Gevrey ultradistribu-

tions,

o Ay = F(A'(R)), where A'(R) is the space of real analytic functionals.

1.7 Properties of the weighted algebras of entire

functions

In this section we will study properties of the spaces A,y and Ay,,. All the facts
presented here are known, but their proofs are usually omitted. We will write them
for the sake of completeness. Using Theorems 1.6.10 and 1.6.11 we could derive many
properties from the previous section. But it is not a proper way, since some of these
properties are used to prove that the Fourier-Laplace transform is an isomorphism.

The following two propositions show an another important consequence of con-

ditions (), (7v*) of weights.
Proposition 1.7.1. Let w be a Beurling weight. Then A, contains all polynomials.
Proof. By property () of the weight

|Z| _ eln|z\ < eCw(z)+C

for some C' > 0 and all z € C. As A, is an algebra, this completes the proof.  [J
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Proposition 1.7.2. Let w be a Roumieu weight. Then Ay,y contains all polynomials.

Proof. By property (7*) of the weight for every m € N there exists C,, > 0 such
that In |z < Cy, + +w(z) for all z € C. Hence

’Z‘ — eln|z\ < eCm+%w(z).

As Ay, is an algebra, this completes the proof. n

It is seen from the proofs given above that conditions (7), (7*) are also necessary
for the polynomials to belong to A, Ay, respectively.
The next proposition shows a consequence of the regularity condition («) for

weights.

Proposition 1.7.3. Let w be a weight. Then Ay, is closed under differentiation and

translation.

Proof. By Lemma 1.5.6 we have

w) <Clw(z)+r+1)
for some C' > 0, all » > 0 and all z,{ € C satisfying |z — £| < r. Assume that
f € A(y. Using Cauchy’s inequality

lf'(2)| < . \SUZ If(&)] < 5 lsug MAMImE+Maw(§) o 2M+20M+M|Im z|+CMew(2)
: z—€I<L1 : |z—€I<L1

for some constant M > 0. Hence f’' € A,). For f € Ay,; we have that there exists
M € N such that for all m € N there exists ), > 0 for which

|f(2)| < eCm—Q—M\ImzH—iw(z)

for all z € C. Hence

@IS swp [fOIS sup  eCmMIme) < (OntMeimeMinal i),
& |z—¢<1 & z—¢<1

This means that ' € Ag.,.
Similarly, using Lemma 1.5.6, we obtain that for any given n € C and f € Ay,
it holds f( - 77) € AM‘ 0

Proposition 1.7.4. Let w be a weight. Then Ay ar and Agyy pm are Banach spaces
for any M, m € N.
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Proof. Let (fr)ren be a Cauchy sequence in A, . Then

’fn(z) - fk<2)| < €€M|Imz\+Mw(z)

for any given € > 0, all z € C and all n,k € N big enough. Since eMImz+Mw(z) g

bounded above on any compact subset of C, (fx)ren is a Cauchy sequence in H(C).

Hence this sequence converges locally uniformly to some f € H(C). We have

Ve>0 3k ENV2ECVnk>ko: |fal2) = fulz)| e MMmel=Meiz) < ¢

Therefore

Ve>03k eNV2zECVE>ky: |f(z)— fulz)] e MIma-Me() < ¢

which means that (f;)ren converges to f in A,y . Finally,

| fllar < f = fellar + | fellar < 00

for k € N big enough.

The proof for Ay}, u,m is analogous. ]
Now we can state final results about topologies of Ay and Ay..
Proposition 1.7.5. Let w be a Beurling weight. Then A is an (LB)-space.

Proof. We need to show that the inductive system (jar: Awym — A(y) is an imbed-
ding spectrum. But this is immediate since ||-||ar+1 < ||||as for every M € N. Fur-
thermore, every A, n embeds continuously into H(C), which is Hausdorff. Hence

the inductive topology of A, is Hausdorff as well. n

Remark 1.7.6. From Proposition 1.6.4 and Theorem 1.6.10 we see that A, is a
(DF N)-space.

Proposition 1.7.7. Let w be a Roumieu weight. Then for every M € N
Ay = {f € HC)|Vm € N: || f||arm < 00}
is a Fréchet space, and A,y is an (LF)-space.

Proof. Let (fi)ren be a Cauchy sequence in Ay, a. Then for every € > 0 and every
m €N

1£u(2) = fu(2)] < eeMImaltie6)
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for all z € C and n, k € N big enough. Since eMItmzl+550(2) ig hounded above on any
compact subset of C, (fx)ren is a Cauchy sequence in H(C). Hence this sequence

converges locally uniformly to some f € H(C). We have
Ve>0VmeN Tk e NVzeCVn k> kot |fulz) = fulz)| e MMmel-met) < ¢

Therefore

Ve>0VmeN Tk eNV2zeCVEk>ky: |f(2)— fulz)] e Mma-5el) < ¢
which means that (f;)reny converges to f in A,) . Finally, for every m € N

[f1[arm < WS = Sellazam + [ fellazm < 00

for k£ € N big enough.

Next we need to show that the inductive system (jar: Agym — Aw)) is an
imbedding spectrum. This follows from ||-||a/41.m < ||||arm which holds for every
M € N and m € N. Finally, every Ay, » embeds continuously into H(C), which is
Hausdorff. Hence the inductive topology of Ay, is Hausdorff as well. O]

Remark 1.7.8. One can show that Ay, is nuclear whenever w = o(t) (see [Mei89,

Proposition 1.3]).
An important property of the spaces A and Ay, is that the norms |[|-||a

and ||-||a,m can be replaced by certain integral norms. This will allow us to use
Hoérmander’s theorem for solving 0 equation in the context of these spaces. To be
precise we introduce the following notation (comp. [BG95, page 110]).

Definition 1.7.9. Let Q be an open subset of C and w: [0,00) — [0,00). Then we
define

W (82) := {f: 2 — C| f measurable ,3 M € N: /\f(z)\2eM|Imz|M‘“(z) dz < oo}
Q

and

Wi () = {f: Q — C| f measurable ,3M € N Vm € N:

/ [F(2) e M=) 7 < oo,
Q

Further, we define
Cio(8) = {feC®)|3IMeN:|fllu < oo}
and
Cin () = {f ceC*®(Q)|IMeNVmeN: | fllum< oo}

where ||-||ar and ||-||as,, are the weighted norms introduced in Section 1.3.
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The following two propositions show an another important consequence of con-

ditions () and (v*) of weights.
Proposition 1.7.10. Let w be a Beurling weight. Then
Ay =W (C)NH(C) = C’E’;’)(C) NH(C) and Ca’)((C) C W (C)nC=(C).

Proof. Denote p(z) = |Im z|4+w(z). We have to show that for any continuous function

fon C,
|f(2)] < MHMPE)

for some constant M € N and all z € C implies

/|f(z)|26_Mp(Z) dz < o0
C

for some M € N, and that the converse holds for holomorphic functions.
(=) By () there exists C' > 0 such that In(1 + |z|*) < Cw(z) + C for all z € C.
Take any A > 2M + 2C'. Then

C

C C
< €2M/€21n(1+|z2|)+20 dz — 62M+20/ 1 dz < o0o.
B (1+]z?)?

C C

(«<=) We assume that f is holomorphic. Using Lemma 1.5.6 we obtain constants
C, D > 0 such that

p(z) > Cp(§) = D

whenever |z — &| < 1. Since | f|? is subharmonic on C, we have for M > 0 and z € C

FPe e < = [ IgPe P ag < - [ (e Herorn ag

D(z,1) D(z,1)

< JUGIERE
C

Choosing M big enough we obtain that |f(z)|e"P(*) < A for some A > 0 and all
zeC. m

Proposition 1.7.11. Let w be a Roumieu weight. Then

A{w} = W{w}((C) N H((C) = C{Oz} (C) N H((C) and C{Oz}((C) C W{w}((C) N COO((C)
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Proof. We have to show that for any continuous function f on C,
AMeNVmeN3IC,>0VzeC: |f(z)] < oCm+M|Im z|+ 5 w(z)
implies

M eNVmeN: /|f(z)|Qe_M|Imz_itw(z) dz < oo,
C

and that the converse is true for holomorphic functions.
(=) By (7*) for all m € N there exists A, > 0such that In(1+|2[*) < A, ++w(z)
for all z € C. Then

[P ag — [ (1)l ) e ) a
C

C

C
1

< 20m+2Am/ d < )
= TESER
C

(<) We assume that f is holomorphic. Using Lemma 1.5.6 we obtain constants
C, D > 0 such that

w(z) =2 Cw(§) — D

whenever |z — ¢| < 1. Since |f]? is subharmonic on C, we have for M > 0, m € N
and z € C

1
‘f(z)‘26—2M|Imz\—%w(z) < - / ‘f(§)|2€—2M|Imz|—%w(z) de

D(z,1)
1 oM mél—2C 0 D
< = |f(6)]%e 2M|tm g|=57w(€)+2MA30 g ¢
D(z,1)
e2M+2 oMl €] 2C
< S [Ifgpe im0 g
C

By the assumption there exists M > 0 such that for every m € N the last integral
is finite, which completes the proof. O

Finally, we give a relation between Beurling algebras and Roumieu algebras
(comp. [BMT90, Proposition 7.6], [AJO10, Corollary 4.6]).

Proposition 1.7.12. In the algebraic sense



Proof. Let f € Ag,y. Then |f(2)| < Om+MImzl+550(2)  Using Lemma 1.5.16 for
q(t) = infen(Ch, + Sw(t)) and w we obtain a weight o = o(w) such that f € Ay
The converse inclusion follows from the observation that if ¢ = o(w) then for every
m € N there exists Cy, > 0 such that o(t) < Cp, + Sw(t) for all ¢ € [0, 00). O

1.8 Properties of the weighted spaces of sequences

In this section we study properties of the sequence spaces introduced in Section
1.4.
The algebras Sp,(X) are invariant under translation of the variety X. The fol-

lowing lemma makes this statement precise.

Proposition 1.8.1. Let w be a weight, X = {(A\,m))| A € A} and Y = {(A +
n,mx)| A € A} for some n € C. Then S, )(X) = S (Y).

In fact, we will show more, but only the version above will be important later.

Proposition 1.8.2. Let w be a weight, X = {(A,mx)| A € A}, (Mr)rea be a bounded
sequence of complex numbers, and Y = {(X + nx,my)| A € A}. Then Si(X) =

S (V).

Remark 1.8.3. We will use the term bounded perturbation for the geometric operation
described above. Then Proposition 1.8.2 can be rephrased as follows: the sequence

spaces S[,j(X) are invariant under bounded perturbations of the variety.

Proof. Tt is sufficient to show only one inclusion, for instance Sp,j(Y) C Spy(X).
The other one will follow from this. Denote K = sup,c,|na|. Take any sequence
v={uy| A€ A 0T <my} e S,(Y).

In the Beurling case we have

my—1

IM>0VAEA: D fuy| < MHMImOEm)MeOtm)
=0

Using Lemma 1.5.6 we obtain for some C' > 0 and all A € A

my—1
E :‘U)\,l| S eM+MK+C(K+1)M+M|ImAH-CMw(/\)‘

1=0
In the Roumieu case we have

my—1

IM>0Ym>03Cy>0VYAEA: D [ugy] < CpeM MmOtz
=0
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Using Lemma 1.5.6 we obtain for some C' > 0 and all A € A
ma—1
S € e st "
1=0
Proposition 1.8.4. Let w be a weight and X = {(A\,my)| X € A} a multiplicity
variety. Then Sy v (X) and Sguymm(X) are Banach spaces for any M, m € N.

Proof. Let (v®),cy be a Cauchy sequence in S(w),m(X). Then

my—1
(n) (k) M|Im A|+Mw(\
Z|U,\,z_v,\,z|§€6 Hm Al+-Meo(3)

1=0
for any given € > 0, all A € A and all n, k € N big enough. Hence for every A € A,
0 <[ < m, there exists limy_,~ vf\’fl) =:vy,;. We have

my—1

Ve>0 3k ENVAEAVR L >k D [0y — vl e MImA=Mel) < ¢
=0
Therefore

my—1

Ve>0 3k eNVAEAVE> ko D Jug — vff) [ e MImA=MO) < ¢
=0

which means that (v™)en converges to v := {vy| A € A, 0 <1 < my} in Spy m(X).
Finally,

lollar < llv = o®lar + ™ lar < 00

for k£ € N big enough.
The proof for Sty m,m(X) is analogous. O

Now we can say more about topologies of S(,)(X) and Sy (X).

Proposition 1.8.5. Let w be a weight and X a multiplicity variety. Then S,(X)
is an (LB)-space.

Proof. Since ||*|lp+1 < ||*|lar for every M € N, we have that the inductive sys-
tem (jar: Swym(X) = Sw))(X) is an imbedding spectrum. Furthermore, every
S(w),m(X) embeds continuously into the space of all sequences with pointwise con-
vergence, which is Hausdorff. Hence the inductive topology of S, (X) is Hausdorff
as well. O

Remark 1.8.6. From [Mei85, Proposition 1.3] it follows that S¢.(X) is nuclear if
and only if

my < M|ImA| + Mw(\)

for some M > 0 and every A € A.
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Proposition 1.8.7. Let w be a weight and X a multiplicity variety. Then for every
M eN

Spm(X) ={v={o| A€ A 0<T<my}|Vm e N: || fllarm < 0o}
is a Fréchet space, and Si,)(X) is an (LF)-space.

Proof. Let (v®) ey be a Cauchy sequence in Sy, a(X). Then for every € > 0 and
every m € N

my—1
S i) o8] < ey
1=0
for all A € A and all n, k € N big enough. Hence for every A € A, 0 <[ < m, there

. . k
exists limy_, oo vf\’l) =:vy;. We have

Ve>0VmeNdkeNVAIeAVn k> ky
my—1

(n) (k)| —M|[Im A|—Lw(A
D) = oy e MmN < ¢,
1=0

Therefore

Ve>0VmeN ke NVIEAVE> kK
my—1
o off e <
1=0
which means that (v(®)).en converges to v := {vy;| A € A, 0 <1 < m,}in Swy,m(X).
Finally, for every m € N

[ollaram < llv = 0™ sz + 0@ |agm < 00

for k € N big enough.

Next we need to show that the inductive system (jar: Stuym(X) = Sey)(X) is
an imbedding spectrum. This follows from ||| ar41.m < ||*||am Which holds for every
M € N and m € N. Finally, every S{,y,a(X) embeds continuously into the space of
all sequences with pointwise convergence, which is Hausdorff. Hence the inductive

topology of Sp.1(X) is Hausdorff as well. ]

Remark 1.8.8. From [Mei89, Proposition 1.6] it follows that Sy, (X) is the strong

dual of a complete Schwartz space.

As in the function case we have the following relation.
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Proposition 1.8.9. In the algebraic sense
Sy (X) = | Se(X
o=o(w)
Proof. Let v € Sp,). Then |f(2)] < OmtMIImzl+50(2) - Using Lemma 1.5.16 for
q(t) = infen(Cr + ~w(t)) and w we obtain a weight o = o(w) such that f € Ag).
The converse inclusion follows from the observation that if ¢ = o(w) then for every

m € N there exists Cy, > 0 such that o(t) < Cy, + =w(t) for all ¢ € [0,00). The

proof of the second equality is analogous. O]

1.9 Interpolation problem

The main topic of our study is the interpolation problem. It will be expressed
with the use of a so-called restriction operator. But before we state the definition

we need the following lemma.
Lemma 1.9.1. Let w be a weight. Then

1. For every f € A,y the following condition is satisfied:

| )
IMeNVzeC: Z‘fl_'@‘ < M+MItm 2+ Mo(z),

2. For every f € Ag,y the following condition is satisfied:

< (1)
IMeNVYVmeN3IC,>0VzeC: Z)fl'(z) Fw(z)

Proof. Using Cauchy’s inequalities for R = 2 we obtain

= f" SUPgedDz2)|f( §)|
Z‘ 2n
1=0

=2 sup |f(§)]

€€OD(2,2)
Now we are going to use Lemma 1.5.6. In the Beurling case we have then for some

constants M,C' > 0 and all z € C

> f(l)(z)
Z‘—’ < sup eMAMImEFMw()  o2M+MO+M|Im 2|+ MCw(z)
I £€0D(z,2)

While, in the Roumieu case

dMeNVmeNdC, >0VzeC:

= fO(z
S

MImél+Ew(é) 2Cm62M+%+M|Imz|+%w(z). =

sup e
£€0D(2,2)
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Definition 1.9.2 (Restriction operator). Let X = {(A,m))| A € A} be a multiplic-
ity variety and w a weight. We define

M(x
R:A[W}%S[w](X), fH{f ‘( >}
l‘ AEA, 0<I<my

In both Beurling and Roumieu cases this operator is continuous. For the conve-
nience of the reader we recall how one checks the continuity of an operator between
(LF)-spaces (see [MV97, Proposition 24.7 and Theorem 24.33]).

Proposition 1.9.3. Let (Ex)nen and (Fy)aen be families of Fréchet spaces. Let
(Jn: En — E)nen, (Inr: Fyr — F)yen be imbedding spectra and assume that the
inductive topologies on E and F are Hausdorff. Then a linear operator A: E — F is
continuous if and only if for every N € N there ezists M € N such that A(En) C Fiy
and Algy: En — F)yr is continuous.

Proposition 1.9.4. Let X = {(A\,my)| A € A} be a multiplicity variety and w a

Beurling weight. Then the restriction operator R: A,y — Si)(X) is continuous.

Proof. Denote p(z) = |Im z| + w(z). From Lemma 1.5.6 we have for some C, D > 0

p(z) = Cp(§) = D

provided |z — &| < 2.
Let N € N be given and assume that f € A, n. From Cauchy’s inequalities

and the above inequality we obtain

my—1 o 1)
f( A f( (Z) -M
R(f = sup } ‘ MpY) < gup ‘ o~ Mp(2)
IR Z |
su
< sup pEEOD(?2)|f( 3] e~ Mp(2) < 2sup sup | f(€) e~ MCp(§)+MD
2€C =2 2 2€C £€€0D(2,2)
= 2eMP sup|f(2)| e MPE) = A| f||n
zeC
if M and A were chosen to be M = 2 and A = 2eMD, 0

Proposition 1.9.5. Let X = {(A\,my)| A € A} be a multiplicity variety and w a

Roumieu weight. Then the restriction operator R: Ag,y — Sgu)(X) is continuous.

Proof. We have to show that

VNeNIMeNVmeNdIneNC>0VfeAunn
IR arm < ClLF [l
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From Lemma 1.5.6 we have for some C, D > 0
w(z) =2 Cw(§) — D

provided |z — &| < 2.
Let N € N be given and assume that f € Ay. For given M, m € N we obtain

from Cauchy’s inequalities and the above inequality

my—1

O\
IR arm = sup > ‘f_f)’ o~ MlEm A= ()
S e {!
<4 fO
< sup Z‘—f (2) ’ o~ Mt 2| = Te(2)

>, su
pr@D(z,2)|f(€)| e—M|Imz|—%W(2’)

< sup

2l
zeC =0

<2sup sup | f(€)] M EmMImETe©
2€C £€0D(z,2)

_ 262M+% sup|f(z)| e*M|Imz|7%w(z).
zeC

Therefore for all N € N there exists M = N such that for all m € N there exist

n>% C= 2e2M+1 such that

IR atm < Clfllvn- O

Now we can define the most important notion of this dissertation.

Definition 1.9.6 (Interpolating variety). Let X = {(A\,m,)| A € A} be a multi-
plicity variety and w be a weight. We call X an interpolating variety for Ay, if the

restriction operator R is surjective onto Sp(X).

Example 1.9.7. The only examples of interpolating varieties one can give without
deep studies of the topic are finite sets. In that case one can interpolate any sequence
of values by a polynomial. For more sophisticated examples we will have to wait until
Chapter 5.

1.10 Counting functions

In order to express geometric properties of interpolating varieties we will use
Nevanlinna counting functions. They were introduced by R. Nevanlinna and suc-
cessfully used in the study of value distribution of holomorphic functions as well as
in the relation between growth of entire functions and distribution of their zeroes.

There is a huge literature concerning these topics. We mention just several positions
[Nev70], [Hay64], [Lev80], [Lev96], [CYO01].
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Definition 1.10.1 (Nevanlinna counting functions). Let X = {(A\,my)| A € A} be

a multiplicity variety. Define

n(z,r, X) = Z my

AeD(z,r)NA

and
[ n(zt, X) — X
N(Z,T,X):/n(z’ X) tn(z,O, ) dt +n(z,0, X)Inr.

0

The argument X will be omitted whenever it does not lead to any misunderstanding.

The function n counts the number of points (with multiplicities) of a variety in
a disc of radius r centred at z. The N function is more sensitive. Its value depends
on the number of points in that disc but also on the density of these points. Hence
its value in one given r carries more information about geometric properties of a
variety than the value of n in the given r. Moreover, whenever X is a zero variety
of a holomorphic function (the set of zeroes of the function with multiplicities), the
corresponding N function appears in the Jensen’s formula (see [Rud87, Theorem
15.18], [Lev96, Section 2.3]). This is the main reason of its usefulness. The form
of the function N encountered more often in the Jensen’s formula is given in the

following proposition.

Proposition 1.10.2. Let X be a multiplicity variety. Then for all z € C and r > 0

N(z,r,X)= Z mAlnL/\—l—n(z,O,X)lnr.
A 0<|A—2|<r |Z o |
Proof. Denote

(o) 0 for 0 <r <|z—Al,
nx(z,r) =
my for r > |z — Al
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For any z € C, r > 0 we have

T

[ n(zt) —n(z,0)
N(z,1) —/ ; dt +n(z,0)Inr

0

_ / Saeama(t) = n(z,0)

; dt +n(z,0)Inr

dt +n(z,0)Inr

/ D as o<zl (25 )
t
0

T

t
= Z /—nk(;’ ) dt +n(z,0)Inr
A 0<[A—2|<r

r

= Z %dt—i—n(z,O)lnr

A: 0<|)\—z|§r‘z_)\|

= Z my In E i N +n(z,0)Inr.

A 0<|A—z|<r

In the following lemma we give a strict relation between functions N and n.
Lemma 1.10.3. Let X be a multiplicity variety. Then for all z € C and r > 0
N(z,r,X)=n(z,r,X)Inr — Z myIn|z — Al

A 0<|A—z|<r

Proof. Follows immediately from Proposition 1.10.2.
Another relation is given by the following inequality.
Lemma 1.10.4. Let X be a multiplicity variety. Then for all z € C and r > 0
n(z,r, X) < N(z,er, X) —n(z,0,X)lnr.
Proof. We have

er

N(z,er) = / n(zt) ; n(0) dt +n(z,0)Iner

[en]

. dt + n(z,0)Iner

> /n(z,t) —n(z,0)

> /n(z,fr) ;n(z,O) dt +n(z,0)Iner

= (n(z,7) —n(z,0))Ine +n(z,0)lner
=n(z,7r)+n(z0)Inr
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Chapter 2

Properties of interpolating

varieties

2.1 Uniform interpolation

A standard feature of interpolation is that it can be performed in a uniform way.
The following lemma was proved in the form of Lemma 2.1.3 in [BL95, Lemma 3.3].
We present a more general form which is in fact the essence of the open mapping
theorem - if the restriction map R: A,y = Sy (X) or R: Ag,y — Spuy(X) is surjec-
tive then by [MV97, Theorem 24.30] it is open. We use a more sophisticated version

of the open mapping theorem since the spaces are neither Banach nor Fréchet.

Lemma 2.1.1 (Uniform Interpolation in A,,). Let w be a Beurling weight and X a
multiplicity variety. If the restriction operator R: Ay — S(w)(X) is surjective then
for every N € N there are M € N and r > 0 such that

By (0,1) C R(By(0,7))

where By (z,1) denotes a ball in the norm ||-||ar in the suitable space centred at z

with radius r.

We omit the proof of this lemma as it is just a simpler version of the proof of

the following result for the Roumieu case.

Lemma 2.1.2 (Uniform Interpolation in Agy). Let w be a Roumieu weight and X

a multiplicity variety. If R: Agy — Stuy(X) is surjective then

VNeNdIMeNVmeNdneNr>0
Bn,(0,1) C R(Bam(0,7))

where By (z,7) denotes a ball in the norm ||-||pm in the suitable space centred at

z with radius r.
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Proof. We recall that A,y and Sy, (X) are (LF)-spaces.

As R is surjective we have S} (X) = U,y B(Ager,m). By Grothendieck’s fac-
torization theorem [MV97, Theorem 24.33] for every N € N there exists M € N
such that Sg,) v C R(Agy,a). Denote by j the inclusion from Sy, n to R(Aguy ).
Consider on R(Ay,y,m) the topology 7 induced from A,y by R (the quotient
topology). Define jar: Aguy,m — Ay to be the inclusion. Then

Ry =jmo R: Ay — (R(Apyn),7) and  j: Spyn — (R(Aguy,m), )

are continuous by the closed graph theorem [MV97, 24.31]. Hence for By, (0,1) =
{f € HC): |fllsm < 1}, the set j7'(R(Bam(0,1))) is a 0-neighbourhood in
Stwy,v- This completes the proof. O

The standard form of the uniform interpolation for the Beurling case, which one

can find in the literature, can now be obtained as a corollary to Lemma 2.1.1.

Lemma 2.1.3. If X = {(A\,my)| A € A} is an interpolating variety for A,y then
there are M € N, C' > 0 such that for all \ € A, 0 < [ < my there is a function
g € Ay with the following Taylor coefficients

NAO) 1 ifn=Xand k=1,

k! 0 otherwise,

forallne A, 0 <k <m, and

|l < C.

Proof. For every A € A, 0 <[l < m, and any N € N we have

(0 AOk1)neno<kem, € Sww)(X)
and

| (OnAOk.1)nen 0<kam, |n = e~ NImAFw))

Therefore Lemma 2.1.1 yields the assertion. O
We can obtain a similar lemma for the Roumieu case.

Lemma 2.1.4. If X = {(A\,m))| A € A} is an interpolating variety for Ay, then
there exists M > 0 such that for all m € N there exists C,, > 0 such that for all
A€ N0 <1 <my there is a function fr; € Ay satisfying

NAO) 1 ifn=Xandk =1,

k! 0 otherwise,
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forallne A, 0 <k <m, and

Hf)\,lHM,m S Cm

Proof. For every A€ A, 0 <1 <m, and any N € N, n € N we have

(69 A0k 1) ner 0<km, € Sy (X)
and

—NImA—L1w(X)

H(577,/\5/’c,l)neA,og/IKm,7 HNn =€ <1

Therefore Lemma 2.1.2 yields the assertion. O]

2.2 Elementary properties

Definition 2.2.1 (Subvariety). Let X = {(\,m))| A € A} be a multiplicity variety.
We say that Y = {(n,m,)| n € K} is a subvariety of X if £ C A and m, < m, for
every n € K. We write Y C X.

The following proposition follows immediately from the definitions.

Proposition 2.2.2. Let w be a weight. Assume that Y is a subvariety of X. If X
is interpolating for Ay, then 'Y is interpolating for Ay, as well.

Another property of interpolating varieties is that they can be shifted by a con-

stant vector.

Proposition 2.2.3 (Shift of an interpolating variety). Let w be a weight, X =
{(A,my\)| A € A} an interpolating variety for Ay, and n € C an arbitrary point.
Then'Y = {(A+n,my)| A € A} is interpolating for Ay,.

Proof. Let v = {vaymu| A € A, 0 <1 < my} € A(Y). Then v € Ap(X) from
Proposition 1.8.1. As X is interpolating, we can find f € A, interpolating v on X.
Finally, f(- — n) interpolates v on Y and from Lemma 1.7.3, f(- —n) € Ap,. O

One may ask if the essence of Proposition 2.2.3 lies in the fact that all points of
the variety are shifted not too far from their original positions. More precisely, if,
for a sequence (my)xea C C such that supycp|ma| < 00, Y = {(A+nm,my)| A € A}
is interpolating whenever X = {(A,my)| A € A} is interpolating. Or in other words,
whether interpolating varieties are stable under bounded perturbation. Proposition

1.8.2 gives us the possibility to make the first step of the proof given above. But
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the answer is no (see Section 5.4). Another operation that is not allowed with inter-
polating varieties is rotation (see Section 5.4). To see this we will need a geometric
characterisation of interpolating varieties which will be given in Chapter 5.

It turns out that the multiplicities of an interpolating variety cannot grow too
fast. The first assertion of the following proposition was proved by Squires [Squ83,
Theorem 1].

Proposition 2.2.4. 1. If X is an interpolating variety for Ay, then
AMeN,C>0VAeA:my <C+ M[ImA+ Mw(A).

2. If X is an interpolating variety for Ay, then

1
IMENYmEN 30, >0VAeA:my < Cpt MlImA|+ —w()).

Proof. We will treat both cases simultanecously. Let fy := fi,,,—1 be the functions
given by Lemma 2.1.3 in the Beurling case and by Lemma 2.1.4 in the Roumieu

case. An application of Cauchy’s formula gives

APy 1)
= = e
0D (\e)
2w .
-5 _fxgje;;mf” cic? dy

f)\ )\ +e 67“9
27T€m>‘ 1 619 my—1

Therefore

1< _1/|f,\ (A +ee)] d9< — sup  |fa(A+ 2)]

T 2me™ 2€0D(0,¢)
and

my<l4+In( sup |[L(A+2)]).
2€90D(0,e)

Now we will use the estimates for the modulus of fy. In the Beurling case we have
that

IMeNC>0VAeA :my <1+ ln( sup C’eMlIm(HZ)HMW(’\“)).
2€90D(0,e)
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Whereas, in the Roumieu case

dIMeNVmeNdIC, >0VIeA:

my <1+ ln( sup CmeM\Im(/\+z)\+%w(,\+z))'
2€9D(0,e)

The use of Lemma 1.5.6 completes the proof. O
The following theorem was proved by Berenstein and Li [BL95, Pages 13-14].

Theorem 2.2.5. Let w be a weight. If X = {(X\,my)}rea is interpolating for A
then for any n € N the variety X = {(\,n-my)}rea (we multiply all multiplicities
by n) is also interpolating for A(.

2.3 Union of Beurling interpolating varieties

In this section we will study unions of interpolating varieties in the Beurling case.
The Roumieu case will have to wait until we have more powerful tools. We start
with the definition of the union of multiplicity varieties. We will use the notation
p(z) = [Im z| + w(z) for a weight function w. Furthermore, X = {(\,my)} ea and
Y = {(n,my,)},ex will denote two multiplicity varieties. Whenever it does not lead

to any misunderstanding we will just write m, and m,, for these multiplicities.

Definition 2.3.1 (Union of multiplicity varieties). We define

XUY = {(7—7 mT)}TGAUK

where

My ifreAand 7 ¢ K,
m: = M, if r¢ Aand 7 € K,
max (1., m.;) ifre ANK.

The following notion is crucial when considering unions of interpolating varieties

in the Beurling case.

Definition 2.3.2. Let w be a weight. Denote p(z) = |Imz| + w(z). We say that
X = {(A\,my)] A € A} is weakly (w)-separated (or just weakly separated) if there
exist 9, C' > 0 such that for

_oPX)
5)\ = de mA

the disks D(A, dy) are pairwise disjoint for all A € A. Numbers ¢, are called separa-

tion radii.
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The next lemma was proved in [BL94, Lemma 3.1] for the case my = 1 for all

A € A. Small adjustments give the result for arbitrary multiplicities.

Lemma 2.3.3. Let w be a weight. Denote p(z) = |Im z| + w(z). If a multiplicity
variety X = {(A\,my)| X\ € A} is weakly separated then there exists M > 0 such that

Z mye MPA < 0.

AEA

Proof. By Proposition 2.2.4 we have
my < ™ < CeCP)

for some C' > 0 and every A € A. Hence it is enough to prove that

Z e~ Mp(N)

AEA

for some M > 0. Further, we may assume that 0 ¢ A.
Let d) be like in the definition of weak separation. Denote |D,| = [ p, dz. Then

_ p(>\)
|Dy| = 762 = wd%e x> a2 2P0,

By () there is D > 0 such that In|z| < Dp(z)+ D for all z € C. Using Lemma 1.5.6
we obtain constants A, B > 0 such that

Ap(z) — B < p(A)

for all z € C, A € A satisfying |z — A\| < 1. Then for M > 2C we get

Tk s G [

AEA AeA NeAfy
eB(M—20C) eB(M—20C)
< Z/ (2C—-M)Ap(= dZ < /G(QC—M)Ap(z) dz
NeAfy s
- e(B+A)(M—-2C) (20-ana q
— [ |z z.
- 62 / 12
C
If we choose M such that 2C—M)A < —% this expression will be finite. O]

In the paper [Oun03, Lemma II.1, Theorem II.1] M. Ounaies proved Lemmas
2.3.4, 2.3.5 and Theorem 2.3.6 for all multiplicities equal one. Although the proof
for arbitrary multiplicities is also due to Ounaies, she has never published it. It was

communicated to the author through a private correspondence.
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Lemma 2.3.4. Let w be a weight and denote p(z) = |Im z| + w(z). Assume that
X ={(Am)| A e AL, Y = {(n,m,)| n € K} are disjoint (i.e., ANK = 0),
interpolating for A, and X UY is weakly separated. For X\ € A define a sequence

U= (Un,z)neic,0§l<mn7 Uni = (=1) ( l )m

Then v* € A,y (Y) for every X € A and
[ I3y < P

for some C; M > 0 independent of X.

We write Y in the symbol ||v*[|}; to indicate that this norm is taken with respect
to Y.

Proof. For A € A and n € K we have

my—1 my—1
d 1 Uy 1) 1
A A
g v = —m8Mm— E - .
— v (n—A)m™ & ( l (n—A)!

k+n < k+n+1
n - n+1

Since

for all k,n € Ny and

for k,n € N, we get

m)\ + l - 1 < m>‘ + mn < 2m7]+m/\ < €m7]+m/\.
[ - My, -

Further, from the weak separation of X UY for some C' > 0 and 6 > 0 we have

p(\)

A= > de” "

for all A € A and n € K. Then

1 < 1 €Cm)\%§\) — o™ In §+Cp(A)
7= Af™ T am
and
1 I e —lIn§+C-Lp(n) Iné+C
L < T 2 ) ot
’r] _
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Putting this all together and using Proposition 2.2.4 we obtain

mpy—1 mp—1

i'v/\l’: 1 WZ <m,\—|—l—l> 1

— = A ! n = Alf
< e In §+Cp(X)

m, MM o =My In 6+Cp(n)

< eAP(N) o Mp(n)

for some big enough constants A, M > 0 independent of A\ and 7. Thus
loall < e, O

Lemma 2.3.5. Let w be a weight and denote p(z) = |Imz| + w(z). Assume that
X ={(Am\)| X e A}, Y = {(n,my)| n € K} are disjoint, interpolating for A,
and X UY is weakly separated. Then there are two constants A, M > 0 such that
for every X € A there exists gy € A,y satisfying the following conditions

=0 forallnelk, 01 <m,,

=0dp forall0<I<m,,

(3)  |ga(2)] < AeMPNMPE) - for gl] 2 € C.

Proof. Let v* be sequences as in Lemma, 2.3.4. Then for some M, C > 0 and every
AeA

Hv)‘e’Cp(’\)HM <1.

By Lemma 2.1.1 used for Y there exist constants A, N > 0 and functions hy € A,
(A € A) satisfying

:v;)’l forne K, 0< 1 <m,
and
[Pally < AP,

From Theorem 2.2.5 we know that {(\, 2m,)}ea is also interpolating. Therefore,
by Lemma 2.1.3 there exist functions f\ € A, such that

Doy )1 iftl=my,

no 0 if 0 <l <myormy<l<2my,
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and for some A, N7 > 0 independent of A, ||fy||n, < A1. Next, for A € A define

a(z)=(1—(z - /\)mAhA(Z))%'

Since the value and all derivatives of f) in A up to the order m, — 1 are 0 hence

Ir(2)
(z=A)mA

is an entire function. Moreover, for |z — A| > 1
‘f)\(zﬂ < A16N1p(z).
|z — Aj™ —

From the maximum modulus principle for every A € A there is z, such that |zy—A| =
1 and

ST C IR FACN]

ox<l 12 = A [z = AP

This, the previous inequality and Lemma 1.5.6 yield

| Ifx(;«‘|)|A < Ay max(eNPE) NP < A, Nar) Min(e)
z — m

for every z € C and for some constants Ay, Ny > 0 independent of A. Therefore,

z
I < L A S Ape )4 4,0t LRI

< 2max(Ay, AA;) enxN2OPR) o(NiF+N)p(z),

Thus we have shown (3).

Denote
r(2)
F)\(Z) (Z _ A)m)\
Then
1 if [ =0,
Bo=1

Now we are going to calculate the values and derivatives of gy. For A € A and

0 <!l < my we have

0 =3 ()= G =)

k=0

7P,

z=

If 1 <k < m, then

(1 = AP ()P = (’?)—( . (= Am )

J) (my—7j

=\
=0 c
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Thus

n(N) = (1= (= N"h(2)|  RO) =1
and for [ > 0
00 = (£ )1 (e =] O = K =0
’ 0 z=A A A

This proves (2).
On the other hand, for n € K and 0 <1 <m,,

() = ki; (11) (ﬁ - h;(z)) v A7)
But _
(ﬁ) (k) o Y (WE;%J: - I)!l)! (7 — Al)mﬁk

. k m,\+k—1 1 D
= (-1) ( I )—(U_A)mﬂrk k!—vnvkk!,

and we have chosen functions hy such that
k
B (n) = ) k!
for any 0 < k < m,,. This gives (1) and completes the proof. O

Theorem 2.3.6. Let w be a weight. Assume that X = {(A\,my))| A € A}, Y =
{(n,my)| n € K} are interpolating for A,y and X UY is weakly separated. Then
X UY s interpolating for A).

Proof. First, we replace X by

X = {(T,mT)| 7€ ANand m;, =m, and (1 € K = m, > T?LT)}
and Y by

V' :={(r,m;)| 7 € K and m, = m, and (1 € A = m, < m,)}.

Then X' € X and Y/ C Y, hence X’ and Y’ are interpolating. Moreover, X’ and
Y’ are disjoint and X’ UY’ = X UY. Therefore without loss of generality we may
assume in the rest of the proof that X and Y are disjoint. We may also write m
for my and m,, for m, as it cannot lead to any misunderstanding anymore.

Denote p(z) = [Im z| + w(2). Let v = (vx1)renuk, 0<i<m, € Sw)(X UY). Then we

can split v into two parts

(U,\,l),\eAulc,ogkm = (x)\,l)/\eA,OSKm)\ U (yn,l)nelC,OSKmn-
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Then (2x1)rer0<icmy, € Sw)(X) and (Yn1)nexo<icm, € Sw)(Y). We have to find
f € A, such that

ACY
I

=T\l forAGA,O§l<m,\

and

SO (n)
T

=Yy, fornek, 01 <my,.

To do this we will construct two functions fi, fo € A, satisfying

1(12!()‘> =z, for Xe A, 0<1<my,
fl(l;!(ﬁ) =0 fornek, 0<1<m,,
and
fél;!o‘) =0 forAe A, 0<1<my,
fQ(l;'(n) =y, fornek,0<1<m,,
and then take f = f; + fo. However, we will only show the construction of f;.

Function f5 can be obtained in a similar way.
By Lemma 2.3.3 there exists M; > 0 such that

ZG’M”’()‘) < 00. (2.1)

AEA
Take arbitrary M > 0. Then for all A € A, 0 < k£ < m,, it holds
(G0 €™" ™) ve o<icm,, |l = 1.

By Lemma 2.1.1 used for X there are A, N > 0 such that for all A € A, 0 < k < m,,

there are functions fy € A, with the following Taylor coefficients

= (SAA/(SMEMP()‘) for all )\I €cAand0 S l < my: (2.2)
and satisfying
| far(2)] < AP (2.3)

for all z € C.
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By Lemma 2.3.5 there are A;, Ny > 0 such that for every A € A thereis g\ € A,
with

0
g)‘l—'(n):O forallne K, 0<1<m, (2.4)
O]
9,\“()\) =0, forall 0 <I< my (2.5)
lga(2)] < ApeNPNeNPE for all 2 € C. (2.6)

Since {zx;}a € S()(X) there are Ay, Ny > 0 such that

m)\—l
D fwag| < Ageor (2.7)
1=0
for all A € A.
We set
my—1
fi(z) = Z Z ga(2) frr(2)e PN gy 4 (2.8)
AEA k=0
For every A € A
m>\—1
Z ga(2) far(2)e PNy
k=0

is an entire function. Furthermore, by (2.3), (2.6) and (2.7)

m)\—l my— 1
Z (g,\(Z)fx,k(Z)e_Mp(A)m,k) < AgeN+Np(= M)p(X) Z |25 k]
k=0

< A4€(N+Nl) p(z )6(N1+N2 M)p()\)

for some As, Ay, > 0. Choose M such that N; + Ny — M < —M;, where M is
from (2.1). Then the terms of the series (2.8) are uniformly bounded by the terms
of some convergent series on any compact set of the complex plane. Hence f; is a
well defined, entire function. The above estimate shows, moreover, that f; € A,
It remains to evaluate the values and derivatives of f; on A and K. For A € A,

0 <1 < m, using (2.2) and (2.5) consecutively, we obtain

(l) my/—1
f Z Z Z ( ) (J) ()\)G—Mp()\’)xXJC

ANeAN k=0 j=0

mklfl l

l 1 / !

(j) g (NS ad e PN e PN gy,
=0

NeAN k=0 g
L/

> (k> I CVESVE oW
k=0
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On the other hand, (2.4) gives immediately that

’VTL)\/—l l

f(l) » ‘ - )
S SN S e =0

NEA k=0 j=0

forne K, 0 <1 <m,,.
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Chapter 3

Analytic description of

interpolating varieties

3.1 The Beurling case

A priori the definition of interpolating variety does not suggest any easy and ex-
plicit way to check whether a given multiplicity variety is interpolating. One would
have to take an arbitrary sequence of values in the appropriate sequence space and
try to figure out if there exists a function interpolating it. This does not seem to
be easy even for simple examples of varieties. One needs a better criterion. In this
chapter we give a description of interpolating varieties in analytic terms. The infor-
mation if a multiplicity variety is interpolating is actually hidden in the existence of
just one special function. The following theorem covers the Beurling case and was
published in [BL95, Theorem 3.1|. Earlier partial results can be found in [BT79,
Theorem 4], [Squ81]. As it is far from our final aim, we do not give its proof. In the
sequel we will use the notation Z(f) for the variety of all zeroes with multiplicities

of a holomorphic function f.

Theorem 3.1.1. Let X = {(\,my)| A € A} be a multiplicity variety and w be a
weight. Variety X is interpolating for A,y if and only if there exists f € A,y with
X C Z(f) and satisfying that for some € >0 and M € N for all A € A

(mx) (X
f - E ) 5 o mima-aroy, (3.1)
A

This theorem provides an easier way than the direct method of checking whether
a given multiplicity variety is interpolating. But still it is not explicit enough. For
more plain criterion we have to wait until Chapter 5. Nevertheless, we can derive a

very useful consequence from Theorem 3.1.1.
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Corollary 3.1.2. Let v be a weight and X be an interpolating variety for Awy. Then
X is interpolating for Ay for every weight w satisfying v = O(w).

Proof. 1t is enough to notice that the bigger the weight the easier to fulfil condition
(3.1). [

3.2 The Roumieu case

In the Roumieu case we have just a partial result of the analytic kind. A complete
analytic characterisation will be obtained in Section 5.4 (see Theorem 5.4.6) for
non-quasianalytic weights with the use of geometric descriptions of interpolating

varieties.

Theorem 3.2.1. Let w be a weight and let f € Agyy with X C Z(f). If for some
M €N, for all m € N there exists C,,, € R such that for all A € A

|fI (V)] > g~ Cm—MImz|—L w(2)
TI’L)\! -

then X is an interpolating variety for Ag.y.

Proof. By the assumption

dAMeNVmeNdC, ecRVIeA:
m)\'
< C, + M|[Im A +—w)\)
i () i X 2 et
and

dAM; eNVmeNdIB,eRVAeA:

1
In|f(2)| < By, + Mi|Im z| + - w(z).
Take any sequence v € Sy, (X). We have then

dM; e NVmeNdJA,eRVAIEA:
m)\—l 1
1 <A Mo|Im A| + —w(N).
(Do) < An Mmooy

We can take D,, = max(A,,, By, C,,) obtaining the same constants in all three
inequalities. Denote ¢(z) = infyen (D + = w(2)). Then ¢(t) = o(w(t)) as t — oo.

Moreover,

<|f é )|) < M[Im A+ ¢(N) (3.2)
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for all A € A,
|f(2)] < Milmata) (3.3)

for all z € C and

my—1

Z |vag| < eMeltm ATy (3.4)
1=0

for all A € A. We can use lemma 1.5.16 for ¢ and w obtaining a weight v such that
q(t) = o(v(t)) and v(t) = o(w(t) as t — oo. Then by (3.3), f € Ay and by (3.4),
v € S(,)(X). Moreover, condition (3.2) allows us to apply Theorem 3.1.1. Thus X
is A(,) interpolating and there exists F' € A,y with R(F) = v. Proposition 1.7.12
implies finally that F' € Ay,. m

3.3 Relation between Beurling and Roumieu in-

terpolating varieties

Propositions 1.7.12 and 1.8.9 provide us with a relation connecting Beurling and
Roumieu weighted algebras of functions and sequences. One may then expect similar
results for interpolating varieties. The following lemma gives just a partial answer to
this problem. For a complete relation we have to wait until we obtain in Chapter 5
a more straightforward description of interpolating varieties in terms of geometric

conditions (see 5.3.2).

Corollary 3.3.1. Let v be a weight and assume that X is interpolating for Ag.
Then X is interpolating for A,y for any weight w satisfying v = o(w).

Proof. Let v € Sg3(X). Proposition 1.8.9 yields v € S,)(X) for some p = o(w).
Since max (v, 1) = o(w) we can use Lemma 1.5.16 to obtain another weight o between
max (v, pr) and w. Then by Corollary 3.1.2, X is A, interpolating. Moreover, v €
S()(X) hence we obtain f € A, satisfying R(f) = v. One more application of
Proposition 1.7.12 completes the proof. m
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Chapter 4

Geometric conditions

4.1 Sparse varieties

In this chapter we will study geometric conditions for multiplicity varieties. One
way of describing geometric properties of multiplicity varieties, mentioned already in
Section 1.10, is the use of the Nevanlinna counting function N. Conditions imposing
bounds on its growth were successfully used in the study of interpolation problems in
many spaces of entire functions (see [Squ83], [BL95], [BLV95], [HMO00], [MOCO03)),
[Oun07], [Oun08], [MOCO09]). In this section we introduce several conditions of this
type, we express their meaning in different, more readable forms and give some
consequences which will be useful later.

We recall that the Nevanlinna counting function for a variety X = {(\,m,)| A €
A} is given by the formula

T

N(zr, X) = /

0

n(z,t, X) —n(z,0,X)
t

dt +n(z,0,X)Inr

where n(z,r, X) is the number of points of X with multiplicities in the closed disc

D(z,r).

Definition 4.1.1. Let w be a weight. Denote p(z) = |Im z| + w(z). We say that a
multiplicity variety X = {(\, my)}ren is (w)-sparse if

JC>0VAeA: N pA),X)<CpA).
It is called {w}-sparse if

AIMeNVmeNdIC,eRVr>0\XeA

1
N\ X) <Cp+ M|Im )| —I—Ew()\) + Mr.
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Right from the notation one might see that (w)-sparsity corresponds to the Beurl-
ing case. This condition was introduced by Massaneda, Ortega-Cerda, and Ounaies
in [MOCOO03] and was called there condition (a). {w}-sparsity is a counterpart of
(w)-sparsity introduced to fit into the framework of the Roumieu case. One can see
that (w)-sparsity and {w}-sparsity are not so similar as one could expect. Looking
at the form of {w}-sparsity one would rather define (w)-sparsity in the following

form.

Definition 4.1.2. Let w be a weight and denote p(z) = |Im z| + w(z). We say that

a multiplicity variety X is (w)*-sparse if
AC>0VAeAVr>pN): N rX)<Cr.

We see that (w)*-sparsity is a priori stronger than (w)-sparsity. Although they
are equivalent in some cases, as we will see later, neither is their equivalency in
general proved nor is a counterexample known. Furthermore, we will show that (w)-
sparsity along with some other condition is enough to describe interpolating varieties
in the Beurling case. But it cannot be transformed directly to be useful also in the
Roumieu case. It seems that the closest useful form is the one we have proposed as
{w}-sparsity.

In the following lemma we give a relation between (w)*-sparsity and {w }-sparsity.

Proposition 4.1.3. Let w be a Roumieu weight. A multiplicity variety X is {w}-

sparse if and only if there exists a Beurling weight o = o(w) such that X is (0)*-

sparse.

Proof. Assume that X is {w}-sparse. Define ¢(z) = inf,en(Cr, + +w(2)). Then
q(t) = o(w(t)) when ¢ — oo. By Lemma 1.5.16 there exists a weight o satisfying
q = o(0) and 0 = o(w). Then by {w}-sparsity of X for some M € N

N, 7) < MIm A+ g(A\) + Mr

for all A € A. Since ¢ = o(0) we have ¢(z) < C + o(z) for some C > 0 and every
z € C. This proves (o)*-sparsity of X.

Assume now that X is (o)*-sparse for some weight ¢ = o(w). Then for every
m € N there exists Cp,, > 0 such that o(t) < Cy, + Sw(t) for every ¢ € [0, 00). For

r > (0 we obtain

NA7) < N ImA +0(X) +7) < C(|Im A| + o(N) +7)

1
§C|Im)\|+C’C’m+CEw()\)+C'T. O
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Due to Proposition 4.1.3 all results obtained for the Beurling case provide infor-
mation about the Roumieu case as well. This will be seen throughout this section.
In several situations we will even omit the corresponding result or notion for the
Roumieu case as it can be easily deduced and will not be used in the remaining part
of this dissertation.

The meaning of sparsity is not visible immediately. We will show some conse-
quences of it, which are more straightforward. Later we will prove that these conse-
quences almost characterise sparse varieties. This will facilitate us to give examples

of sparse varieties.

Definition 4.1.4. We say that a multiplicity variety X is (w)-separated (or just
separated) if

H ‘)\ _ )\/’m/\/ > 6670;0()\)

N 0<[N=AI<1
for some 9,C' > 0 and all A € A.

As one may expect (w)-separation implies weak (w)-separation introduced in
Definition 2.3.2.

Proposition 4.1.5. Let w be a weight. If a multiplicity variety X is (w)-separated

then it is weakly (w)-separated.

Proof. Consider points A\, A" € A with p(\) > 1 and |X'| > 1. By Lemma 1.5.6 there

exists a constant C > 0 such that
p(\) < Cp(N\) + C < 2Cp(N)
provided |\ — X | < 1. Hence

|/\ . /\/|m)\ > H |)\ . /\/|m)\ > e—Cp(X) > 6—2Cp()\)‘
A: 0<[A—N|<1

Assume now that A, X' € A satisfy p(\) < 1 and |\ — X| < 1. By property (v) of w,

there are only finitely many such pairs. Therefore we can choose > 0 such that
A= N|™ >§>6e 2PN and A= N[ > > e 2PN

for all such A\, \. O

The following example shows that (w)-separation is strictly stronger than weak

(w)-separation.
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Ezrample 4.1.6. Let w be an arbitrary weight. For every ¢ > 0 small enough it holds

sin x
<

<2 (4.1)

N —

x
for every x € [0, €.

Consider the set Y = {2mi| m € N} C C. Around each point 2mi of Y we draw
a regular polygon with n = 2™ sides inscribed in a circle of radius % centred at 2ma.
It is known that the side length of such a polygon is

LT
dy = s =sin —
n

and distances between vertices are
k

dy =sin—m (k=1,...,n—1).
n

Let X consist of all the vertices of these polygons with multiplicities equal 1. Then
for m big enough and A\, X' belonging to the polygon around 2mi

|)\ _ )\/| > Sinz > 1 _ ze—mln2 > e—2m—w(2mi) — e—p(Zmi)‘
- n- 2n 2 -

As p(2mi) is proportional to p(\) with constants not depending on m, hence X is
weakly (w)-separated.
On the other hand, let € > 0 be such that (4.1) is satisfied. Then for A belonging

to the polygon around 2mz
n—1 L) L)
= k = k ™\ L7 en
IT A =T]de < [[sinon< ][ on= (-) L—J!
NeD/(A1) k=1 e et n g
By Stirling’s formula

™\ 7| en ™ L2 en | (LLINF]  enm\F eny ¢
E) 2] =e@) 7 or | 2 (22) T < 2(5) " Ve (2)

En

2 e
_ ovee n\/ﬁ(g> = Cny/ne P,
T e

where C' = %ﬂ and D = ~In <. We have that for any constant A > 0
C(2\/§)m€Am < eDQm
for m big enough. Therefore

H |A _ )\l|m>\/ < e—Am

NED!(A1)
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for such m. Further, by property (/) of w, for some B > 1 it holds w(t) < Bt for ¢
big enough. Hence for arbitrary A > 0 and m big enough

H |)\ _ )\/‘my < efAm _ efgmf%ZBm < 67%\Im2mi|f%w(2mi) < efﬁp(Zmi)'

NeD!(A\1)

As p(2mi) is proportional to p(\) and this holds for arbitrary A > 0, X is not

(w)-separated.

The trick described in the next lemma will be used often in the sequel.

Lemma 4.1.7. Let w be a weight and X a multiplicity variety. Denote p(z) =
Im z| + w(2). Then the set Ay := AN {z € C| p(z) < 1} is finite, and for every
A > 0 there exists B > 0 such that

A < Bp(\)
for every XA € A\ {0}.

Proof. As w is continuous and satisfies (), the set K := {z € C| p(z) < 1} is
compact. Hence, as A is discrete, K N A is finite. Further, as w is increasing, it holds
p(z) =0 < z = 0. Therefore

C = inf p(\) > 0.
AelAn\{o}p( )

Then for any A € A\ {0}

which yields the assertion for B = %. O]

In the following lemma we give a description of the separation property in terms

of an estimate for the function V.

Proposition 4.1.8. Let w be a weight. A multiplicity variety X is (w)-separated if
and only if

N min(1, p(V), X) < Cp(A)
for some C' > 0 and every A € A.

Proof. Using Proposition 1.10.2 we obtain

NAD == > hph=X"™=-In ][] K-X"™ (4.2)

M 0<| N —A|<1 M: 0<| N —A|<1
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for every A € A.
(=) We have

H ‘)\ . )\/’mk/ > 66—Cp()\)

N1 0<|N=A|I<1

for some 0, C' > 0 and every A € A. Then using (4.2) we obtain
1
N\ min(1,p(\)) € N 1) < Cp(3) +1n +

Applying Lemma 4.1.7 we get the assertion for all A € A\ {0}. If A = 0 € A then
N(A,min(1,p(A))) = N(A,0) = —o0, and the assertion is satisfied trivially.
(<) Take any A € A satisfying p(A) > 1. Then by (4.2) and the assumption we

have
H ’)\ - )\/|’I’I’L>\l — e*N()\,l) > e*Cp()\)
N 0<|N=A|<1

for some C' > 0 independent of \. Further, by Lemma 4.1.7 the set A; := AN{z €
C| p(z) < 1} is finite. Hence there exists § > 0 such that

H |)\ - /\/|m>\/ > 5 > 56—Cp()\)
N 0<| N —A[<1
for every A € A;. ]
Remark 4.1.9. In [MOCO03, Lemma 7(i)] Massaneda, Ortega-Cerdd, and Ounaies
proved that (w)-sparsity implies weak (w)-separation.

In the following proposition we show that (w)-separation is a consequence of (w)-
sparsity. Moreover, we give estimates on the growth of the Nevanlinna function n
that follow from (w)-sparsity. This provides more straightforward information about

geometric properties of sparse varieties.

Proposition 4.1.10. Let w be a weight. Suppose that X = {(A\,m))}ren is (w)-
sparse. Then X is (w)-separated and for every e satisfying 0 < € < 1 there exists
C' > 0 such that the following conditions are satisfied for every A € A with p(A) > 1

(1)

(2) forr € [1,p(A)'~]




(3) forr € [p(A\)', ep(N)]

(4) forr € [ep(A), (1 — €)p(N)]

n(A,r) < Cp(A).

If X is (w)*-sparse then additionally
(4) for r € [max(L, ep(A)), 00),

n(Ar) < Cr.

for every A € A.
Proof. By (w)-sparsity
N(A,min(1,p(A))) < N(A,p(N) < Cp(A)

for some C' > 0 and every A € A. Hence (w)-separation of X follows from Proposition
4.1.8.
Now let A be such that p(A) > 1. Then (w)-sparsity implies

p(A)

Cp(X) > / n(\1) ;”“’O) dt + n(\,0) Inp(\)

0

1 p(A)
=[O a [HAREEE ka0 npy
9 1
1 \ 0 p(N) \
:/n( ,t)_n( ’ )dt+/udt
t t
9 1
Hence
p(A)




Hence

(4.3)

for every A € A satisfying p(A\) > 1 and every r € [1,p()\)]. This proves (3) for any
given € > 0.

Now we can prove (4). Let ¢ > 0. Take A € A satisfying p(A\) > 1, and r €
lep(N), (1 —e)p(N)]. If (1 —€)p(A) > 1 then by (4.3)

n(r) < n (1= ap(\) < —PN__ oy
ln p()‘) lnL
(I—e)p(N) 1—e

On the other hand, there are only finitely many A € A satisfying 1 < p(\) < =.

Hence
1
D := sup < 00.
AEA: 1<p(\)< 1 Inp(A)
Therefore by (4.3)
p(A)
Ar)<n(A1) < < CDp(A

for A € A such that 1 < p(\) < 1= and r € [ep()), (1 — €)p(A)]. This gives (4).
Now we are going to prove (2) with the use of (4.3). Let € > 0 be given. Take
D > maX(BQTC, €). We want to show that

() ()

ir) = C@_DT_Dlnp()\) <0 (4.4)
for every A € A satisfying p(A) > 1 and every r € [1,p(A)'~¢]. We have
Rl = B -
and
(=525 P

Observe that

) = £ (P) = €5 p

e 22

is strictly increasing for x > 2. Moreover, h(2) = CTQQ — D < 0. Therefore there exists
xo > 2 such that h(xg) = 0, h(z) < 0 for every x € [2,2¢) and h(xz) > 0 for every

x € (x9,00). We can define then a subset of A as follows

/. Cp(/\) 1—e p()\)
A= {)\ e A‘ 00 D, p(N)'"~ < B2 and p(3) > 1}.
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is increasing for x > €%, the set A\ A’ is finite. Moreover, for A € A’ it holds
Iﬂ), ln@ > 19 and thus

) eTo

filr) = h(ln@) > 0.

As -
f3(1) > 0. Therefore, for such A and r € [1

This yields
A A
p() —D()\)I’E—Dp()

1—e\ __
Al < AW = O
C p(N) 1-
- (=-D — Dp(A)
( )hlp()\) P <0
for every A € A’ and r € [1,p(\)' ] C [1, 1’690)) Thus we have proved (4.4) for A € A'.

Further, as A \ A’ is finite

€

p(\) -

In 2N

M := sup sup C

AEA\A re[l,p(A)1—¢]

and
Cp(A) <M< Mr+ M p(A)
Inp(X)

In p(A)

r € [1,p(A\)'~]. Therefore we have proved (4.4)

for every A € A\ A’ and every
for some D > max(M,BQTC,%), for every A € A satisfying p(A) > 1 and every
r € [1,p(\)' 7. Using (4.3) we obtain condition (2).

Now we turn to the proof of (1). For A € A with p(\) > 1 by (2) we obtain

p(A)
n(A, 1) <C+ Clnp(/\)'

But
_ . ()
0= min (1’)\6A:H;(f>\)>1 lnp()\)> > 0.
Hence
p(A) _C. C p(\) _2C p(\)
1) < —_ —- < 2=
nA ) SO+ O N S50 Tip0) S 5 npy)

for every p(A) > 1. This proves (1).
Finally, Lemma 1.10.4 gives n(A,7) < N(A, er) for every A € A and r > 1. Hence

for r € [max(1, ep(A)), 00) we have r > p(A) and
Ce

n(A,r) < N(Aer) < N()\, Er) < —.
€ €

This proves (4*) and completes the proof.
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Remark 4.1.11. Using Propositions 4.1.10 and 4.1.5 we can write the following series

of implications:
(w)*-sparsity = (w)-sparsity = (w)-separation = weak (w)-separation.

The converse of Proposition 4.1.10 is unfortunately not true. The estimate

p(A
n(A,r) < ClnSL))‘)

for r € [p(\)'7¢, ep(N\)] is too large, and we need to replace it by

n(A,r) < C’(r + 15}98\))

for such r.

Proposition 4.1.12. Let w be a weight. Let X = {(X,my)}rea be (w)-separated and
assume that for some 0 <e <1, C >0, and R > %, for every A € A with p(\) > R,

(1) forr € [1,ep(N)]

(2) forr € [ep(\),p(N)]

Then X is (w)-sparse.
If additionally

(2°) forr € [max(1,ep(N)),o0)

n(A,r) <Cr

for every A € A, then X is (w)*-sparse.

Proof. Let A € A satisfying p(\) > R be given. By Proposition 4.1.8 we have
N(A, 1) < Cp(A). Using (1) we obtain

ep(A) ep(A) o) ep(A)l
dt —dt
[ HGtas [enelss |
1 1
Inep(A)

Clep(A) = 1)+ Cp(A)5 < 2Cp(N).

np(\)

7



Next, by (2)

p(A)

/ ”(At’t) dt < Cp(\) In %
ep(A)
Therefore
ep(A) p(N)
N(A,p(A) = N(A 1) + / nA) 4 + n(A 3 +1In- )(]p()\)
1 ep(A)

On the other hand, the set of A € A satisfying p(\) < R. Hence

A= sup N(\R)<oo. (4.5)
XeA: p(M)<R

Therefore by Lemma 4.1.7 for some B > 0
N(Ap(\) < N\, R) < A< Bp(M)
for every A € A satisfying 0 < p(A) < R. Finally, if A = 0 € A then N(\,p(\)) =
N(X,0) = —oo < p(A). This completes the proof of (w)-sparsity.
If additionally (2*) is satisfied then

/ ”(? D 4t < C(r — ep() < Cr (4.6)
ep(A)

for every A € A and r € [max(1, ep(\)),00). Hence for A € A satisfying p(\) > R

ep(N)
N(Or) = N\, 1) + / nD g

1 ep(A)

n

dt < 3Cp(A\) + Cr <4Cr

for some C' > 0 and every r > p(\).

Further, there are only finitely many points A € A such that p(\) < R. Moreover,
for every A € A, N(\,r) is increasing with respect to r, and for r > 0 small enough
it holds N (A,r) < 0. Hence

N\ r
B:= sup sup (A7) < 00
XeA: p(M<KRO<r<R r

Thus for every A € A satisfying p(\) < R and every r € [p(\), R]
N(A\,r) < Br.
Finally, for A € A with p(\) < R and for r > R we obtain by (4.5) and (4.6)
N(Or) = N\ R) + / (At Dt <ascr<(arcm

R

This completes the proof of (w)*-sparsity. O
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Now we want to say more about geometric operations which preserve or do not
preserve sparsity. Recall that Lemma 2.2.3 tells us that a shift of an interpolating
variety is again interpolating. One may ask if a shift of a sparse variety is again
sparse. It is the case for (w)*-sparsity and {w}-sparsity. For (w)-sparsity the answer

in general case is not known to the author.

Proposition 4.1.13. Let w be a weight. Suppose that X is (w)*-sparse. Then for
any fized n € C, Y = {(A+n,mx)}ren s (w)*-sparse as well. The same holds for
{w}-sparsity.

Proof. Observe that
NA+n,nmY)=NA\r X).

Assume that X is (w)*-sparse and denote p(z) = |Im z|+w(z). Take r > p(A+n).
If » > p(A) then

NA+n,nrY)<Cr

for some C' > 0 and any A € A. Otherwise, for the case p(A +1n) < r < p(\), using
Lemma 1.5.6 we get

NA+n,7,Y) < N(A p(A), X) < Cp(A) < D(p(A+n) + [0 +1)

for some C, D > 0. Using Lemma 4.1.7 we obtain a constant B > 0 such that for
every A € A\ {—n}

N(\+m,7,Y) < Bp(A +1) < Br.
Finally, as A is discrete,
d:= inf |A+mn| >0,
AEA\{—n}
and if —n € A then just by the definition of the function N we have
NO,rY)<0<r
for 0 < r < d. Furthermore, for some constant A > 0 and every d < r < p(—n)
N(0,7,Y) < N(=n,p(-n),X) < Cp(—n) < Ar.

This completes the proof of (w)*-sparsity of Y.

Assume now that X is {w}-sparse. Then

IMeNVmeN3IC,>0VAeAr>0

1
NA+n,nrY)=NA\rX)<C,+ MIn\ +—w(\) + Mr
m

D D D
<Cp+ <M—|——>|77|+—+M|Im()\+77)|+—w()\+77)+Mr
m m m

for some D > 0, again by Lemma 1.5.6. O
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The following example shows that a bounded perturbation (see Section 2.2) of

an (w)-sparse variety need not to even be weakly (w)-separated.

FEzample 4.1.14. By Proposition 4.1.12 the variety X = {(m,1)| m € N} is (w)-

sparse for any weight w. Define a sequence (7,,)men by

0 if m is odd,
Thm = 2 . .
e~ m) 1 if m is even,
for m € N. Then let Y = {(m +n,,, 1)| m € N}. We see that sup,,cy|nm| =1 and YV

arises as a perturbation of X by (7,,). Denoting \,, = m + n,, we obtain
Ao = Agna| = ‘(27” + (e7°Cm™ 1)) — (2m — 1)’ _ eem)

But for any C' > 0 there exists m € N such that C' < w(2m) and thus

€7w2 (2m) < ewa(Zm) ’

which proves that Y is not weakly (w)-separated. In particular, Y is not (w)-sparse.

Another interesting operation can be performed by changing a point \ of a variety
with multiplicity m) to m) points close to A with multiplicities equal one. We will use
the term diffusion for such an operation. Of course, any diffusion applied to finitely
many points of a sparse variety will not break down its sparsity. The following
example shows that this is no longer true when one applies diffusion to infinitely

many points. Again, the property which is not preserved is weak separation.

Ezample 4.1.15. We take X = {(2m,2)] m € N}. This variety is weakly (w)-
separated and also, by Proposition 4.1.12, (w)-sparse for any weight w. Then the
variety Y from Example 4.1.14 can be thought of as a diffusion of X. But Y is not

weakly (w)-separated. Moreover, we see that the smaller the changes are, the worse.

The last operation we will deal with is rotation. Again, we will show that weak
separation is not preserved, and thus sparsity is not preserved either. But we have
seen that the density of points of a variety was the only problem in the case of
perturbation and diffusion. In the case of rotation also the local quantity of points
can be an obstacle. This may seem surprising as rotation does not change distances
between points. The reason lies in the non-radiality of the function p(z) = |Im z| +

w(z). The following example uses proximity of points to break separation down.

Example 4.1.16. Let w be a Beurling weight and denote p(z) = |Im z| 4+ w(z). Define

X = {(2mi,1)| m e N} U {((2m+e*m)¢,1)| m e N}.
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Then

|(2TTI, + efm)i . 2TTLZ’ —e ™ > ef(\IQOi|+w(2mi)) _ efp(2mi)

Y

which proves that X is weakly (w)-separated. Moreover, n(A,r) < r + 2 for every
A€ X and r > 0. Hence X is (w)-sparse by Proposition 4.1.12.
Now define

V= (=i)X ={(2m,1)|meN}uU{(2m+e ™ 1)| m € N}.

This time, by property (5*) of the weight, we have that for each C' > 0 there exists
m € N such that e™™ < ¢=¢@2m) = ¢=CP(2™) Hence Y is not weakly (w)-separated

and therefore not (w)-sparse.

The following example shows that local quantities of points of a variety also

cause a problem for sparsity in the case of rotation.

Ezample 4.1.17. Now consider w(t) = v/t and

X:{(?)mi,%n)]meN}.

For r € [0,3™ — 3™ 1) it holds

_ 3m |Im 31 p(3™1)
3" =—= < .
n(3",r) m  In[lm 37| ~ Inp(3™i)

Further, for r € [3™ — 3™~1 3m]

Hence by Proposition 4.1.12, X is (w)-sparse.
But for

m

Y = (—i)X = {(37"‘%)\ m e N}

we have

n(3m, (zm)> = n(3", %) > % > 3% = Cw(3™) = Cp(3™)

for any C' > 0 provided m is big enough. Hence Y is not (w)-sparse as the necessary

condition (4) of Proposition 4.1.10 for € = 1 is not satisfied.
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Due to Proposition 4.1.3 all the examples of this section may be used to show that
also Roumieu sparsity is not invariant under perturbation, diffusion and rotation.

We end this section with some important properties of sparse varieties which will
be used later. The following proposition provides information about multiplicities of

a sparse variety. This result is similar to Proposition 2.2.4.

Proposition 4.1.18. Let w be a weight and denote p(z) = |Imz| + w(z). If X is

(w)-sparse then there exists a constant C' > 0 such that

p(\)
Inp(A)

m)\SC

for A € A with p(A) > 1 and
my < Cp(N)
for every A € A\ {0}.

Proof. From condition (1) of Proposition 4.1.10 we obtain

p(\)

< 1) <
my < n(\ 1) < Clnp()\)

for every A € A with p(A) > 1. This yields
my < n(\ 1) < Cp(N)

for every A € A with p(\) > e. On the other hand, there are only finitely many
A € A such that p(\) < e. Hence

sup  my < oo.
AEA: p(N)<e

We can complete the proof with the use of Lemma 4.1.7. O]
A similar result is true for the Roumieu case.
Proposition 4.1.19. Let w be a Roumieu weight. If X is {w}-sparse then
IMeNVmeNdIC,>0VAeA: my §C’m+M]Im)\\+%w()\).

Proof. By Proposition 4.1.3 there exists weight 0 = o(w) such that X is (o)-sparse.
Then Proposition 4.1.18 yields

my < C(|ImA| + w(N))

for some C' > 0 and every A € A\ {0}. Since for every m € N there exists C,,, > 0
such that o(t) < Cp, + Zw(t) for every ¢ > 0, the assertion follows. O
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The next lemma extends estimates for the Nevanlinna function n to all points

of the complex plane. This result is technical and will be used later.

Lemma 4.1.20 ([MOCO03, Lemma 7(ii)]). Let w be a weight and denote p(z) =
IIm z| + w(z). Assume that X is (w)-sparse and 0 ¢ A. Then

n(z,ep(z)) < Cp(2)
for some ¢,C >0 and all z € C.

Proof. For z € A the assertion follows from Proposition 4.1.10 (4). Let z ¢ A. If
there is no A € D(z, ep(2)), then the estimate is trivially fulfilled. Consider the set

Ge={z€Cl|INeEA:Xe D(z,ep(2))}.

We are going to show that inf,cq |z| > 0 if € is chosen small enough. By property

(B) of the weight we have p(z) < C|z| + D for some constants C, D > 0. Choose
r > 0 and € > 0 such that (1 4+ eC)r 4+ €D < infyea|A|. Then for z € D(0,r) and
w € D(z,ep(z)) we have

lw| < |z| +ep(z) < |z| +€(Clz| + D) = (1 + eC)|z| + €D
< (14+€C)r+eD < inf|)|
AeA

hence w ¢ A. We have proved that inf,cq. |z| > 0.

Suppose now that A € D(z,ep(z)). By condition (1) of Lemma 1.5.7 we get
p(A) < Cp(z) + D and by condition (2) of this lemma (possibly for smaller ),
p(z) < Cp(A) + D. Since inf,cg|z| > 0, we can adjust the constant C' > 0 so that
p(A) < Cp(z) and p(z) < Cp(A), where the constant does not depend on A, z or e.
Once again we decrease € to have 2¢C' < 1 —e.

Since |z — A| < ep(z) we obtain
n(z,ep(z)) < n(X,2ep(z)) < n(A, 2eCp(A)) < n(A, (1 —e)p(A)).
Finally, by condition (4) of Proposition 4.1.10

n(z ep(z)) < n(X, (1 —e)p(X) < Cp(A) < C?p(2). O

4.2 Conditions (B)

In the paper [Car58, Theorem 3] L. Carleson proved that every bounded sequence
of values (wy)aea can be interpolated by a function f € H*(D(0,1)) on a sequence
of points A C D(0,1), i.e.,

f(A) =wy forall A€ A

83



if and only if A satisfies

>0 (4.7)

for some ¢ > 0 and all A € A. Condition (4.7) was later called Carleson condition or
uniform separation of A. Recall that the Blaschke product of a sequence A C D(0, 1)
is defined by

in points A € A. Such conditions will also turn out to be useful in the description
of interpolating varieties for the spaces A,y and Ay,y. However, Blaschke products
for the upper and the lower half-planes will be more appropriate. In the following,
by H, we will denote the upper half-plane and by H_ the lower half-plane. We will
use the notation H, if we want to indicate that a statement applies to both H
and H_. Recall that the Blaschke product for the upper half-plane for a variety
X = {(A\,mp) }rea C H; is defined by
z—i\" N2 +1] 2=\
Blz) = (z—i—i) 11 ( X2+ 1 'z—/\)

A€A

where m is the multiplicity of ¢ in A, and the Blaschke condition assuring that this

formula defines a holomorphic function is

[Im \|
Zm,\ 5 < 00 (4.8)
e N

We will also use the notation

z—i\" A2 +1] z—A\™
By (z) = . _
v (2) (z+z‘) 11 (A2+1 z—)\)

AEA\{N}

for N € A.

Definition 4.2.1. Let w be a weight and p(z) = |[Imz| + w(z). We say that a
multiplicity variety X = {(\, m))}ren satisfies (w)-Carleson condition for H, if

BI= ]

MNeANH\{\}

mys

> ¢~ Cr(N)

A—=N
A= N
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for some C' > 0 and every A € ANH.,.. We say that it satisfies {w}-Carleson condition
for H, if

IMeNVmeN3IC, >0VAeANH,
A= N |
BWI= ]

d e—Cm—M\ImM—%w()\)
_ VW
NeANHN\{A} A=A

(w)-Carleson condition was introduced in the paper [MOCOO03] (see Remark 6).
Conditions of similar type were used to describe free interpolating sequences for
the Nevanlinna class - holomorphic functions on the unit disc admitting a harmonic
majorant (see [HMNTO04]).

In the paper [MOCOO03] the authors introduced also the following condition for
a multiplicity variety X,

[Im |
2, 2 6
In Section 5.2 we will see that it is useful in the description of interpolating varieties
in the Beurling case. We will show that it could be replaced by a more general
condition. Moreover, the new condition could be transformed to work also in the

Roumieu case.

Definition 4.2.2. Let w be a weight. We say that a multiplicity variety X =
{(X, my) }ren satisfies (B(w)) if

JC>0VUCH,,H. VzeR

IIm | IIm A, |+ w())
<C
2 T A S T\, |

AEUNA
where A\, € UNA is such that d(z, \;) = d(x, UNA). We say that it satisfies (B{w})
if
IMeNVmeNdIC,eRYVUCH, H. VxeR

Im A Chp4+ MImA,| + L w(),)
> ™ <
2 — A2 Tm A, |

AeUNA

where A\, € U N A is such that d(z, \;) = d(z, U N A).

Conditions (B(w)) and (B{w}) are strictly related to conditions from Definition
4.2.1. The rest of this section will be mainly devoted to studying this relation.
Consequently, we use the convention that all conditions with round brackets are
intended for the Beurling case and conditions with curly brackets for the Roumieu

case.
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In Proposition 4.1.3 we gave a connection between (w)*-sparsity and {w}-sparsity.
One may expect a similar result for the weighted Carleson conditions and properties
(B(w)) and (B{w}). Propositions 4.2.3 and 4.2.4 provide such a relation.

Proposition 4.2.3. Let w be a Roumieu weight. A multiplicity variety X C H,
satisfies {w}-Carleson condition for H, if and only if there exists a Beurling weight

o = o(w) such that X satisfies (o)-Carleson condition.

Proof. Assume that X satisfies {w}-Carleson condition for H,. Let constants C,, be
given by the definition of {w}-Carleson condition. Define ¢(z) = inf,en(Crnt+~w(2)).
Then ¢(t) = o(w(t)). By Lemma 1.5.16 there exists a weight o satisfying ¢ = o(0)
and ¢ = o(w). Then by the assumption for some M € N for every m € N there
exists C,, > 0 such that

BI= ][]

NeANH\{\}

for every A € A N H,. This yields

mys L
> emefM\Im A= w(A)

— Y

A= N
A= N

S o~ MImA—g(}) 5 ,—M|ImA|-o())
[BA(A)] = e e :

Assume now that X satisfies (0)-Carleson condition for H, for some weight
o = o(w). Then for every m € N there exists C,, > 0 such that o(t) < C,, + ~w(?)
for every t € [0,00). Then for every A € A N H,

|B,\()\)| > e~ ClmA|=Ca(N) > 6—CCm—C’\Im)\|—%w()\)‘ O

Proposition 4.2.4. Let w be a Roumieu weight. A multiplicity variety X satisfies
(B{w}) if and only if there exists a Beurling weight o = o(w) such that X satisfies

(B(9)).

Proof. The proof goes analogously as the proof of Proposition 4.2.4. O]

The next three strictly technical lemmas provide important inequalities between
the terms from Definitions 4.2.1 and 4.2.2. The proofs of the first two are based on
the proof of [MOCO03, Proposition 5].

Lemma 4.2.5. For arbitrary points z,w € H,

Im z||Imw| 1

|
e — 2

Z— W
z—wl|

Proof. For arbitrary z,w € C we have
|z —w|* — |z — w]* = 4Im z Im w.

Along with 1 —¢ <Int~! for t € (0,1) this yields
Im z[[Imw| 1 (1 B M) < 1 In

z—w]2 4 lz—w]2) 2

z—w‘

z—w|
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Lemma 4.2.6. Let U C H, and X be a multiplicity variety. Then for every x € R

A my 2
o 1
2 AR S T T Jimog 2, maln T

AeANU Tl xeAnU
Mg

Ar — A
A — A

where N\, € AN U is such that d(x, \;) = d(z, ANU).

Proof. Given x € Rlet A, € UNA be the closest element to x. Then for all A € UNA
Do =A< Do =2+ ]z = A < A=z + ]z = N =2z — ).

Therefore

|Tm A| C[Im A
<4
Z —AR Z e — A2

AeUNA | AeUNA

Using Lemma 4.2.5, we obtain

[Im | [Im |
Z T AR =4 Z mk‘)\x_j\|2

AEUNA ASUNA
my C[ImA[
— T4y
[Tm )\, | Z e — A2

)\GUQA

my., 2
< M 1
= Tl Ty 2, mln

Tl xeUna
Mg

Ae — A
Ao — Al

Lemma 4.2.7. Let U € H,, X be a multiplicity variety contained in H, and A € A
be fized. Let n be any constant satisfying 0 < n < 1. Denote N' = ANUNA{z €
C| |=2] > n}. Then

Zm,\/ln ;:

NeA

|Tm |
[Re X — \|2

5\/
)\/‘ S C’|Im)\| Z mys

NeN

for some C' > 0 which does not depend on A.

Remark 4.2.8. The expression
A’:Amm{zec] ‘ﬂ‘ 277}
z—A

just means that we take only these points of A which belong to U and do not belong
to the pseudo-hyperbolic disc

' z— A A+ 2n
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Proof. We will use the inequality In < C(1 — ¢), which is true for some constant
C > 0 and all ¢ satisfying n < t < 1. We obtain

Z my ln

A=N[—|A=N
| <03 mA=XI=P=

NEN A= )‘/ oyt A — N
VI VI Y
:cé;mxu N| M\_AM?HA N|
A= N2 — A= NP
= CA%, TNV
4|Tm A[|Tm V|
—Ckg/mxﬁ\l_—)ﬁ;
<aClmA S m»%, -

NeN

In the next proposition we show that all the conditions we have introduced in
Definitions 4.2.1 and 4.2.2 imply the Blaschke conditions (4.8) for the lower and the
upper half-plane.

Proposition 4.2.9. Assume that a multiplicity variety X C H, satisfies one of the

following conditions:
(1) X satisfies (w)-Carleson condition for H,,
(2) X satisfies {w}-Carleson condition for H,,
(3) X satisfies (B(w)),
(4) X satisfies (B{w}).

Then

Z mAl
= M+ |)\|2

Proof. In cases (1) and (2) we have that for some A

A= N
H = > 0.
NEA\{A} A=N
This yields
A— N
Z my In S < 00.

NeEA\{N}
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It holds
|)\—5\’|2
— 1
L+ N2

when |\| — oo. Hence for || > R with R big enough |A — N[> < 2(1 + |\|?). By

the use of Lemma 4.2.5 we obtain then

Im N[ |Tm |
<2 /1
2 T FIVp S > YN NE S |ImA| 2 i

N>R N>R IN|>R

P
A= N

There are only finitely many X with A’ < R, hence the proof for cases (1) and (2)
is complete.

The proof for cases (3) and (4) is immediate, since we can take U = H, and
x = 0. [

Now, we turn to the crucial part of this section, to the relation between the
weighted Carleson conditions and conditions (B). The most important are Corollary
4.2.13, and Propositions 4.2.14, 4.2.16.

Proposition 4.2.10. Let w be a weight and p(z) = |[Imz| + w(z). Assume that
X C H, is a multiplicity variety satisfying

A3C>0VAeA: my <CpN).

If X satisfies (w)-Carleson condition for H, then it satisfies (B(w)).

Proof. By (w)-Carleson condition we have

Z T\ In

AeA\{N}

N — A
N =

‘ < Op(\) (4.10)

for some C' > 0 and every X' € A. Let U C H, be given. By Lemma 4.2.6 for every
reR

[Tm \| my 2 Ao — A
2 1

2 AP S Ty T i 2 maln T2 M — A
AEANU )\)%/é\f\WU

where A\, € ANU is such that d(z, \;) = d(z, ANU). Using (4.10) and the estimate

for multiplicities, we obtain

Ty AL ltm ] & w(lAs)
& — A [m |
AEANU

for z € R and some C > 0. O]
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Proposition 4.2.11. Let w be a weight and p(z) = |[Imz| + w(z). Assume that
X C H, is a multiplicity variety satisfying

JC>0VAeA: N(A2p(N),X) < Cp(N). (4.11)
If X satisfies (B(w)) then it satisfies (w)-Carleson condition for H.,.
Remark 4.2.12. (w)*-sparsity implies (4.11), and (4.11) implies (w)-sparsity.

Proof. We have to show that

)\ _ '\
Z my In Y < Cp(N)
NeA(A}

for some C' > 0 and all A € A. Let A € A be given. Denote U = H, \ D(Re A, [Im A|)
and A" = ANU. For n > 0 small enough Dy (A,n) N A = {A} hence

(U\Dg\,n)NA=UnA=A"

Then by Lemma 4.2.7

meln ;:)\/

AeN

|Tm |
[Re A — |2

< ClmA| )~ my

ANeA

for some C' > 0, which does not depend on A. Point A is the closest point of A’U{\}
to Re A, thus using (B(w))

)\ [Im \|
E My ln < C|Im Al Z my———
NeEN NEAU{A} [Re A —X|
IIm A| + w(A)
< D|Im A|————= = Dp(A

for some D > 0, which does not depend on A.
Let now A” = (A\ {A\}) N D(Re A, [Im }|). It remains to prove that

Z myy In

NeA"

\/

A= N

< Cp(N) (4.12)

for some C' > 0 independent of A\. We have

Z my In Z my In 2‘Im>\‘ Z mys In 227()\)

)\leA// )\leA// |)\ A/‘ N AIGA// ’A_)\/"

A — N
A—=N

It holds A” C A" := (A \ {\}) N D(\,2p()\)). Using Proposition 1.10.2 we obtain

Z my: In|——

NeA

A= N
A= N

< > meng < VO max(12p(00))
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Then, by (4.11), for some C' > 0

Z mys In

NeEA

A= N
A= N

< N(X, max(1,2p(N))) < Cmax(1,2p(N)),

provided \ satisfies p(\) > % Furthermore, there are only finitely many A € A such
that p(A) < 1. Hence

sup  N(A\ max(1,2p()))) < 0.
AEA: p()\)<%

Since 0 ¢ A, we can use Lemma 4.1.7 to complete the proof. n

We can join Propositions 4.2.10 and 4.2.11 together to obtain the following corol-
lary.

Corollary 4.2.13. Let w be a weight and X C H, an (w)*-sparse multiplicity vari-
ety. Then X satisfies (w)-Carleson condition for H, if and only if X satisfies (B(w)).
In particular, if X C C is an (w)*-sparse multiplicity variety then X satisfies (w)-
Carleson conditions for both Hy and H_ if and only if X satisfies (B(w)).

Proof. (=) By Proposition 4.1.18 the assumption on multiplicities required in Propo-
sition 4.2.10 is satisfied, and we can use this Proposition to obtain the assertion.
(<) Condition (4.11) in Proposition 4.2.11 is satisfied, since X is (w)*-sparse.

Therefore we may use this Proposition to obtain the assertion. O]

Applying Propositions 4.2.3 and 4.2.4 to the foregoing result we can obtain an

analogous equivalency for the Roumieu case.

Proposition 4.2.14. Let w be a Roumieu weight and X C H, an {w}-sparse mul-
tiplicity variety. Then X satisfies {w}-Carleson condition if and only if X satisfies
(B{w}). In particular, if X C C is an {w}* sparse multiplicity variety then X satis-
fies {w}-Carleson conditions for both H, and H_ if and only if X satisfies (B{w}).

Proof. By Proposition 4.1.3 there exists a Beurling weight ¢ = o(w) such that X is
(o)*-sparse.

(=) Assume that X satisfies {w}-Carleson condition. By Proposition 4.2.3 there
exists a Beurling weight v = o(w) such that X satisfies (v)-Carleson condition. Then
= max(o, v) is again a Beurling weight satisfying p = o(w). Moreover, X is (u)*-
sparse and satisfies (p)-Carleson condition. Corollary 4.2.13 gives then (B(u)) for
X and finally Proposition 4.2.4 asserts that X satisfies (B{w}).

(<) The proof of this implication is analogous. O

In Propositions 4.2.15 and 4.2.16 we show how condition (4.9) is contained in

the theory we have developed in this section.
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Proposition 4.2.15. Let w be a weight and X be a multiplicity variety contained
in the set {z € C| |Im z| > hw(z)} for some h > 0. Then X satisfies

Im A
sug Z m)\ﬁ < o0
TER X+ |Im A >hw())

if and only if X satisfies (B(w)).

Proof. (=) Denote

|Tm A|

M = sup m,\|x_—)\|2.

TER 3. lm A>hw(A)

Let U C H, be arbitrary. Then for every z € R

Im A Im A Im A\, Az
E m—| | < sup g m—| | :M<M| |+ @A)
x x
At [Im A|>hw(X)

where A\, € ANU is such that d(z, ;) = d(x, ANU). Therefore X satisfies (B(w)).
(<) Using (B(w)) for U = {z € C| |Im z| > hw(z)} N H, we obtain for some
M >0

Im A Im A\, Az 1
sup E m)\|m |2§supM|m [+ o )§M<1—|——><oo.
z€eR |l‘ - )‘| zeR |Im/\:c| h

A Im A>hw(N)

We proceed analogously for H_. O

Proposition 4.2.16. Let w be a weight, p(z) = |Im z| +w(z), and X a multiplicity
variety contained in the set {z € C| |Im z| > hw(2)} NH, for some h > 0. Further,
assume that X satisfies my < Cp(X) for some C > 0 and all X € A. Then X satisfies

[Im |
sup Z m,\|x Y < 00 (4.13)
)

PER 3. Tm > hw(A
if and only if X satisfies (w)-Carleson condition for H,.

Proof. (=) We have to show that

Z my: In

NeEA\{N}

)\_ /!
<
| SO

for some C' > 0 and all A € A. Let A € A be given. Denote U = {z € C| |Im z| >
hw(z)} NH, and A" = A\ {A}. For n > 0 small enough Dg(\,n) N A = {\} hence

U\ Du(An) VA= A\ {A} = A
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Therefore, by Lemma 4.2.7, for some C' > 0

A= N [Tm /|
Z ™y In S C|Im)\| Z my ———==
= A= N = [Re A — N|2
Im X\
< C|Im Al sup Z My [m |2,
z€R MNeEN | )‘/’

which, by (4.13), is smaller than Dp()) for some D > 0 independent of .

(<) Because of the assumption on multiplicities we may use Proposition 4.2.10
to obtain that X satisfies (B(w)). Then we can complete the proof with the use of
Proposition 4.2.15. O

Now we are going to study the stability of conditions (B) and the weighted
Carleson conditions under translation, perturbation, diffusion and rotation (see def-
initions in Section 2.2). As these properties are strictly bound to half-planes we
should restrict all operations to those which keep a variety inside a half-plane. In-
deed, in the general case one could consider varieties with many points on the real
line. Every such a variety satisfies conditions (B) and the weighted Carleson condi-
tions. But then any operations moving these points into one half-plane will break
these properties down. But even points near the real line can cause a problem as is

shown in the following examples.

Example 4.2.17. Let X = {(\,,1)| n € N} for some points \,, € H,. Then for z € R

[Im A\, | IIm \,,|
me ESWP =2 (z —ReA)? + Im A2
neN

neN

Now we can choose Im A,, = % and Re A, in such a way that the series

1
Z n((z —ReA,)? + =) (4.14)

neN

be bounded by M + ﬁ for z € R, and the series

1
Z (x — Re Ap)?

neN

be divergent for some x € R. We could take for instance Re A, = y/n. One could
show then by the use of the integral test for convergence that the series (4.14) is
indeed bounded by M + ﬁ for x € R. We omit here technical details. Then X
satisfies (B(w)) and (B{w}) for any weight w. On the other hand,

> — 14 =
%(ReAn)2+|(Im)\n+z~)|z _neZN”JF(lJF%)z 00,
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which shows that X + i satisfies neither (B(w)) nor (B{w}). We see that X and
X + 1 are contained in H,, hence even a translation leaving a variety in the same
half-plane can break conditions (B) down. Furthermore, X + ¢ may be considered as
a bounded perturbation of X. This shows that conditions (B) are also not invariant
under bounded perturbations. Finally, i - X does not satisfy (B(w)) nor (B{w}) for

any weight w, hence also rotation do not preserve conditions (B).
For rotation we can give even a simpler example.

Example 4.2.18. Let X = {(n +1i,1)| n € N}. Then by the integral test for conver-

gence

1
Zmﬁc

neN

for some C' > 0 and all x € R. This implies that X satisfies (B(w)) and (B{w}) for
every weight w. But for i - X = {(—1 + ni,1)| n € N} the series in conditions (B)
diverges for every € R and sets U big enough.

The situation is different with diffusion. We do not give any precise results, only

an idea. Looking at the form of the series

[Tm A|

AeANU

we see that if every point A with multiplicity m, is divided into m, points, say 7, ,,

ET)\)“L will be proportional to Ej;’:"g and the series (4.15) will be

proportional to the series made of points 7, ; with multiplicities equal 1, whenever

close to A, the term

all the proportions are made uniformly with respect to A € A and = € R.
Similarly, in general, the weighted Carleson conditions are not invariant in general
under translation, perturbation and rotation, but behave well under small diffusion.
We end this section with a short study of the relation between sparsity and the
weighted Carleson conditions. There is no easy dependence. However, looking at the

form of the function N given in Proposition 1.10.2

N\ r) = Z m,\/lnﬁ—FmAIDT
N1 0<|A=N|<r A=

and the series obtained from the weighted Carleson conditions

one can see a promising similarity. These formulae suggest that up to some extent
they contain the same information about a variety. We will present here several facts
shedding some light on this problem. In Chapter 5 our knowledge will go far beyond
that.

94



Proposition 4.2.19. Let X C H, be a multiplicity variety. Then for every A € A

Z mys In

N 0<|A=N|<r

A= N
A= N

< N (A, 3r)

forr > |Im Al
Proof. Tt is enough to see that for A, X satisfying 0 < |A — X| < r it holds
A= N[ < A= N|+2[ImA| < 3r.

Then
A=\
A= N

Z my: In

A 0<|A=N|<r

3r
< ) myln ]

A 0<|A=N[<r

3r
S Z mys lnm S N()\,?)T’) ]

N 0<|A—N|<3r
Proposition 4.2.20. Let X C Hl, be a multiplicity variety. Then for every A € A

Z my In B _T V] < Z my In

N 0<|A=N|<r N 0<|A=N|<r

for r < |ImAJ.

Proof. This is trivial, since 7 < [Im A| < |[A — )| as A and )\ are in different half-
planes. [

Corollary 4.2.21. Let w be a weight and let X C {z € C| |Imz| > 1} N H,
be a multiplicity variety satisfying (w)-Carleson condition for H,. Then X is (w)-

separated.

Proof. By the previous result for every A € A we have

r A= N
N()\,l)z Z m,\/lnp\_)\,l S Z m)\/ln DY, .
N 0<]A-N|<1 X 0<|A-N|<1
The use of (w)-Carleson condition and Proposition 4.1.8 gives the assertion. O

As we have seen in Proposition 4.2.9 conditions (B) and the weighted Carleson
conditions imply Blaschke condition for the upper and the lower half-plane. But there
are sparse varieties which are not Blaschke. Thus sparsity cannot imply conditions

(B) or the weighted Carleson conditions in general.

Example 4.2.22. Let X = {(ni,1)] n € N}. By Proposition 4.1.12 this variety is
(w)-sparse for any weight w. But it does not satisfy the Blaschke condition for the
upper half-plane.
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Every variety contained in the real line satisfies (B(w)), (B{w}) and the weighted
Carleson conditions for any weight w. This way we can give trivial examples of not

sparse varieties satisfying conditions (B). The following example is less trivial.

Erample 4.2.23. Let w(t) = v/t and X = {(2" 4+ 4,22)| n € N}. Denote \, = 2" +1,
my, = 22. Then for k € N

Zmn 111

n#k

—2"—{—22

/\k—

2
<> 28 <1+ _2n|)

n#k

222ln
22 22 22
SQZﬁﬁ%ﬁ“ZQn;k
n<

ntk n>k

2 2% 22
<2 — 42 — <2 — +4 —
— 2n+ Z2n(1_ 1 )— 2n+ Z

n<k n>k 2n—k n<k n>k

< 4n <L>” _ \/_4_ - < Cu(h)

for C' > 0 big enough. Hence X satisfies (w)-Carleson condition ({w}-Carleson con-
dition as well), but it does not satisfy the growth condition for multiplicities given
by Proposition 4.1.18 (or Proposition 4.1.19 for the Roumieu case), and therefore it
is not (w)-sparse.

Taking into account Proposition 4.2.10 we see that X satisfies also (B(w)).
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Chapter 5

Geometric description of

interpolating varieties

5.1 Necessary conditions

In this chapter we turn to the most desired form of description of interpolating
varieties - in terms of geometric conditions. We will start with the necessity of
conditions introduced in the Chapter 4. Then, in the next section, we will deal with
their sufficiency. In this section we will show that every interpolating variety for A,
is (w)*-sparse and every interpolating variety for Ay, is {w}-sparse. These results
hold for all weights. Furthermore, we will show that for non-quasianalytic weights
every interpolating variety for A, satisfies (w)-Carleson condition and (B(w)), and
every interpolating variety for Ay, satisfies {w}-Carleson condition and (B{w}).

The proof of part (1) of the following theorem is due to W. A. Squires [Squ83,
Theorem 1].

Theorem 5.1.1. Let w be a weight and X a multiplicity variety.
(1) If X is interpolating for A, then X is (w)*-sparse.
(2) If X is interpolating for A,y then X is {w}-sparse.

Proof. We will treat both cases simultaneously. Let fy := fi,,,—1 be the functions
given by Lemma 2.1.3 in the Beurling case and by Lemma 2.1.4 in the Roumieu
case. The functions f, interpolate the sequences (5777,\557mx_1),76/\,0§l<mn and admit
uniform estimates on the norms which we will recall later in the proof. For every
A € A define



Then ¢)(A) = 1. By the Jensen’s formula [Rud87, Theorem 15.18] applied to g, in
the disc D(\,r) we obtain

N ™
1 .
;m (‘&i T_ )\‘> +myInr = Py /ln\fA()\ +re?)| df 4 In7. (5.1)
where a1, s, ..., ay are the zeroes of gy which lie in D(\, r) counted according to

their multiplicities. But every point A" of A not equal A contained in D(\,r) is a

zero of g, with multiplicity at least m,s, hence

N T
Z A
i—1 |O./7; —)\| t

0
r

> / n(\t, X)—n(A0,X)

; dt + myInr

0
=N\ X).
From (5.1) we get then

- |
N(/\7T7X> < 2—/1Il|f>\()\+7“ew)|d6’+1nr.
s

—T

In the Beurling case by the assumption on the norms of f) there exists M € N and
C > 0 such that ||f]lar < C, hence

dé

- , LT | |
2 /ln]f)\()\ +re)| df < — /lnlCeM”m(Hre 0) |+ Muw(Atrei?)
2 o

<InC+M sup (|Imz]+w(2)).
z€0D(A\,r)

Therefore, using Lemma 1.5.6 we get

NA7rX)<InC+ D+ M|[ImA + DMw(\) +Inr+ Mr+ DMr
for some D > 0, all A € A and r > 0. Then by Lemma 4.1.7

N ImA| +w(N),X) <A+ Allm A| + Aw(N) < B(JIm A| + w()))
for some A, B > 0 and every A € A\ {0}. If A =0 € A then

N\ [Im A+ w(N), X) = N(A, 0, X) = —o0 < B([Im A + w(})).
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In the Roumieu case the proof goes similarly. By the assumption on the norms
of f\ there exists M & N such that for all m € N there exists C,, > 0 such that
| Fallazm < Chn, hence

dé

1 7 . 1 7 i i
—/ln]f,\()\—i—re’e)\ dé < —/lnycmeMllm()\Jrre 9)|+%w()\+re 9)
2 2m
1
<InC,, + sup <M|Im z| + —w(z)),
2€0D(A\,r) m

Therefore, using Lemma 1.5.6 we get
C C
N\ X)<InC, +C+ MInA + —w(\) +1Inr+ Mr+ —r
m m
for all A € A and r > 0. This completes the proof of (2). O

Now we will work on the necessity of the weighted Carleson conditions and
conditions (B) for a multiplicity variety to be interpolating. A very important part
of the proof is a construction of a non-zero holomorphic function with a prescribed
growth. This will be done in the next lemma. Its proof relies essentially on the
non-quasianalyticity of the weight. This result in a little weaker form was proved in
[MOCO03, Proof of Proposition 5] with the use of [Bj666, Lemma 1.3.11]. We will
use [BMT90, Lemma 2.2].

Lemma 5.1.2. Let w be a non-quasianalytic weight. There exist a holomorphic
function H: H, — C with H(z) # 0 for all z € H, and such that

1
Zw(z) <In|H(2)| < C(w(z) + [Imz| + 1)
for some C' > 0 and all z € H,.

Proof. By [BMT90, Lemma 2.2] the harmonic extension P, : H, — [0, 00) of w(]t])
given by the formula

P“’(Q:Hy):'yrﬂ/(:cig)% dt

satisfies
1. P(z +1iy) > jw(|z +dy|) for all z + iy € H,,
2. there exists C' > 0 such that P, (z+iy) < C(w(z)+|y|+1) for all z +iy € H,.

Define H(z) = eP»(+iFo®) where P, is a harmonic conjugate of P,. Then H is
holomorphic and H(z) # 0 for all z € H.,. Since In|H(z)| = P,(z) this completes
the proof. 0
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Having this function we are able to prove the following theorem due to Mas-

saneda, Ortega-Cerdda, and Ounales.

Theorem 5.1.3 ([MOCOO03, Proposition 5]). Let w be a non-quasianalytic weight.
If X is an interpolating variety for A,y then it satisfies (w)-Carleson condition for
H, and H_.

Proof. We will only write the proof for H,. The proof for H_ is similar. For X €
ANHy let fy = fx o be the functions given by Lemma 2.1.3 and H be the function
from Lemma 5.1.2. Define

hy(z) = —f%(j}é) i

with constant M € N to be chosen later. Since this function is holomorphic in the

upper half-plane, In|hy ()| is subharmonic there. Moreover, for some C' > 0 and

N e N

[hx (2)] =

iM
fA’(Z)€; Z‘ < CleNIm 2+ Nw(z) .~ Mllm 2| M In|H(2)]
H(z -

< CeN\Imz|+Nw(z)e—M|Imz\e—%w(z)

_ Ce(N—M)umz\Jr(N—%)w(z)

and

|h)\/<>\/)| _ e—M|Im)\’|—M1n\H(/\’)|

> o= M[Im X |=M(Cw(N)+C[Im N |+C)

o~ MC=M(C+1)[Im X' |- MCw(N)

Fix M satisfying M > 4N. Then hy is a bounded holomorphic function and
thus In|hy (-)| admits a least harmonic majorant ky. Applying the Poisson-Jensen
formula for subharmonic functions in the upper half-plane for In|hy (-)| (see [Ran95,
Theorem 4.5.4]) we obtain

N—z
In|hy (M| = kx(N) — 1
nfhy (X) = by (V) = Y mIn| T
zeH
hyr(2)=0
Therefore
/
Z m)\ln N — )\’ S k?)\/()\) - 1n|h/\/(/\/>|
AeANH 4
A£N
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Since ky (N') < D for some constant D > 0, we obtain

Z m,\ln)\

/

’ <D+ MC+ M(C+1)[Im N |+ MCuw(X\).

N —A
AEANH,
A£N
We complete the proof with the use of Lemma 4.1.7. O

An analogous result can be proved in the Roumieu case.

Theorem 5.1.4. Let w be a non-quasianalytic weight. If X is an interpolating va-

riety for Ay then it satisfies {w}-Carleson condition for H and H_.

Proof. We will only write the proof for H,. The proof for H_ is similar. For X €
ANH, let fy = fyvo be given by Lemma 2.1.4 and H be the function from Lemma
5.1.2. Define

Mz
h)\/(Z) = —f/\ (2;)6
Hw(2)
with constants M, m € N to be chosen later. We have

(fa (2)e=)™

1
1n|h,\/(z)\ = Eln‘ H(z)

Since the function under the module is holomorphic in the upper half-plane, In|hy (-)]

is subharmonic there. Moreover,

INeNVneNd(C, >0

f)\/ (Z)ezMz

Hin(2)

1 _ _1
< CneNHmz\—‘,—nw(z)e M|Imz\6 - In|H ()]

| (2)] =

1 _ __1
< CneNHmzH-nw(z)e M|Imz\e Tmw(2)

_ O W=Dl (= w(2)

and
— N1 ’
|h)\’()\/)‘ —e M|Im X|— = In|H(X\)]|
> 67M|Im)\’\f%(Cw()\’)+C+C\ImX|)

c_(c c
- e—;—(g+M)IImX\—;w(A’)'

Fix M satisfying M > N. Then for every m € N we can choose n > 4m. This yields
that hy is a bounded holomorphic function and thus In|hy ()| admits a least har-
monic majorant ky . Applying the Poisson-Jensen formula for subharmonic functions

in the upper half-plane for In|hy (-)| (see [Ran95, Theorem 4.5.4]) we obtain

N —Z
hl|h,>\/(/\/>| = k})\/()\,) — E m, In N — 2 .
zeH
hyr(2)=0
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Therefore

/

N —=A

Z m)\ln

AEANH,
AN

‘ < k)\/()\/) — 1H|h/\/()\l)’.

We have that ky (\') < D, for some constant D,, > 0 depending on m. Finally, we

obtain
pUSDY C
E my In " )\’ < D, +C+(C+ M)|[ImX|+ —w(N). O
AEANH N m
A£N

There is an alternative proof of Theorem 5.1.3 without the need of constructing a
non-vanishing holomorphic function with prescribed growth given in Lemma 5.1.2.
Instead we will use the analytic characterisation of interpolating varieties in the

Beurling case.

Alternative proof of Theorem 5.1.3. Let f be the function from Theorem 3.1.1 van-
ishing on X and satisfying

| FmI ()] S g~ ClmA|-Cw())
m,\! -
for some C' > 0 and every A € A. Then

f(2)

a(z) = =

is an entire function and thus uy(z) = In|f)(2)| is subharmonic on C. Moreover, by

the maximum modulus principle f\ € A,). Hence
ur(t) < Il f5(0)] < Meo(t) + M

for some M > 0 and every ¢t € R. By the non-quasianalyticity of w the Poisson
transform P,, of w on H, exists. Therefore M P,, + M is a harmonic majorant of u,

on H,. Then by the Poisson-Jensen formula ([Ran95, Theorem 4.5.4]) applied to uy

we obtain
uy(N) < MP,(N)+ M~ ) m.In Nz
A > w z )\, _ .
Far(2)=0

for ' € A. Finally, using
[femI (V)

() =1
ux(A) =In o~

> —C|Im N | — Cw()\)
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and [BMT90, Lemma 2.2] we get

s
> myln i i‘ < MP,(N)+ M + C|Im X| + Cw(X)
AEANH, N
AN

< MC(w(N) + [Im N[+ 1) + M + C|lIlm X| + Cw(X)
for some C' > 0 and every X' € A. The use of Lemma 4.1.7 completes the proof. [
Now, we can complete this section.
Theorem 5.1.5. Let w be a non-quasianalytic weight and X a multiplicity variety.
(1) If X is interpolating for A, then X satisfies (B(w)).
(2) If X is interpolating for Ay, then X satisfies (B{w}).

Proof. (1) follows from Theorems 5.1.1, 5.1.3 and Corollary 4.2.13.
(2) follows from Theorems 5.1.1, 5.1.4 and Proposition 4.2.14. [

5.2 Sufficient conditions in the Beurling case

In the previous section we found out that every interpolating variety for A, is
(w)*-sparse and, in the non-quasianalytic case, satisfies (w)-Carleson condition and
(B(w)). In this section we will prove that these conditions are also sufficient. It turns
out that the sufficiency does not need the assumption of non-quasianalyticity of the
weight at all. At the end of this section we will give purely geometric characterisation
of interpolating varieties in the non-quasianalytic Beurling case. In the quasianalytic
case such a description is yet unknown. The implications (1) = (4) = (3) = (1)
for h = 1 in Theorem 5.2.1 were proved in the paper of Massaneda, Ortega-Cerda,
and Ounaies [MOCOO03] for non-quasianalytic subadditive weights. We use their
methods, but with some changes in the proofs we are able to show that subadditivity

was superfluous. We prove also that the condition

|Tm A|
sup Z Y < 00

TER JeA: ImA>w(N)

can be replaced by (B(w)) or (w)-Carleson condition.

The main theorem of this section reads as follows.

Theorem 5.2.1. Let w be a non-quasianalytic Beurling weight and X = {(X\,my)| A €

A} a multiplicity variety. Then the following conditions are equivalent
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(1) X is (w)-sparse and satisfies
[Im |
for some h > 0,
(2) X is (w)*-sparse and satisfies (B(w)),
(3) X is (w)*-sparse and satisfies (w)-Carleson condition for H, and H_,
(4) X is interpolating for A(..

The rest of this Section will be mainly devoted for the proof of this theorem.
In this section we will encounter several particular distributions. For the sake of

convenience we introduce a notation for them.

Definition 5.2.2. For ¢ > 0, A € C, ¢ € C°(C) we define a distribution Avg', .
counting the average of o over the circle S(\,¢) = {z € C| |z — \| = ¢}

27

1 .
(Avgls o) = 5 [ o+ e ds
0

and a distribution Avg?, . counting the average of ¢ over the disk D(X, ¢)
(o)== [ e dn
D(\c)

In Lemma 1.5.6 we proved that values of a weight do not differ too much if points
are close. In a particular case we can make this estimate more precise. This lemma

will be useful later.

Lemma 5.2.3. Let w be a weight. Denote p(z) = |Im z| +w(z). For any multiplicity
variety X such that 0 ¢ A there exists € > 0 and C' > 0 such that

dist( g\ DX ep(N)), O) >0

and
5p(z> <p(A) < Cp(2)

for all pairs (z,\) with z € D(X, ep(N)).
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Proof. Denote by Q. the set of all pairs (z,\) with z € D(X,ep(\)). By condition
(B) of the weight we have constants C', D > 0 such that p(z) < C|z| + D for all
z € C. Then for (z,\) € Q.

2] = [\l = ep() = (1 — eC)[A] — €D,

If we choose € < %, then for A > 2eD + 2 we will have |z| > 1. Furthermore, there
are only finitely many points A € A with A < 2eD + 2. Denote the set of these points
by Ag. Then we can adjust € so that the sets D(\, ep())) does not contain 0 for any

A € Ag. In conclusion

dist( L DO\ ep(V)), o) > 0. (5.2)
AEA
From Lemma 1.5.7 (2) for all pairs (z,A) € Q. (possibly with smaller €¢) we have
p(A) < Cp(z) + D. By (5.2), p has a positive infimum on the set | J,., D(A, ep(N)).
Hence we can choose C' > 0 such that p(\) < Cp(z) for all (z, \) € Q..
Further, by Lemma 1.5.7 (1) we have p(z) < Cp(\) + D for all (z,\) € Q..

Since p has a positive infimum on A we can find another constant C” > 0 such that
Cp(\) + D < C'p(\) for all A € A. O

The usual way of solving interpolation problems for holomorphic functions is
to take a C'™ solution, which in many cases is easy to find, and then apply to it
the Hérmander’s theorem for solving 0 equation. In the weighted case one uses the
Hormander’s theorem with estimates on weighted norms. Suppose we have a C*
solution F' of some interpolation problem on a variety X. The standard method to
make it holomorphic is to solve the equation

gy =L
G

where G is holomorphic and equals zero on X. Then one takes f = F' + ¢G, which
is already holomorphic and solves the interpolation problem. In this section we will
use another approach. The weighted Hormander’s theorem gives a solution of the

equation Ju = v with the estimate

u(z)e ¥ (s
/m dz 5 /v(z)e w(2) dz
Q Q

where 1) is some subharmonic function. It is assumed that the right-hand side integral
is finite, hence the left-hand side integral is finite as well. Using this theorem we
would like to solve the equation Ou = OF and then take f = F — w. For f to be a

solution to the interpolation problem we need then to push u to be zero (maybe with
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derivatives up to some order) at points on which we are interpolating. This could
be done by a careful choice of the function . In Lemma 5.2.5 we will provide such
a mapping related to a given weight. In the proof of it we will need the following

formula.

Lemma 5.2.4. The following equality holds:

: |
[ iceac = {1 1€l >

1
2 2 )
nr D) l'§—|2+ln7“2—1 if €] <,

for any € € C and r > 0.

Proof. First, we will show that

21
| | 1 if |¢] >,
—/ln|§ et g = Ml ATIE (5.3)
2770 Inr if |¢] <,

for any £ € C and r > 0. Let |£| > r. Then u(z) = In|¢ — z| is harmonic on the disc
D(0, (1+mn)r) for n > 0 such that (1+n)r < |£|. Hence, by the mean value property,

27 27
1 . 1 _
—/ln|§ —re?|d) = — /u(rew) df = u(0) = In[¢].
2m 2m

0 0

For |[¢| = r we have

2

2
1 , 1 .
—/ln|§—rew| df = In|¢]| +—/1n|1 —¢e?df =1Inr
2m 2

0 0

by [Rud87, Lemma 15.17]. Finally, assume that |{| < r. The function z — 5_72 is
holomorphic on Cy \ {0} and equals zero only in &, hence u(z) = In|¢ — z| — In|z|
is harmonic on C, \ D(0, (1 —n)r) for n > 0 such that |{| < (1 —n)r. By the mean

value property

2w 2w

1 i0 0 1y _ 0y 30 — —

5 In|¢ — re®| — In|re®| df = 5 /u(re ) df = u(oco0) = 0.
0

0

This yields

2m 2m
1 A 1 A
— /ln|§ —re?|df = — /1n|re’9| dd =1Inr.
2m 2m

0 0
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Further, for any £ € C and r > || we have

r 27w
1 2 .
— / In|¢]? d¢ = —//1n|g — se”|sdf ds
2 2
D)

gl 2m r
2/ /111]5 se'| df ds+—/ /ln|£ se'| df ds.
o
lgl 0
Then, by (5.3),
€|
— / In|¢?d¢ = — /sln|§| ds+—/slnsds
4
2|§|2 Lo 1\
In Ins — -
€+ 2 [2 (ns 2>}5|
2 2 2
|€| In[¢] +21n —1—2|€| In |§|+|€|
2
=Inr*—1+4 - |€|

On the other hand, for any £ € C and r < [£| we obtain immediately that

r

L 1n|q2d§_ //\g se| df ds

T2
D(¢&,r)

4
= ﬁln\ﬂ /sds = In|¢)?. O
0
The next lemma provides the subharmonic function v associated with a given
weight w, which is to be used in the Hormander’s theorem.
Lemma 5.2.5. Assume:
(1) w is a weight,
(2) X ={(A\,my\)| A € A} is an (w)-sparse variety such that 0 ¢ A,

(8) p: C — [0,00) is a subharmonic function such that for every R > 0 there

exists Cr > 0 for which the following condition is satisfied
1
—p(z) < [Imz| 4+ w(z) < Crp(2)
Cr

for every z € C\ D(0, R),
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(4) there exist €g > 0 and Cy > 0 such that for all z € |J,., D(A, eop(N))
1
5(2) 0Ap(2)

Then there exist constants K > 0, By > 0 and a function v: C — R satisfying
v(z) <0 for every z € C such that for every > By the function ¥(z) = Bp(z)+v(z)
has the following properties:

(i) ¢ is subharmonic,
(i)
[¥(2) — Bp(2)| < Kp(2)
for all z € Uycp R(A, 305, 05), where 6y are the separation radii of X,
(11i) for each A € A there is a constant Cy g > 0 such that
e??) < Chplz — NP
for z € D(\1).

Proof. Denote p(z) = |Im z| + w(z). Since 0 ¢ A we can choose Ry > 0 such that
AN D(0, Ry) = 0. Therefore, by assumption (3),

= P(A) <p(A) < Crp(}) (5.4)

for some Cg > 0 and every A € A.
By Propositions 4.1.10 and 4.1.5, X is necessarily weakly (w)-separable. Hence,
by (5.4), there exist Cs > 0 and § satisfying 0 < ¢ < 1 such that for

_o, B
(5)\ = de X

the disks D(\,26,) are pairwise disjoint for all A € A.
By Lemma 5.2.3 and condition (5.4), for some ¢ satisfying 0 < ¢; < ¢ it holds

dist( U DO eip(V), 0) > 0.
AeA
Hence we can choose R satisfying 0 < R < Ry and such that
( L DO, elﬁ(A))) N D(0, R) = 0.
AEA

Therefore using Lemma 5.2.3 and assumption (3) we obtain

=h(z) < p(A) < Hp(z) (5:5)



for some H > 0 and all pairs (z, A) with z € D(\, e;p(X)).
Furthermore, since infyep p(A) > CLR infyep p(A) > 0, we may adjust ¢ so that

)

Sy =6 @ mn <6 < ep(N)

for every A € A.
We set

Y(2) = Bp(2) +v(z) (2€C)
where
1
€ D(Xep(N)

Constants 0 < € < ¢; and # > 0 are to be determined later on. We divide the long

proof into several parts mainly according to the parts of the assertion.

Claim I. The following equality holds:

2P AP
@= ¥ m|niaor- G

A A—z|<ep(N)

for every z € C. In particular, v(z) = 0 for z & [Jycp DN, €p(N)) and v(z) <0 for
all z € C.

Proof. By Lemma 5.2.4, we have

if [¢| >,

1
g - =5 [ micPac=40
wr In By +1— 55 if [¢] <,

D(&r)

for any £ € C and r > 0. Let now z € C and A € A be given. Using the above
equality for £ = z — X and r = ep()), and applying
[ mlePds s [P
n = nz —
Te?p?(N) Tep?(A) ’

D(z—=X,ep(})) D(A.ep(N))

we obtain the form of v given in the assertion.
Finally, since Inx +1 — 2z < 0 for all x > 0, we get v(z) <0 for z € C. O

Claim II. The following inequality between distributions holds:

Av(z) > —4 Z e,

272 :
apemeoy P
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Proof. Define

B(2) = m ln% for z € D(\, ep(N)),
0 for z € C\ D(\, ep(N)),

and

m 1—% for z € D(\, ep(N)),
h)\(z): A( ep()\)) ( p( ))

0 for z € C\ D(X, ep(N)).

Denote k(z) = > ,cp ka(2), h(2) = Y _,cp ha(2) and ¢y = €p()). Then according to
Lemmas A.3 and A.4 of Appendix A we have

Av = Ak + Ah = dr Y " my () — Avg®y ) > —dr Yy my Ave?,,
A€A A€A

Let ¢ be a positive test function. Then

<ZmA Avg®s,. 90> = ZmA< Avg®y o, <p> ZmA— / () dz

AEA AEA AEA D(A &)
m
——Z/ 2 X D) (2)(2) dz
XEA &
/Z —XD(,\ e (2)p(2) dz
Nea
/ > 2
c NA- z|<c>\
1 my
=20 2 =)
A A—z|<cea A
Therefore
Av(z) > —4 Z QZL/\/\ : O
_ _ L ep2(N)
A A—z[<ep(N)

Claim II1. Denote

for z € Jyen DX €D(N)),

0 otherwise.

Then Av(z) > Ch(z) for some C > 0 in the sense of distributions. In particular, ¥

1s subharmonic if B is chosen big enough.

110



Proof. By Claim II and (5.5) we have

Z my 4H? n(z,eHﬁ(z)).

Av(z) > —4H pr(z) e P*(2)

Ai|A—z|<eHp(z)

Using Lemma 4.1.20 we obtain that for some, possibly smaller, ¢ and a constant
>0

- (5.6)

By assumption (4) for z € [J,c, D(A, €p(N)) we have

Taking § > % and using condition (5.6) we obtain

Ap = BAp —

4H?C'1 4H?CC,
— > <5——0>Al520~
e p €2

Recalling that v(z) = 0 for z ¢ (J o, D(X, €D(A)) we see that ¢ is subharmonic on
C. O
Claim IV. It holds

[¥(2) = Bp(2)| < Kp(2)
for some K > 0 independent of B, and all z € | J,c, R(A, %5)\, dr)-

Proof. 1f 0 < & <1 then

1
Inx<z—1<0=Ihnhzx—Inzr=lhz+In—

x
hence
1
0<z—1-Inzx<Iln-
T
and
1
[t —1—Inz| <In-.
x
Thus for all z € C
. ep* (M)
(=) = Bp(2)| = Ju(2)]| < |Z R
~ €2 H2(2) (5.7)
< Z my In NEESE

A A—z|<eHp(z)
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where the second inequality follows from (5.5).

By Proposition 1.10.2 for any z € C we have

N(z,r) = Z mklnﬁ—i—n(z,O) Inr.

A 0<|A—2|<r

Assume that z ¢ A. Then

r
N(Z,T’)I Z m)\hlm

A A—z|<r

which with (5.7) gives

[(2) — Bp(2)| < 2N(z, eHp(2)). (5-8)

We leave the above inequality at this stage for the moment.
Now we will show that for z € R(X, 30, d)

N(z,7) < N(\2r +6,) + Cp(N) (5.9)

for some constant C' > 0 independent of z, A and r. First, observe that

r r
N(z,r)= my In ———— +m,In
o e TR Y
NAN
and
2r + 6
N(/\,2T+5)\) = Z my ln|/<ﬂ_—>\,>\|+m)\ln(27’+5)\)-

M 0|V =A[<2r46y

For 2z € R(), 16),6,) we have D(z,7) C D(A\,r 4+ 0,) C D(\,2r + 6,). Thus

N(z,r) =N\ 2r+6)= > myh i mun

r
_ |z — N| |z — Al
NeD(zr)\{\}

2r + 96
_ Z mys 1HH —my In(2r 4 6y)
NeD2r+5,)\{\}

rIA =X
= Z ™y In

_ z—=N2r +46
NeD(zr)\ (A} | I Y

r
|z — A|(2r + d))

27“ —|— 5)\
— Z my: In

i i =]
MNeD(N2r+0x)\(D(z,r)U{A})

r|A — N| 1
S Z my In ; + my In ——.
By |z = N|(2r + 0,) |z — Al

+ my In

112



Moreover, |z — A| < 4, and |z — X| > 6§, for X' # X since the discs D(A, 24,) and
D(N,26y) are disjoint. Hence
|z — Al T+ 2r+0y

<1<
lz=N|— = r r

1,
and thus
r |z — Al r |z — Al |z — N| ro [ A=X|
1> +1) = + > )
2r + 0\ \ |z — N 2r+ o\ \ |z =N| |z—=N| 2r + 0y |z — N|

Therefore, using |z — A| > 16, and the formula for §,, we obtain

1 2
N(z,7) — N(\,2r +0,) Smxlnm gm,\ln(%;l) SmAln5+CSﬁ()‘)'

As X is (w)-sparse we can use Proposition 4.1.18 to get (5.9).
Therefore, from (5.8) and (5.9),

[¥(2) = Bp(2)| < 2N(z,eHp(z)) < 2N (A, 2eHp(2) + 6x) + Cp(A)

for some C' > 0 and all pairs z € C, A € A such that z € R(), %(ﬁ, 0y)-

To finish the proof we have to estimate N(\,2¢Hp(z)+d,) by p(A) multiplied by
a constant. Then by the use of (5.5) we will obtain an estimate of the form Cp(z),
as required.

By (5.5) we have

(N

2¢Hp(z) + 6\ < 2€H2]5()\) +0) = 26H2ﬁ()\) n 56_05 o

For points A € A with p(A) > 2 we have

_C. B 1
eHH(N) + e < 2eHH(N) + 5H(N),

which is smaller than p(\) for € small enough. Then by the sparsity of X we get
N(A, 2¢Hp(z) +6x) < p(A)

for every A € A satisfying p(\) > 2, and z € R(\, %(5>\, 0y)-
On the other hand, there are only finitely many points A € A with p(\) < 2.

Hence

sup sup N()\7 QEHZ;(Z> + 5>\) < 00.
AEA: p(N)<2 ZER(/\,%&\»(S)\)

Then, by Lemma 4.1.7 and (5.4), for some C > 0, every \ satisfying p(\) < 2, and
every z € R(X, 305, 0,)

N(A, 2¢Hp(z) + 0x) < Cp(A) < CCRp(N). 0
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Claim V. For each X\ € A there is a constant Cy 3 > 0 such that
ew(z) S CA,5|Z - )\|2m>\ (510)
for z € D(\,1).

Proof. First, using subharmonicity of In|z — w|* with respect to w when z is fixed

we get that every element of the sum in the definition of v is negative. Hence

1
U(Z) = Z ™y {ln]z - )\/‘2 - W%/\/) / IH‘Z - 5'2 d€:|

Vel DOV (V)
1
2 2
Sm,\[ln|z—/\| —m / 1H|Z—£‘ d§:|
D(Xep(N))
Then using the formula
2
/ In|z|? dz = 27 (T2 Inr — §>
D(0,r)
we obtain
—_ Inlz —€Fdé < —F— In|A — &7 d
ey | meeeacs—m [ mh-gra
D(Xep(N)) D(Xep(N))

__2ma (s (e — (P
— s (P et - (ZE)

= mx(1 = In(ep*(N))).
Therefore, for z € D(A, 1)

e?(?) < ePP(z) pv(2) < eﬁﬁ(z)emA(1—111(62152()\)))6”%\ In|z—A? < CA,5|Z _ )\|2mx

where
Chp = e (I-IEP ) gy PP) O
' weD(M1)

The procedure we are going to use to find a solution to the interpolation problem
consists of two steps. First, we will construct a C'* solution F with some control of
OF and then by the use of the Hérmander’s theorem we will make it holomorphic.
However, the interpolation problem was originally defined for holomorphic functions,
and it involved complex derivatives of a function. To extend the restriction operator

R to C'*° functions we introduce the following differential operator

1 .
0= 5(9, —i0,).
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For a holomorphic function this operator just computes its complex derivative, but
it is also well defined for C'*° functions. Then we define

R(F) = (a Z(A)

) AEA,0<I<my

for '€ C>~(C).

In the following lemma we prove that the only assumption needed for the exis-
tence of a C* solution to the interpolation problem is that a multiplicity variety be
weakly separated.

Lemma 5.2.6. Let w be a weight and assume that a multiplicity variety X is weakly
(w)-separated. Denote by 0 the separation radii for X. For any v € S (X) there
exists a solution F' to the interpolation problem R(F') = v with the following prop-

erties:
(1) F € CF and OF € CF),
(2) the support of F' is contained in | J,., D(X,6y),

(3) the support of OF is contained in |Jycp R(A, 505, 0)), where R(X, 365,0)) =
{zeC| 360 <|z— A < a0}

Proof. Recall that, by (w)-separation of X,

_grX)
my

5)\:(56

for some C' > 0,0 < § < 1, are such that the discs D(\, d,) are disjoint for all A € A.
Define

my—1

wy(z) = Z oai(z — A

=0

for A € A. Further, let X be a smooth function on C with bounded derivatives
satisfying X(z) = 1if |z| < 1 and X(z) = 0 if |z| > 1. Define

z

F(z) = ZwA(Z)X< ;/\A)

Since for z € D(), 365) we have F'(z) = wy(z), therefore

OF(A
u( - hat
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for every A € A and 0 < [ < m,. Moreover, the supports of F' and OF are as we
claimed in the assertion. Further, since 6, < 1 for every A € A, we have for every
z € D(\,6,) and some constants C, D > 0

my—1 my—1
FE< o)< ) oallz =A< Y ol
=0 =0

< eC(|Im)\|+w(A))+C < eD(|Imz\+w(z))+D’

by Lemma 1.5.6 in the last inequality.
Finally, for z € R(), 365, 6))

OF(2)| = ‘8wx(z)x<zé_A)\> WA(ZWX)(ZEAA)%
= |wx(2)| (5X)<Z )\)‘%

S B Z: a1l

Using the formula for §, and proceeding as before we get the last part of the assertion.
O

The next lemma shows how finiteness of a particular integral of a function may
cause all its Taylor coefficients to be zero up to some order. This will be useful
later, as the correction of a C'* solution to the interpolation problem obtained by

Hormander’s theorem will satisfy a certain weighted integral estimate.

Lemma 5.2.7. Let A € C and p > 0. Assume that uw € C*®°(D(\, p)) is such that

/ |u(z) )\Pm dz < oo. (5.11)

D(\,p)

for some m € N. Then all partial derivatives of u in XA up to order m — 1 are equal
to zero.

Proof. Without loss of generality we may assume that A = 0. Throughout the proof
we will use the notation z = (z,y) or z = = + iy interchangeably.

We will show that existence of a non-zero derivative of order less than m in
A = 0 contradicts the assumption about finiteness of the integral (5.11). Suppose
that the smallest order of a non-zero derivative is [, and it satisfies 0 < [ < m. Then

all partial derivatives of u up to order [ — 1 are 0 in A = 0. Therefore by Taylor’s
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theorem

m—1 akan
-y y E

j=l k,n€Np
k+n=j

+ Z Rk‘,n(‘ra y)xk

k,neNp
k+n=m

where Ry, : C — R are bounded on D(0, p). Denote

ororu(0) |,
Pi(z,y) = Z Wﬁb’ky

k,neNg
k+n=j

for j =1,...,m — 1. Further, let P(z,y) = 7", Pj(z,y) and

Z Ry pn(x,y)x

k,neNp
k+n=m

Let

||f!|—< [ ek )
D(0,p)

for f € C*(D(0,p)). Further, consider the following space

E={fec=(DQ,p)| I/} <oc}.

By Minkowski’s inequality, ||-|| is a norm on FE.
We have

IRz, y)| < D | Rin(a, y)llz[ |yl
k,neNg
k+n=m

< 37 [Riala, gl < O

k,neNg
k+n=m

for some C' > 0 and every z € D(A, 7). Therefore || R|| < oo and, by (5.11),
IPIf < 1P+ Rl + (|l = [[ull + [ B]| < oc. (5.12)

Further, every P; is a homogenous polynomial, i.e, P;(rz) = r’P;(z) for r > 0
such that rz € D(0,p). In other words, for every j there exists a trigonometric
polynomial f; such that P;(re?) = rif;(#) for 0 < r < p, 0 < 6 < 2. By the

assumption on derivatives of u, f; is not equal identically zero. Hence we may choose
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an angle [a, as] (0 < ay < ay < 27) such that f;(0) > € for some € > 0 and every
6 € [aq, as]. Moreover, for some M > 0

max su < M.
z+1<g<m96[05ﬂ]|fj( )<

Then for 0 € [ay, as]

P(re?)| = )iwfjw)\ > 1'1i(6)] - i P1£0)] rl(e—Méerj)'

But then for some 7 satisfying 0 < n < p, and every r satisfying 0 <r <7

m—I
1
- M > —,
MY s
7j=1
Finally,
2w p
1P = [ PPt ae= [ [Pty anas
D(0,p) 0 0
1 Qg 7]
> //]P(Teie)\%_m“ dr do > Z//Tng_Qm—H dr dé
a1 O a; O
and, since 2l + 1 — m < —1, the last integral is divergent. O

The next theorem is still much too cumbersome to be useful in practice for
checking whether a given multiplicity variety is interpolating, but, as will become
clear later, it is one of the main ingredients of the interpolation theory for the spaces
Ay and Ag,y.

Theorem 5.2.8. Let w be a Beurling weight. Denote p(z) = |Im z| + w(z). Assume
that there exist a subharmonic function p: C — [0,00) such that for every R > 0
there exists Cr > 0 for which

=D(2) < p(z) < Crp(2) (5.13)

for every z € C\ D(0, R), and assume that there exist C' > 0 and ¢y > 0 such that

1
B(z) ~

on Jyepr D(A, €0p(N)). If a multiplicity variety X is (w)-sparse then it is interpolating
fOT A(w)

< CAp(2) (5.14)
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Proof. Finite sets are always interpolating, and finite unions of interpolating vari-
eties whose union is weakly separated are again interpolating by Theorem 2.3.6.
Hence we may assume that 0 ¢ A or even that infycx|A| is bigger than some arbi-
trarily given constant. By Propositions 4.1.10 and 4.1.5, X is weakly (w)-separated.
Therefore, using (5.13) additionally, we can choose a constant Cs > 0 such that for
5y = be O

the discs D(\, 20,) are disjoint.

Let {va;] A € A, 0 <1 <my} € S)(X). By Lemma 5.2.6 there exists a Céfj)
solution F' to the interpolation problem R(F') = v.

Now we want to use Hérmander’s theorem (see [BG95, Theorem 2.1.3]) for the

equation
ou = OF

with a suitable subharmonic function zb. Then we would have

/]u ) dz < /|8F(2)|2ew(z) dz.
C

We have to choose 1) such that the integral on the right hand side will be finite, u
will belong to C’E’:j) and will have Taylor coefficients equal 0 on X. Then our solution
to the interpolation problem will be of the form f = F' — u.

From Lemma 5.2.5 applied to p we obtain constants K > 0, 5y > 0 and a
function v: C — R satisfying v(z) < 0 such that for every 5 > f, the function
¥(z) = Bp(2) + v(z) is subharmonic and satisfies

[W(2) — Bp(z)] < Kp(2)

for every z € supp OF. Then, since OF € Céfj), by Proposition 1.7.10 we obtain that

/|8F(z)\2ew(z) dz < /lﬁF(z)\Qe(Kﬁ)p(z) dz < o0

if # is chosen big enough. Therefore we can use Hormander’s theorem to obtain
u € C*(C) such that Ou = OF and

/|u | | dz</|aF )|2e ¥ (5.15)

Further, by property () of w, there are constants C, D > 0 such that In(1+ |z]*) <
Cp(z) + D. In other words

(1 + ‘Z|2)2 < 62D€20p(z).
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Moreover, by (5.13) and the upper semi-continuity of p

p(2) < Crp(2) + A

for some A > 0 and every z € C. Let a« = SCr + 2C. Since v(z) < 0 for all z € C,
we obtain then

e~oP(2) = = PCORP(2)=20P(z) < e2D+BALp(Z)
(14 [2%)?

24pa € O a0

B (1 +[2]2)2 (1+ [2[2)2

Therefore by (5.15)

|u(z)|[Ze™ P /]u dz < oc.
/ 1+\|)

This shows that u € W{,(C). Further, by Proposition 1.7.10, F' € W(,)(C), since
F e CF,. This yields f = F —u € W) (C). Furthermore, f € H(C) hence, by
Proposition 1.7.10, f € A,

It remains to show that d'u(A\) = 0 for all A € A, 0 < < my. By (5.15) and
Lemma 5.2.5 (iii) it holds

e~ ¥(2) e~ ¥(2)
oo > /|u oy Az > / lu(2) dz
1 [(EERE

1
> 2 —(z) d
= N+ 2+ 22 /'“”'e g
DM

1 1
> 2 dw.
= Crs(AE T 2] + 2 /'“”'V—AWM g
DM

Therefore we may complete the proof with the use of Lemma 5.2.7. O

In Theorem 5.2.8 one could just take p(z) = |Im z|+w(z) for the ﬁrst assumption

to be satisfied. But one cannot hope that the second assumption ﬁ 3 < Ap(z) will
hold for arbitrary weights. To make Theorem 5.2.8 useful, we need to find a way of
constructing equivalent weights with this important property. As will be shown in
Lemma 5.2.10, this can be done at least on some subset of C. For the proof we will

need the following inequalities.
Lemma 5.2.9. The following inequalities hold:
(1) for any a € R and r >0

a+tr r T
/1n|x| dx = /1n|x+a| dx > /1n|x|dx,
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(2) for any £ € C andr >0

/ln|z\dz: /ln|z—i—§|dz2 /ln]z+£|dz.

D(¢,r) D(0,r) D(0,r)

Proof. (1) Case I: If a + r < —r then In|z| > In|t| for every = € [a — r,a + r] and
y € [—r,7].

Case II: If a —r < —r < a+r < r then In|z| > In|t| for every x € [a —r, —r] and
t € [a + r,r]. Therefore

a+r - a+r T a+r r
/ In|z| dx = / In|z| dx + / In|z| dx > / In|z| dx + / In|z| dx = /ln|x| dx.
a—r a—r —-r a+r —-r —-r

Case IIL: If —r < a —r <r < a-+r then In|z| > In|t| for every x € [r,a + r| and
t € [=r,a — r]. Therefore

a+r T a+r T a—r T

/ln|x|dx= /ln|:L'|dX—|— /ln|$|dxz /ln|x|dx+ /1n|x|dx=/ln|x|dx.

Case IV: If r < a—r then In|z| > Int| for every x € [a—r,a+r] and y € [—r,7].
(2) By Lemma 5.2.4, we have

In[¢[? if [§] >,

1 /
1n|C|2 dC = 2
7TTQD(E,T) —EL +Inr? -1 if [¢] <,

for any & € C and r > 0. Therefore

9 :
/ Inl¢| d¢ = 7mr# In|¢]| if €] > r,

il TGP+t —5) i g <

for any £ € C and r > 0. Further, for |{| > r we obtain

/ In|z| dz = mr? In|¢| = / In|¢| dz > / In|z| dz.

D(¢,r) D(0,r) D(0,r)

On the other hand, for |{] < r

Lo, 2 r? 2 r?
ln|z]dz:7r<§|f\ +r lnr—;) 27r<r lnr—;) = In|z|dz. O

D(&r) D(0,r)
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Lemma 5.2.10. Let w be a Beurling weight. Denote p(z) = |Im z| + w(z). Then for

every h > 0 there exists a function r: C — [0,00) such that
(1) p(z) == [Im z| + 2r(2) is subharmonic on C,
(2) there exists C' > 0 such that
1 -
oPz) < p(2)

for every z € C,

(8) for every R > 0 there exists Cr > 0 such that
p(2) < Crp(2)
for every z € C\ D(0, R),

(4) there exists C' > 0 such that

for every z satisfying |Im z| < hw(z).

Remark 5.2.11. Parts (2) and (3) of the lemma imply that A,y = Ay and S, (X) =

S (X) for every multiplicity variety X, even though r is not a weight.

Proof. Without loss of generality we may assume that h € N. By Lemma 1.5.5, w

is weakly subadditive. Therefore there exists C' > 0 such that

Va,y€[0,00) :w(z+y) < Cw(z) +wly) +1).

We may assume that this C' is a positive integer. Then denote L = 3C' and M =

6hL + 18. These two constants will be appearing throughout the entire proof. By

Lemma 1.5.9 there exists t € [0, 00) such that for every ¢ > ¢,

1

ll

G

(

(5.16)

for every z € (t —2Mw(t),t + 2Mw(t)). Moreover, by Lemma 1.5.11 there exists

t1 € [0, 00) such that for every ¢t > t;

L _wl)

(
w(t)

wll

for every z € (3t, 31).
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Claim I. For every € > 0 there exists R > 0 such that for z ¢ D(0, R.), if |[Im z| <
hw(z) then |z| < (1 + ¢)|Rez|.

Proof. Choose R, > 0 such that w(t) < gt for every t > R.. This is possible

since w(t) = o(t). Then let z satisfy |Im z| < hw(z) and |z| > R.. We have

€

|z| <|Rez|+ [Imz| < |Rez| + hw(z) < |Rez| + T
€

|2l
This yields the assertion. O]

We will define the function r as a potential of a specific measure. Now, we will
give the construction of this measure. First, we will choose inductively a sequence

of real numbers (z,,),ez such that the intervals

= (- 20, )

will be pairwise disjoint and |J, ., I, = R. Denote Ry = max(to, t1, R%), where ),
ty and R are from (5.16), (5.17) and Claim I. Consider then the function f(z) =

x— @ It is continuous, f(0) = 0 and f(z) — oo when & — oco. Thus it takes every
positive real value. Put then zo = 0, Iy = (—Ry, Rp) and x; with x; — @ = Ry,
L = (1 — @,xl - #) Symmetrically we put x_; = —x;. Suppose we have
chosen points up to x,_; and x_(,—1) = —x,_1. Then we take x, with
(.L)(Qf ) n—1
T, — 2n = R, +le(xl)
and z_,, = —x,. This sequence fulfils the desired properties. We will denote the

length of I,, by w, := w(x,) for n # 0 and wy = 2R,.
Second, we choose two sequences of measures. For the sake of convenience we
denote the one dimensional Lebesgue measure by v. For n € Z, A C C define the

measure
dvn(A) = / ldx=v(ANI,).
AN,
In fact, these measures just divide the Lebesgue measure into parts according to

Is, v(A) =",z dvn(A). Denote D, = D(0, Mw,) and define

1
()= gars [ oo = )b

In

where Xp, is the characteristic function of D,,. Then let duy(z) := p,(2)dz, du(z) =
> onez din(z) = 37, o7 pin(2) dz. Here dz stands for the Lebesgue measure on R2.
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Claim II. The support of p, is S, = I, + D,,. For every z € C

0 < pn(2) < !
TLZ — )
=H M3*7w,

and p,(2) = M+Mn forz € D(x,,(M—1)w,). Moreover, there exists K € N such that
every z € C lies in at most K sets S,,. In particular, the formula p(z) = Y o, pin(2)

defines a positive function.

Proof. Observe that

1 1
In I
1 1
= MZ—WOJ% / Xp,+z,(z —x)dx = MZ—M% / Xp, 4z, (T) dx
In—2n z—In+xn
1 length((1,, — x, + 2z) N D(x,,, Mw,))
- M2r? / XD, ta, (2) dx = M2mu? :

In+z—xn

We used the fact that I,, — x,, = —I,, + x,,. This proves the estimates for the values

of p,. Further, we have

pn(z) > 0% (I, — x, +2) N D(x,, Mw,) # 0 < (z, — I, + 2) N D(x,, Mw,) # 0
& (z—1,)ND0,Mw,) #0 < z € I, + D,.
This proves the assertion about the support of p,. Moreover, if z € D(x,,, (M —1)w,)
then (I,, — z, + z) C D(z,,, Mw,,). Hence

_length((L,, — v, + 2) N D(zy, Mwy,)) 1
B M?*mw? T M2nw,’

,un(z)

No we are going to prove that every z € C lies in at most K sets S,,, where the
constant K € N is independent of z. Let z € C. Without loss of generality we may
assume that Rez > 0. Furthermore, z € S,, implies Rez € (z, — (M + %)wn, Ty +
(M + 1)w,), hence it is enough to check the assertion for real z. Take N € N such
that for n > N the intervals (z,, — 2Mw(z,,), z, + 2Mw(z,)) are contained in R;.
Assume that z € S,, and z € I,,, with N <n, <n. Then

2Mwy, > Ty — 22 Xy — Ty, — — = wr + —
and, by (5.16), we obtain

n—1
1 w. n—n,—2 1
WMw, > — 5 _":<—Z _> .
w_Lk:nZHw—l—2 i ~|—2w
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This yields n < n, +2ML — 3L+ 2 < n, + 2M L + 2. Assume now that z € S, and
z €I, with N <n <mn,. Then

n,—1
W, Wy
2Mwy, > 2 —xp > Ty, — 5 —mn—7+2wk
k=n+1
w el 1
> "y wn:<—+nz—n—2)wn

This yields n > n, — 2M — % Finally, z belongs to at most 2N +2ML + 2M + 3
sets S),. O]

Define

r(z) = /ln]z—w|(du( — dv(w Zrn

nez

where

() = /ln|z — | (dpan(w) — dup(w).
C

Since every z € C belongs to finitely many supports of u,’s (and at the same time

V'8, since supp vy, C supp fy,), r is always finite. Then we let p(z) = [Im 2|+ 17(z).

Claim III. The function r is positive and equals 0 for z & \J,,c;, Sn. Functions r, can

be written in the following form

d d
M27rw2/ / z—a:\ W

In D(z,Mwy)

TnZ

Moreover, Ap(z) = 2u(z) for all z € C, and p is subharmonic.

Proof. We have

ra(z) = /ln|z — ] dpan (w) — /1n|z—x| dx

n I’rL

1
= T / (/ln|z—w|XDn(w—x) dx) dw—/ln|z—x|dx,
w2

Sn In In

As In|z| is locally integrable and p,,, v, are finite Borel measures we can use Fubini’s
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theorem (see [Rud87, Theorem 8.8]), hence

1
ro(z) = Y / (/ln|z —w|Xp, (w— ) dW) dx — /ln\z —z|dx

In NS, In
! / /‘11 dw | d /1y d (5.18)
= njz —w|dw | dx — [ In|z — z| dx :
M?*mw?
Iy D(z,Mwn) I,
/ ! ./ Infz — w] dw — Injz — 2| | d
= njz —w|dw —In|z — z| | dx
M?*mw?
In D(x,Mwy)
Since In|z — +| is subharmonic the expression under the integral sign is positive. This
proves that r is positive. Finally, if z ¢ S,, © € I, then In|z — +| is harmonic in

D(z, Mw,), thus the expression under the integral sign is 0.
Further, since

/ 1dw = M?mw?,
D(z,Mwn)
from (5.18) we obtain

12—l
n dw dx.
a(z) M27rw2/ / |z—m| A

In, D(xz,Mwy)

Now, we will prove the last part of the assertion. The sum in the definition of r
is locally finite, hence, by [Ran95, Theorem 3.7.4],

Ar = ZArn ZQ?T =2m(pu —v).
nez nez

Recalling that A|lm z| = 2v we get Ap = 2 in the sense of distributions. But p is
an absolutely continuous measure generated by the function p(-), which is positive.

Therefore p is subharmonic. O]

Claim IV. It holds

{z€C||Imz| < hw(z)} C U D(xm %wn>

ne”l

More precisely,

M
{zeCl 2] < b))\ DO Fo) < | D (n, 5 )
neZ\{0}

and

M
D(0, Ro) € D(ao, ?wO)'
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Proof. Let z satisfy [Im z| < hw(z). If z € D(0, Ry) then

“o

|z — 29| = |2| < Ry = CR

Let z ¢ D(0, Ry). We may assume that Re z > 0, since our construction is symmetric.
Let n € N be the smallest number such that Re z < x,,. Then

|z, — 2| < |z, — Rez| + |Im z| < 2w, + hw(z).

By condition (5.17) and Claim I for € = %, we obtain then

w

w(z) < Lw(§|z|> < Lw<§|Rez|) < Lw(|Re z|) < Lw,.

Hence z € D(x,,, (3 + hL)w,) C D(zp,, % Wn)- O

Claim V. For every R > 0 there exists Cr > 0 such that r(z) < Crw(z) for every
z2e€ C\ D(0,R).

Proof. If z ¢ |J,,cz, Sn then, by Claim IIL, r(z) = 0 < w(z). We have

(@) = [ v =w,

C

and by Fubini’s theorem
1n(C) = /un( Ydz = ——— M27rw2 //XD (z —x) dx dz
M27Tw2 //XDn z—1x)dzdx = M27M2//Xpn ) dz dx
:/ dx = w,.

In

Moreover, for any z € C and n € Z

/ln |z — wl dyn(w):/lnﬂdxz/lnmdx
Wn Wn, Wn
C

In In

and as x, is the centre of the interval I,,, by Lemma 5.2.9, we obtain

Wn Wn,

In In _

=

N[
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Hence

Inw, dv,(w) — w, In2e

—

/ln|z —w| dvy(w) >
C

N~ Q

/lnwn( dpn(w) + dvy(w)) — wy, In 2e.
c

Then for z € S,

ro(z) = /1n|z—w|(d,un(w) — dup(w))

C

= [ e = wl( () + don () =2 [ tnfz — ] dog

C

< /ln|z — w|( dpn (W) + dvy(w)) — /lnwn( iy (W) + dvy(w)) + 2w, In 2e

= /ln |2 = vl (dpn(w) + dvn(w)) + 2w, In 2e

Wn
Sn
< /ln 3M( dpy(w) + dvy(w)) + 2w, In 2e
Sn

= (2In3M +2In2¢e)w, = (2In6Me)w,.

Moreover, for z € S, we have Rez € (z, — 2Mw,, z, + 2Mw,). For n # 0 by
condition (5.16) we obtain then

ro(z) < (2In6Me)w(x,) < L(2In6Me)w(|Re z|) < L(2In6Me)w(z).

Since ¢ is bounded from above and w is bounded from below by a positive constant
on Sy \ D(0, R) we can find a constant C' > 0 such that

ro(z) < Cw(z)

for every z € Sy \ D(0, R). As every point z lies in at most K sets S,, we obtain the

assertion. OJ

Claim VI. There exists C > 0 such that w(z) < Cr(z) for all z satisfying |Im z| <
hw(z). Moreover, for some 6 > 0, ro(z) > § for all z € D(0, Ry), and r(z) > 0 for
every z satisfying |Im z| < hw(z).

Proof. Let z satisfy |Im z| < hw(2). By Claim IV, z € D(z,, % w,) for some n € Z.
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Then for each z € I, we have |z — x| < (% + $)w, <
1

1 |z — wl| 3|z — w]
1 > In ——
M?mw? / " |z — z dw 2 M?mw? / " Muw, dw

D(z,Mwy) D(z,Mwy)

Then, by Lemma 5.2.9,

1 |z — w| 1 1
— 1 dw > — 1 dw=mIn3—-->0
M?rw? / " |z — z Y= or / nfw}dw =In 2

03

D(z,Mwn) D(0,3)

Thus, by Claim IIT,

7’”2

dw dx > dw,
M27rw2/ / |z—ac| W= 0w

TL I M(dn

for some constant 6 > 0. For z with |z| > Ry by (5.17), Claim I and (5.16) we obtain
then

2 M
w(z) < Lw <§|z|> < Lw(|Rez]) < Lw(xn + —

L
5 wn) < L*w, < TT"(Z)'

As w is continuous there exists C' > 0 such that
w(z) <C

for all z € D(0, Ry). Further, D(0,Ry) C D(0,4 Ry) = D(xo, §wp). Hence for z
with |z] < Ry we have

C C
<(C=—d0wy < —
( ) C (5&)0 wo (5&)0 TO( )
As rp(z) < r(2) for every n € Z this completes the proof of Claim VI, ]

Claim VII. There exists C > 0 such that Fp(z) < p(z) for all z € C. For every
R > Othere exists Cr > 0 such that p(z) < Crp(z) for z € C\ D(0, R). Therefore,
assertions (2) and (3) of the lemma are satisfied.

Proof. By Claim V there exists C' > 0 such that
#(2) = [ 2] + _r(z) < [Tm2] + Clo(z) < Ca()
for z € C\ D(0, R). For z with |Im z| > hw(|z|) we have
p(2) < 2[lm 2| < 2p(2).
Finally, for z with |Im z| < hw(]z|) by Claim VI

p(z) = Imz| + w(z) < [Imz| + Cr(z) < Crp(z). O
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Claim VIII. There exists C > 0 such that

for all z with |Im z| < hw(z). Therefore, condition (3) of the lemma is satisfied.

Proof. Let z satisfy |Im z| < hw(z). Assume that z € D(0, Ry). In this case by Claim
VI, Claim II, and Claim III, we obtain

L 1 < s < s < T_ T (2)
p(z)  |Imz| + Lr(z) ~r(z) T rolz) T 9 B 5woﬂo
M?m2w, M?*m2wy
5 Hl2) = —5— Ap(2).

Take now z with |z| > Ry. By Claim IV, z € D(z,, ¥ w,) for some n € Z \ {0}.

Using consecutively Claim VI, condition (5.16), Claim II, and Claim III, we obtain
1 1 s Cr CLm
_— < <
p(z)  Imzl+ir(z) ~ r(z) ~ w(z) = w,

= OLT*M? 11, (2) < CLa® M?u(2) !

= §CL7T2M2A]§(Z>

Now, we are going to prove the first inequality. Let z satisfy |Im z| < hw(z). By
Claim II there exists n € Z such that z € S,, and

p(z) < Kpin(2).

Suppose that n = 0. Since Sy is compact p and p are bounded above there by a
constant C' > 0. Therefore,

Ap(z) = 2u(z) < 2C < 202]%.

Assume now that n # 0 and z ¢ Sy. Using consecutively Claim III, Claim II,
condition (5.16), and Claim V, we obtain

2K LK 1
Ap(2) = 2u(2) < 2K 11, (2) < <
p(Z) N(’Z) —_ /’L (Z) — M27T(A)n — M27TCU(Z)
(h+1)LK 1 (h+1)LK 1
M2

2| + w(z) = M2mmax(Z,1) [Im 2|+ Lr(2)
(h+1)LK 1

~ M?rmax(Z,1) p(z)°

Now, we are able to state the first really useful theorem giving a relatively simple
method of checking whether a given multiplicity variety is interpolating.
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Theorem 5.2.12. Let w be a Beurling weight and X an (w)-sparse multiplicity
variety contained in the set {z € C| |Imz| < hw(2)} for some h > 0. Then X is
interpolating for A

Proof. We want to use Lemma 5.2.10 and then Theorem 5.2.8. Hence the only

statement to prove is
U DA ep(V) € {2 € C| [Im 2| < kw(z)} (5.19)
AEA

for some k,e > 0. By Lemma 1.5.9 there exists C' > 0 and R > 0 such that for every
t>R

E

w(z) _
w(®) =
for every x € (t — (h+ 1)w(t),t + (h + 1)w(t)). By virtue of Theorem 2.3.6 we may
assume that |A| > R for every A € A, since every finite variety is interpolating.
Furthermore, for every z € D(), p(\)) we have |z| € (|[A| — p(A), [A| + p(A\)). Then
p(A) = Im A +w(N) < (h+1)w(A) yields |z| € (JA| = (R + Dw(A), A+ (A4 1)w(N)).
Therefore, by condition (5.20)

s (5.20)

Im z| < [Im A| +p(A) < (2h + Dw((N) < C(2h + 1)w(2).
This gives (5.19) with k = C'(2h + 1) and € = 1. O

From Theorem 5.2.12 and Theorem 5.1.1 we can derive the following geometric
characterisation of interpolating varieties, which is applicable to quasianalytic and

non-quasianalytc weights.

Corollary 5.2.13. Let w be a Beurling weight and X a multiplicity variety contained
in the set {z € C| |Im z| < hw(z)} for some h > 0. Then X is interpolating for A,
if and only if X is (w)-sparse.

In view of this corollary, to obtain a description of all interpolating varieties we
need to deal with these multiplicity varieties which are somehow far from the real
line. This will be done in Theorem 5.2.16. For the proof we will need the following

lemma on multipliers.

Lemma 5.2.14. Let ¢: C — R be subharmonic and assume that for some function
m: R — R satisfying m(x) ~ 1 it holds Ay = m(z) dx in the sense of distributions.

Then there exists an entire function f such that
(a) Z(f) is a uniformly separated sequence contained in R, i.e.,

inf |\ —\| >0,
MNEZ(S)
AEN
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(b) for all e > 0 it holds that | f(2)| ~ e¥®) for all points z such that d(z, Z(f)) > €.

Proof. By [OCS99, Lemma 3] the function

z

U(2) :/(lnll—i’—l—(l—X[_l’l](a:))Re—)

T T
R

de

™

is subharmonic and there exists an entire function F with a uniformly separated

sequence of zeroes Z(F') contained in R such that
(1) for Imz| <1

|F(2)] ~ eV Fdist(z, Z(F)),

(2) for |Im z| > 1 and some C' > 0
log F(2) — U(2) — iU (2)] < C

for a suitably defined analytic branch of the logarithm respectively in H_ or
H., where U is a harmonic conjugate of U in C \ R such that [7(2’) = —U(2)
for all z € C\R.

Condition (2) implies that [In|F(z)| — U(2)| = [Re(log F(z) — U(z) — iU(2))| < C.
This along with (1) yields F(z) ~ eV for all points z such that d(z, Z(F)) > e.
Therefore, F' satisfies all assertions of the lemma except that I ~ eV instead of
F~eY.

Let ¢ be any test function on C. By [Ran95, Theorem 2.5.1] U is locally inte-

grable, hence we can use Fubini’s theorem [Rud87, Theorem 8.8] as follows

(AU, ) = / U(2)Ap(z) d

C

= [ (xR ) gt
R C

— / mg(:) / <ln|a: — 2| =Infz| + (1 = X_, (=) Re %) Ap(z) dz dx.
R C

Denote u,(2) = In|z — 2| and v,(2) = —In|z[+ (1 —X_, ,,(¥)) Re Z. For every x # 0,
v, is harmonic. Therefore, by [Ran95, Theorem 3.7.8],

@U.o) = | i) [ o)+ va() () daax

- / P (A + o) = [ plapmla) ax

R

= (m(z) dx, ¢).
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Hence AU = m(x) dx and ¢ — U is harmonic. Denote g(z) = ¥(z) — U(z) and let ¢

be a harmonic conjugate of g. Finally, take
f(2) = F(z)ed®)+()
Then f is an entire function, its set of zeroes is exactly Z(F') and
1f(2)] = |[F(2)]e9?) = V@tV — ob(2)

for all points z such that d(z, Z(h)) > e. O

Remark 5.2.15. The function f from Lemma 5.2.14 is called a multiplier associated
with .

Now we can deal with varieties far from the real line.

Theorem 5.2.16. Let w be a Beurling weight and X a multiplicity variety contained
in the set {z € C| |Im z| > hw(z)} for some h > 0. If X is (w)-sparse and satisfies

[Im |
sup Z m)\’a: \E < 00 (5.21)
)

TER 3L Im A > hw (A
then it is interpolating for A..

Proof. Denote p(z) = |Im z| + w(z). By Theorem 2.3.6 we may assume without loss
of generality that i,—i ¢ A and p(\) > 1 for every A € A. Furthermore, since
X Cc{z e C||Imz| > hw(2)}, and w(t) — oo when ¢ — oo, there are only finitely
many A € A such that [ImA| < 2. We may therefore assume that [ImA| > 1 for
every A € A.

We divide X into two parts

Ay =AnH, Xy ={(Am\)}ea,,
A=AnN H—> X = {()‘am)\)})\el\_'

We will show that X, is interpolating. A similar proof for X_ will be omitted. Then
we will again use Theorem 2.3.6 to obtain that X is interpolating.

In order to prove that X is interpolating we will construct a function satisfying
conditions of Theorem 3.1.1. Take any entire function F' such that Z(F) = X,.
Consider the Blaschke product for X in the upper half-plane,

N2 +1] 2= A\™
B(z) = H( —Z) , zeH,. (5.22)
e WAL 2=

133



By Proposition 4.2.9, the Blaschke condition for the upper half-plane is satisfied,
hence formula (5.22) defines a holomorphic function on H; with modulus less than
one. Further, define

(2)
In ‘B(z)‘ for Imz > 0,
In|F(2)] for Imz < 0.

Claim I. The function ¢ is subharmonic on C, harmonic on C\R, and A¢ = m(x)dx

for some bounded function m: R — (0, 00).
Proof. Since % is holomorphic on H, , ¢ is harmonic on C\ R. Moreover, by the fact
that B(z) <1 for all z € C, we get that for z € R

21

2T
¢(x) = In|F(z)] < %/1H|F(w+r6“)l dt < %/qﬁ(x—kre“) dt.
0

0

This proves that ¢ is subharmonic on C. Further, for z € H,

F(z) z =A™
o(2) = ln\B(z) = 0l F(2)] | B(:)| = Wl F()| o [T |25
AEA
= In|F(2)| + Z my In )
B AT
)\€A+
Denote
In|z — A for Imz > 0,
ux(z) =
0 for Imz < 0.
and
In|z=2 for Imz > 0,
Q)\(Z) — ‘zf)\
0 for Imz < 0.

Then, by [Ran95, Theorem 3.7.8],
A¢ = Z m,\(27r(5,\ + Aq,\),
)\EA+

where 9, is Dirac’s delta in A. We may write ¢, = us — uy. Further, by Lemma A.5

of Appendix A, for any test function ¢

o0}

0 Im A
<AU)\,(,0>:27T(5)\—/111|.%‘—/\|8— dx—/| _)\|2<,0

—0o0

134



and

Im \
(Aus, ) = /ln|x—)\|— dx—/‘ _)\PQO

T Im A

/ln\x—)\|— (z) dx+/|m—g0($) dx.
Therefore

Im A\ Im A\
A¢¢_QZ/WA )\‘290 dX_Q/ZmA )\‘280()‘1
AEAL AEA L
= (m(z) dx, p)

where

Im A
me ril/\|2

AEAL

We see that m(z) > 0 for every x € R. Finally, by (5.21), m is uniformly bounded
above on R. ]

Define
U(2) = M[Im 2| — ¢(2)
for M € N. Then by Claim I

o0

@0.0) = [ @M = mla)(o) dx
Thus Ay ~ dx in the sense of distributions if M € N is chosen big enough. By
Lemma 5.2.14, there exists a multiplier associated with 1, i.e. an entire function g
such that

(a) Z(g) is a uniformly separated sequence contained in R,

(b) for all € > 0 it holds that |g(2)| ~ e¥*) for all points z such that d(z, Z(g)) > e.
Define f = gF'. We will show that f is the function we are searching for.
Claim II. It holds f € A, and Xy C Z(f).
Proof. Let z € C\ U, ez, D(2,€). Then

|f(Z)| S e Y (z)+In|F(2)] — 6M\Imz|—q5(z)+ln\F(z)| S €M|Imz| S eMp(z)'

Hence by the maximum modulus principle we get that f € A(,. Moreover X, C
Z(f) since X, = Z(F). O
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The last statement to prove is that there exist €, C' > 0 such that

SN )
TI’L)\' -

forall A € A,.
By Propositions 4.1.10 and 4.1.5, X is weakly (w)-separated. Therefore there
exist Cy > 0, 0 < 0 < 1 such that for

_0. 2
6)\:(56 S my

the discs D(A,20,) are disjoint for A € A. Since, by our assumption, [Im A| > 2 for
every A € A, the distance from every D(A,0,) to H_ is at least 1.
We are going to prove now that there exists C' > 0 such that

|B(2)| > ee P

for all A € Ay and all z € 9D,.

Claim I11. For some C > 0

22—\
< .
/\‘_Cp()\)

my In

Proof. We have

z —

1
mAnZ_)\

- 1
':mAln|z—)\|+m,\ln P

We estimate the second summand

1 ()
— = myIn— =myIndt +m, Ine’ m = maIn o=t + Cip(N).
‘Z—)\‘ 5)\

Using Proposition 4.1.18 we get the desired estimate. Further,

maln|z — A < myIn(|z — A| + 2Im \) = my In(dy + 2Im A)
<myIn(3ImA) < myln3+ mylnp(A)

and one more use of Proposition 4.1.18 completes the proof. O]

Claim IV. For some k € N

T k
z =N

z—N

A= N
<
A= N
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Proof. Since |z — w|* = |z — w|? + 4Im z Imw for all z,w € C, we can rewrite the

inequality in the assertion as

Im zIm N Im A Im N k Im A Im M\’
1+44— < (1+4 —_ .
TP —( fpe w) Z()( |A—X|2>

J=

We have
Imz<ImA+§,<2ImA
and
A=XN< |z = A+ [z =N <2z - )|
hence

Im zIm N <81m)\ImX
2= N2 T A= N2

OERS) =30)(55) - @

|B(2)] > ee” "

This yields

44 IszmX
= N2

MH

J:0

Claim V. For some €,C >0

for all N € Ay and all z € OD,.

Proof. By virtue of Proposition 4.1.18 we may use Proposition 4.2.16 to obtain that
X, satisfies (w)-Blaschke condition for H, . Therefore

)\ _ !/
Z my In Y < Cp(N)
NeA\{A}

for some C' > 0 and every A € A;. Let 2 € 9D, for some A € A. Using Claims III
and IV and then Lemma 1.5.6, we obtain for some C, k > 0

2= N Z— A z—N
melnz_)\/ :m)\lnz_)\‘—{— Z m,\/lnz_)\/‘
NeAy MeA\{A}
- A— N
~ Cp()\) + k Z mys In FEDY,
NeA\{A}
< Clk+1)pA\) <C(k+1)(Cp(z) + C).
This estimate is equivalent to the assertion of the claim. O
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Claim VI. For some e,C >0

f(m)‘)()\) > Ee—C’p(z)‘
m/\! -

Proof. For z € Uy, OD(A, 05) we have

\ﬂm:mw%%%MMZW@MWMM:&@Wﬂmm:&“MwwL

Since [Imz| > 1 for every z € [y, OD(A,05), using Claim V we obtain that
|f(2)| > ee=P(3) for some constants ¢, C' > 0 and for every A € A,, z € dD,. Define

f(2)

h(z) = m

Then h is holomorphic, non-vanishing in D) and for z € 0D,

[h(2)] = [F(2)[0x™ = [F ()],

since d, < 1. Thus h satisfies the same inequality as f on dD,. But as h is non-

vanishing, by the minimum principle it satisfies this inequality on entire D). There-

fore
(ma) A
‘f ( )‘:|h(/\)|2€€_0p(>\),
m)\!
which completes the proof of the claim and of the theorem. m

Theorem 5.2.17 is the final result about sufficiency of geometric conditions in the

Beurling case.

Theorem 5.2.17. Let w be a Beurling weight and X a multiplicity variety. Assume

that X satisfies one of the following conditions

(1) X is (w)-sparse and satisfies

Im A
sp Y mwl_ﬁg<m

PER 3 tm A > hw())

for some h >0,
(2) X is (w)*-sparse and satisfies (B(w)),
(3) X is (w)-sparse and satisfies (w)-Carleson condition for Hy and H_.

Then

138



(4) X is interpolating for A(..
More precisely, the following implications hold: (2) = (3), (3) = (1), (1) = (4).
Proof. (2) = (3) The assertion follows from Corollary 4.2.13.
(3) = (1) Denote U = {z € C| |Im z| > w(z)}. Since (w)-sparsity and (w)-Carle-
son condition are carried over to subvarieties, X’ = X NU is (w)-sparse and satisfies
(w)-Carleson condition. Therefore, in view of Proposition 4.1.18, we may obtain (1)

for h = 1 by the use of Proposition 4.2.16.
(1) = (4) Assume that X is (w)-sparse and satisfies

|Tm |
sup Z Mmy——15 < 00
PER 3 tm A > hw()) = Al
for some h > 0. Denote

Qo={2€C||Imz| <hw(z)},

Qp ={z€C| Imz > hw(z)},
Q_={z€C| Imz< —hw(z)},

and divide X into three parts

Ao =ANQy, Xo={(Amxr)}reno
Ay =ANQy, Xy ={(\m)hea,,
A_=ANQ_, X_:{()\,m)\)},\@\f.

Using Theorem 5.2.12 we obtain that X is interpolating. Theorem 5.2.16 asserts
that X_ and X, are interpolating. Finally, X is interpolating by Theorem 2.3.6. [

Assuming additionally that the weight is non-quasianalytic we can obtain a com-
plete geometric characterisation of interpolating varieties in the Beurling case, which

was stated in Theorem 5.2.1. We recall this theorem here.

Theorem 5.2.18. Let w be a non-quasianalytic Beurling weight and X a multiplicity

variety. Then the following conditions are equivalent
(1) X is (w)-sparse and satisfies

Im A
sp Y mw':_A'P < o0
)

PER 3. Tm A hw(A

for some h > 0,
(2) X is (w)*-sparse and satisfies (B(w)),
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(3) X is (w)-sparse and satisfies (w)-Carleson condition for Hy and H_,
(4) X is interpolating for A(..

Remark. Condition (1) is somehow the smallest one among (1), (2) and (3). It

requires the estimate for the function N only for r = p()), and the series
m —
Mo = AP
At [Im A|>hw(X)
is taken only over a subset of A. However, calculating the supremum over x € R
is rather hard in most cases. The situation becomes simple whenever X C {z €
C| Im z| < hw(z)} for some h > 0. Then this condition is trivially fulfilled. Con-
ditions (2) and (3) give explicitly more information about an interpolating vari-
ety. Additionally, conditions like (w)-Carleson condition involving reduced Blaschke

products are well established in the theory of interpolation problem for many spaces

of holomorphic functions.

Proof. In view of Theorem 5.2.17 we have (2) = (3), (3) = (1), (1) = (4). Therefore
it is enough to prove (4) = (2). And this implication is given by Theorems 5.1.1
and 5.1.5. [

The reader might have already realised that Theorem 5.2.1 yields some conse-
quences about the relation of sparsity, (w)-Carleson condition and (B(w)). We will

state this and other consequences precisely in Section 5.4.

5.3 Sufficient conditions in the Roumieu case

In the Roumieu case results are quite similar to those in the Beurling case. We

start with a theorem applicable to all weights.

Theorem 5.3.1. Let w be a Roumieu weight and X a multiplicity variety. Assume

that X satisfies one of the following conditions
(1) X is {w}-sparse and for some Beurling weight o = o(w) it satisfies

Im A
sp Y mA|Q'S_A’|2 < o0
TER 3 tm A>ho (V)

for some h >0,
(2) X is {w}-sparse and satisfies (B{w}),
(3) X is {w}-sparse and satisfies {w}-Carleson condition for H, and H_.
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Then
(4) X is interpolating for Ag..
More precisely, the following implications hold: (2) = (3), (3) = (1), (1) = (4).

Proof. (2) = (3) The assertion follows from Proposition 4.2.14.

(3) = (1) By Proposition 4.2.3 there exists a Beurling weight o satisfying o =
o(w) and such that X satisfies (0)-Carleson condition for H; and H_. On the other
hand, by Proposition 4.1.19

1
IMeNVmeN3dIC,>0VAeA: m,\§C’m+M|Im)\|+Ew(/\).

Denote ¢(z) = inf,,en Cp + %w(z) By Lemma 1.5.16 there exists a Beurling weight
v satisfying ¢ = o(v) and v = o(w). Then

my < M|Im Al + ¢(A) < C([Im A\ +v(N\) + 1)

for some C' > 0 and every A € A.
Consider p¢ = max(o,v) and X' = X N{z € C| [Imz| > p(z)}. Then X' satisfies
(u)-Carleson condition for H, and H_. Moreover, with the use of Lemma 4.1.7 we

obtain
ma < C(|tm A + (A)

for some C' > 0. Now, we may use Proposition 4.2.16 to obtain

|Im A|
m
TR

sup

TER L ImA>u(x

(1) = (4) By Proposition 4.1.3, X is (v)-sparse for some Beurling weight v
satisfying p = o(w). We have that p = max(o,v) is a Beurling weight satisfying
i = o(w). Then X is (u)-sparse and

|Im A| [Im A

su g m < su E m < 00

Ie]g . /\|:E—)\|2 N xeﬂg . A|$—)\|2
A: [Im A|>hu(X) A: [Im A|>ho(N)

Denote

Qo ={z€C||Imz| < hu(|z])},
Qp ={z€C| Imz> hu(z])},
Q_={zeC| Imz < —hu(|z])},
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and divide X into three parts

Ao =ANQy, Xo={(Amxr)}reno
Ay =ANQy, X ={(Am)}ier,,
Ao=AN0., X_={m)benr_.

Using Theorem 5.2.12 we obtain that X, is interpolating for A,). Theorem 5.2.16
asserts that X_ and X are interpolating for A(,). Then X is A,-interpolating by
Theorem 2.3.6. Finally, X is Ay, interpolating by Corollary 3.3.1. O]

Using the results we have already obtained, we are able to give a geometric

characterisation of interpolating varieties in the non-quasianalytic Roumieu case.

Theorem 5.3.2. Let w be a non-quasianalytic Roumieu weight and X a multiplicity

variety. Then the following conditions are equivalent:

(1) X is {w}-sparse and for some Beurling weight o = o(w) it satisfies

Im A
sp 3 mA|:L_A'|2 <o
)

PER 3 Im A|>ho (A

for some h > 0,
(2) X is {w}-sparse and satisfies (B{w}),
(3) X is {w}-sparse and satisfies {w}-Carleson condition for H, and H_,
(4) for some Beurling weight o = o(w), X is (0)*-sparse and satisfies (B(0)),

(5) for some Beurling weight 0 = o(w), X is (¢)-sparse and satisfies (o)-Carleson
condition for H, and H_,

(6) for some Beurling weight o = o(w), X is interpolating for A,
(7) X is interpolating for Ag,y.

Proof. (2) = (3), (3) = (1) (1) = (7) Follow from Theorem 5.3.1.

(7) = (2) Follows from Theorems 5.1.1 and 5.1.5.

(4) < (5) < (6) Follow from Theorem 3.1.1.

(2) = (4) By Proposition 4.1.3 we have that X is (0)*-sparse for some Beurling
weight o satisfying ¢ = o(w). By Proposition 4.2.4 we have that X satisfies (B(v))
for some Beurling weight v satisfying v = o(w). Then p = max(o,v) is a Beurling
weight satisfying p = o(w). Moreover, X is (u)-sparse and satisfies (B(u)).

(4) = (2) Follows from Propositions 4.1.3 and 4.2.4. O
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A particularly important case covered by Theorem 5.3.2 are the Gevrey classes.
We exhibit it separately as a corollary. Recall that for s > 1
_ oo _ f) ()]
GsR)=4qf€eC®R)|YVMeNITh>0: sup sup ——— <00,p.
we[-M,M]neN, P (nl)s
Corollary 5.3.3. A wvariety X is interpolating for the Fourier-Laplace transform
image of the space of Gevrey ultradistributions with compact support GL(R) (s > 1)
if and only if for w(t) = t'/*, X is {w}-sparse and satisfies {w}-Carleson condition
for Hy and H_.

5.4 Consequences of characterisations of interpo-

lating varieties and examples

Interpolation theorems have many consequences. In Section 4.1 we introduced
(w)-sparsity and (w)*-sparsity. Using the characterisation of interpolating varieties
in the Beurling case we are able to prove that for some multiplicity varieties these

conditions are equivalent.

Proposition 5.4.1. Let w be a non-quasianalytic Beurling weight and X a multi-
plicity variety contained in the set {z € C| [Imz| < hw(z)} for some h > 0. Then
X is (w)-sparse if and only if it is (w)*-sparse.

Proof. The condition

Im A
awp Y 2
)

2
TER 3L Im A > hw (A |2 = Al

is satisfied automatically, hence implication (1) = (2) or (1) = (3) of Theorem 5.2.1
yields the assertion. O

In Section 4.2 we started to study the relation between sparsity, conditions (B)
and the weighted Carleson conditions. Now, using characterisation theorems we can

deduce much more.

Proposition 5.4.2. Let w be a non-quasianalytic Beurling weight and X a multi-
plicity variety. Denote Uy, p, = {z € C| hyw(z) < [Im z| < how(2)} for he > hy > 0.
If X is (w)-sparse then

Im A
ap S 2o

— 2
‘TGR/\GAF‘IUhL;LZ | = Al

for all ho > hy > 0.
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Proof. The variety Y = X N{z € C| |Imz| < haw(z)} satisfies condition (1) of
Theorem 5.2.1. Hence, by the implication (1) = (2) of this theorem, it satisfies
(B(w)). Using (B(w)) with Uy, 5, we obtain the assertion. O

Proposition 5.4.3. Let w be a non-quasianalytic Beurling weight. Let X be an (w)-
sparse multiplicity variety contained in the set {z € C| |Imz| < hw(z)} for some
h > 0. Then X satisfies (B(w)) and (w)-Carleson condition for H, and H_.

Proof. The condition

Im A
sup Z m)\ﬁ < 0
)

TER . [Tm A[>hw(\

is satisfied automatically, hence implications (1) = (2) and (1) = (3) of Theorem
5.2.1 yield the assertion. O

Condition (B(w)) reads that for an arbitrary set U C H,, H_

A [T+ w(h)
<C
2 T AR S ITm |

A ANU

for some C' > 0, every x € R and A\, € ANU such that d(z, \,) = d(z, ANU). That
sparsity implies this condition is not obvious but also not very surprising, since for
X Cc{z€C||Ilmz| < hw(z)} we have

Z - |Im A| <h Z - w(A)

—_ )2 _\|2°
A ANU |.I' )\’ A ANU ‘:U )\‘

Further, (w)*-sparsity gives that points of the variety are placed somehow ”linearly”

(comp. Proposition 4.1.10), hence

is "close” to the integral

R

which is convergent as w is non-quasianalytic. This reasoning breaks down in the
quasianalytic case and one may expect that Propositions 5.4.2 and 5.4.3 are not
true for quasianalytic weights. In fact, we will even show that condition (B(w)) and
(w)-Carleson condition do not have to be satisfied by an interpolating variety in the

quasianalytic case. So they are not necessary for interpolation in this case.
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Example 5.4.4. Let w be a quasi-analytic Beurling weight. Consider the variety
X ={(m+iw(m),1): m € N}

and denote \,, for m € N. We have n(\,,,r) < 2r 4+ 1 for all m € N and r > 0.
Moreover, X is (w)-separated, since d(A,, Ax) > 1 for m # k. Hence by Proposition
4.1.12, X is (w)*-sparse. The second condition of Theorem 5.2.17 (1) is trivially
satisfied, hence X is interpolating for A,).

On the other hand, for x € [m, m + 1]

w(z) <w(2m) < Cw(m)

for some C' > 0 independent of m, by property («) of the weight. This gives

w(m) S 1w(x)
m? — C a?
for x € [m,m + 1]. Since w(t) = o(t) there is mg € N such that for every m > my it
holds w(m) < m. Then

Im A w(m 1 w(m
2 mA‘]A|2|:§#oﬂ)(m)Z§ 2. 7<n2>

A AﬂH+

Hence X does not satisfy (B(w)). Due to Corollary 4.2.13 it cannot satisfy (w)-
Carleson condition as well.

It is natural to ask if the condition

Im A
sp Y w2l o
z€R A |$ - )\|
: [Im A|>hw ()
is necessary in the quasianalytic case for a multiplicity variety to be interpolating.
The answer is yet unknown.
Theorem 2.3.6 stated that a finite union of interpolating varieties for A, is
interpolating whenever the union of these varieties is weakly separated. Now we can

prove an analogue of this result for the non-quasianalytic Roumieu case.

Theorem 5.4.5. Let w be a non-quasianalytic Roumieu weight and assume that
X = {(Amy)] A € A} and Y = {(n,m,)| n € K} are interpolating for Agy.
Suppose that

36>00MeNVmeNdIC, >0V eAnek

_ _ _1 _ _ _1
|>\_,'7| 2 max<e Crn—M|Im A mw()\)’e Crn—M |Im 7| mw(n))

Then X UY is interpolating for Ag,y.
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Proof. Theorem 5.3.2 and Corollary 3.1.2 imply that for some Beurling weight ¢ =
o(w), X and Y are interpolating for A,. Further, we can introduce ¢(z) = inf,, Cy, +
%w(z) and by the use of Lemma 1.5.16 obtain another weight v satisfying ¢ = o(v)
and v = o(w). Denote y = max(o,v). Then p is a weight satisfying ¢ = o(u) and
p = o(w). Moreover, X and Y are interpolating for A, hence (1)-sparse by Theorem
5.2.1, and weakly (u)-separated by Propositions 4.1.10 and 4.1.5. Furthermore, by

the assumption

o> ~M|ImAl=g(3) ,~M|tmn|—g(n)
|IA —n| > dmax(e ,€ )

> §e-C max(e—MHm ,\\—M(A)7 e—M\Imnl—u(n))

for some C' > 0 and all A € A, n € K. Thus X UY is weakly (u)-separated. Theorem
2.3.6 yields then that X UY is interpolating for A(,). We can complete the proof
using Corollary 3.3.1. O

In Chapter 3 we proved for the Roumieu case that a multiplicity variety is inter-
polating if there exists a function which equals zero on this variety and has particular
Taylor coefficients not decreasing too fast (see Theorem 3.2.1). For the Beurling case
this was a characterisation of interpolating varieties (see Theorem 3.1.1). Now we
are able to give an analogous characterisation in the non-quasianalytic Roumieu

case. The quasianalytic case is yet unsolved.

Theorem 5.4.6. Let w be a non-quasianalytic Roumieu weight and X a multiplicity
variety. Then X is an interpolating variety for A,y if and only if there exists f €
Agy with X C Z(f) satisfying that for some M € N and every m € N there exists
C € R such that for every A € A

[FI (V)] S g~ Cm—MlImA|—4 w(n)
m)\! -
Proof. Assume that X is interpolating for Ay,,. By Theorem 5.3.2, there exists a
Beurling weight o = o(w) such that X is A, interpolating. Then by Theorem 3.1.1
there exists a function f € A,y with X C Z(f) satisfying

[(f™ (V)] > o~ MltmA=Mo()

m)\!

for some M € N and every A € A. As 0 = o(w), this implies the assertion of the
theorem. Finally, Proposition 1.7.12 implies f € Ay,;.
The converse is given by Theorem 3.2.1. O

This theorem allows us to state a corollary similar to 3.1.2. However, this would
only work for non-quasianalytic weights. Due to the geometric descriptions of inter-

polating varieties we will be able to show a slightly stronger result.
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Corollary 5.4.7. Let v be a non-quasianalytic weight and X be an interpolating
variety for Agpy. Then X is interpolating for A,y for every weight w satisfying
v=0(w).

Remark 5.4.8. The outcome of the geometric descriptions is that we could omit the

assumption about the non-quasianalyticity of w.

Proof. By Theorem 5.3.2, X is {v}-sparse and satisfies {v}-Carleson condition for
H, and H_. But it is a trivial observation that then X is {w}-sparse and satisfies
{w}-Carleson condition for H, and H_. Hence by Theorem 5.3.1, X is interpolating
for A,y O

Another corollary of the analytic characterisation is an analogue of Theorem

2.2.5 about multiplying all multiplicities by a given constant.

Corollary 5.4.9. Letw be a non-quasianalytic Roumieu weight. If X = {(\, my) }rea
is interpolating for A,y then for any n € N the variety X = {(A,n - my)}rea (we
multiply all multiplicities by n) is also interpolating for Ag.y.

Proof. By Theorem 5.4.6 there exists f € Ay, with X C Z(f) satisfying that for
some M € N, for all m € N there exists C,, € R such that for all A € A

| Fm ()] > o~ Cm—M|ImA|=% w(})
m)\! - ’

Then by the Leibniz formula for A € A

2m
1 (2m») 1 20\ (k) yy F@mA—R)
| = | —— A) fEMATE(N
i V) ™| = | s Z( ) ey
1 2m) (ma)
— ma) (\) £ ()
i ()7 )
> 6—2C’m—2M|Im>\\—%w()\).
Moreover, f* € Ag,. One more use of Theorem 5.4.6 completes the proof. O

Now, we are going to present some examples of interpolating and non-interpolating
varieties and test their behaviour against bounded perturbation, diffusion and rota-
tion (see Section 2.2 for definitions of these operations). We already know that the
interpolation property is stable under shifts (see Proposition 2.2.3). We have seen
in Examples 4.1.14 and 4.1.15 that

X = {(m,1)| m € N}

is an (w)-sparse variety for any weight w, for which bounded perturbation or diffusion
can break sparsity down. Moreover, X satisfies (B(w)), (B{w}) and the weighted
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Carleson conditions trivially. Hence it is interpolating for any A, and Ay, by
Theorems 5.2.17 and 5.3.1. Furthermore, i- X = {(m4, 1)| m € N} is not a Blaschke
sequence, thus 7 - X cannot be interpolating for any A, or Ay, where w is a
non-quasianalytic weight. This could be seen with the use of Theorem 5.1.5 and
Proposition 4.2.9. Therefore the only admissible operation for interpolating varieties
is translation.

The following example shows that lattices are never interpolating.
Example 5.4.10. Let z,£ € C be linearly independent. Consider
X=:2-7Z+¢-Z,
a lattice generated by z and £. It is known that the number of points of such a
lattice in a disc D(\, ) is proportional to r? for big r. Denoting p(2) = |[Im z| +w(z)
for a weight w, we obtain n(\, p(\)) > ep(A\)? for some € > 0 and all A € A. Hence
X is not (w)-sparse by Proposition 4.1.10. Therefore it is not interpolating for A,).
As every {w}-sparse variety is (0)-sparse for some o = o(w) by Proposition 4.1.3, X

cannot be interpolating for any Ay,;.

The following example distinguishes the sets of interpolating varieties for different

weights.
Ezample 5.4.11. Let v and w be two Beurling weights such that v = o(w). Consider

X = {(m +iw(m),1), (m + e ™ +iw(m),1)| m € N}.
Denote \,, = m + iw(m) and 7, = m + e~ 4+ jw(m). Then
ImA,,| =w(m) and |[Imn,|=w(m).

Hence X C {z € C| |Im z| < w(z)}. Further,

w(m)

A — M| = €~ )
which shows that X is (w)-separated. Moreover, n(A,r) < 4r + 2 for every A € X
and 7 > 0. Hence X is (w)-sparse by Proposition 4.1.12 and interpolating for A, by
Theorem 5.2.17. On the other hand, X is not (v)-separated hence not interpolating
for A,).
Now let v and w be two Roumieu weights satisfying v = o(w). Using Lemma

1.5.16 we can find another weight o such that v = o(0) and ¢ = o(w). Then consider
X = {(m +io(m),1),(m+e "™ +ig(m),1)| m € N}.

We have seen earlier that X is interpolating for A(,). By Corollary 3.3.1, X is inter-
polating for Ag,y. But it is not (v)-sparse and thus cannot be {v}-sparse. Finally,
X is not interpolating for Ay,) by Theorem 5.1.1.
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Appendix A: Calculation of

derivatives of some distributions

In this appendix we calculate the laplacian of several particular distributions. All
computations are standard, and probably can be found in some books as exercises.

We introduce the following notation.
Definition A.1. For ¢ > 0, A € C, ¢ € C*(C) we define a distribution Avg',
counting the average of p over the circle S(\,¢) = {z € C| |z — \| = ¢}

2w

1 )
(Avels o) = 5 [ o+ e ds

0
and a distribution Avg? A counting the average of ¢ over the disk D(A, c)

1
E QO(Z) dz.

D(Xc)

(Avg?y . ) =

Further, to simplify the notation we introduce the shift operator
T: C°(C) — C°(C)

for A € C by the formula (1x¢)(2) = p(z + A) for z € C, p € C°(C).
The following lemma will be helpful later.

Lemma A.2. For A € C, ¢ € C°(C), a locally integrable function u and any ¢ > 0
it holds

(A(mau), ) = (Au, _r¢p),
{00, Tap) = (On, ),
(Avg'o . map) = (Ave'y ., ),
(Aveg? . Tap) = (Ave®, ., o).
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Proof. We have

(A(Tau), ) = [ (mau)(2)Ap(z) dz = /u(z + AN)Ap(z) dz

A O

C
u(z)Ap(z — \) dz = /u(z)A(TMp)(z) dz = (Au, 7_5p).

For the second equation we have
{00, ap) = do(p(- + X)) = p(A) = (0x, ).

Further,

21

1 .
(Avglg g = 5 [ 900+ cc) b = (Avely )
0

Finally,

1 1
(Wil == [ el Ndi= = [ e di=(avdhae) O
D(0,¢) D(Ac)
Lemma A.3. Let ¢ >0, A € C and

In 2 for z € D(\, ¢),
u(z) = ‘
0 for z € C\ D(\,c).

Then u is continuous on C\ {0} and

Au = 47(8y — Avg'y ).

Proof. Assume for the moment that we have proved the lemma for A\ = 0. Denote
by uy the function u defined for A € C. Then by Lemma A.2 we would have for any
p € C(C)

(Auy, @) = (A(T-au0), @) = (Aug, Tap) = (4m(8g — Avg'y ), Ta)
= (47 (6 — Avg'y ), 0)-

Therefore, without loss of generality we may assume that A = 0.
Let ¢ € C°(C). We have to calculate

0?2 o2 0?2 02
() me) = (n (5 5) 2
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We change Cartesian coordinates into polar coordinates. Let ¢ € C°(R x [0, 27])
be given by ¥ (r,0) = p(z,y). Then

02 02 9 10 102
(5 ) #e9 = (2 * 1 + o5 ) ¥09

ng2 =In 2—2 Therefore our task is to calculate

o 10 1 9?
//rln 02 ((87"2 +;E+T—2@) 1/1(7“,9)) dr dé.

We calculate the third integral

2w o

/11 (= )aa;w(r Q)de_{,lﬁ (Zz)%w,m] ~0.

0
0

and dxdy =

In further calculations we will use the following equalities
2 2

L)1 S(m()-n(@en S(n()-2
We compute the second integral

2 2

/cln (Z—j)%@b(r, 8) dr = {m (’;—2);&(73 H)I—/c(%ln (7” ))w(r §) dr

€ €
c

Finally, we calculate the first integral

/Crln( );22 (r,0) dr = {rln <22>%¢(T,G)I—/c%<rln (Z—z)

€ €

%we 0) — 2¢(c,0) + ( (Z—Z) +2)w<e,9>

—l—/%w(rﬁ) dr
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Summarising,

0 10 1 0?
//’I“hl <(ﬁ T§+ﬁ@> ¢<T,9)> dl"dgz
2 2

- / (- In (Z—2>w(e, 6) —eln (Z—Q)%w(e, 8) — 20(c, 0) + <1n (Z—Z) +2)¢(e, 9)) a0
_2/¢e 0) d0—2/¢ce ) do — /eln( >£¢(e,9)d0.

The last summand tends to zero with e — 0, since the derivative is bounded and
eln(5 ) — 0 when ¢ — 0. The first summand tends to 4mi$(0,0) = 47(0,0). The
middle one is an average of ¢ over the circle of radius ¢ and center at 0 multiplied

by 4r. Finally we can write
Au = 4w (6y — Avg'y ). O
Lemma A.4. Let ¢ >0, A\ € C and

1— =2 for z € D(\, ¢),

C

0 for z € C\ D(\,c).

u(z) =
Then u is continuous on C\ {0} and

Au = 47T(Avgl)\7c — Avg2)\’0).

Proof. Assume for the moment that we have proved the lemma for A\ = 0. Denote
by uy the function u defined for A € C. Then by Lemma A.2 we would have for any
p € C2(C)
<AU)\, S0> = <A(T_)\U0), 90> - <Au07 7_/\90> - <47T(Avg10,c - Avg20,0)7 T/\@)
= <47T(Avg1)\,c - Avg2)\,c)7 SO>

Therefore, without loss of generality we may assume that A = 0.
Let ¢ € C°(C). We have to calculate

02 02 02 02
() me) = (n (5 5) 2

We change Cartesian coordinates into polar coordinates. Let ¢ € C°(R x [0, 27])
be given by ¥(r,0) = ¢(z,y). Then

02 02 9 10 102
(@ ’ @) #loy) = (a_ trart —37) virf)
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and dx dy = r dr df. Moreover x2:;y2 = ’;—; Therefore our task is to calculate

27 ¢

r? ? 19 1 0
//T<1_§> ((ﬁ‘i‘;a‘i‘r—zw) ¢(T’,9)) dr dé.
0 0

We calculate the third integral

27 L
[3- D) gennw=[1(-Z)geea] o
0

0

In further calculations we will use the following equalities

F0-D)-% (0-0) % L(0-5) -4

The second integral can be calculated as follows

2

/0(1—7;)%1#(7*,0)&: [(1—%)1“7»,0)}6_/(%(1_2_2))1#(739) dr

2r

= —(0,0) + = W¥(r,0) dr.

0

Now, we compute the first integral

C

[r(-R)gstrnin= (=) gaca)]

0
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Summarising,

2T ¢
0? 10 1 9
// 1—— ((ar2+_a_+ﬁ@> w(r,9)> drdf =
2 c c
2 6
:/(/C_§¢(r,e) dr + 24(c, 0) —/C—Zw,e) dr) do
0 0 0
2 c

/(zw(c g) - /mp(r 6) d )de

0
27

:2/ c@d@——// W(r,0) dr do

0

zz/wc,e)de—% [ ete axay.
C
0 D(0,¢)

Finally, we can write
Au = 4m(Avg', , — Avg?, ).
Lemma A.5. Let

In|z — A for - Imz > 0,
ux(z) =

0 for Imz <0,
and
0 for Imz >0,
uA(z) =
In|z — Al for Imz < 0.
Then for A € H_
r Im A
@usg) == [ nle =N ol / )
Ji I
(Avy, ) = 21\ + / ln|x—/\|§ dx+/ z Iil;PgO
and for A € H
oo [ee] I
(Auy, p) =21, — / In|z — A|§ygp(m) dx — / B Iilipgo(x) dx
r 0 r Im A
(Avy, @) = /ln|x — /\|8—yg0(x) dx + / PR ER



Proof. Let ¢ € C°(C) and A € H_. We assume that z = x + iy. Then

82
(L) = (un L) //m\z—wa o(z) dxdy.

0 —

For z # X\ we have

e o = BN P‘{;(_Z;‘j),
; In|z — A]> = 21(:(_—2;’3)
and
LWV L A>|>;_— A<|P2ie<z - )?
EEBA R Y

Integrating by parts twice gives then

< _u, ¢ // _ln|z — APp(2) dx dy

0 —o0
o9

1// (Im(z = A ’Z_A(Ee(z_m o(2) dx dy.

0 —o0

Further,

82
(o) = (urs o) //mv—xﬁa 7o(2) dy dx

—oo()

S
. % 07 (Re(z — )\)|)22_— A<‘12m(z “ N’ ) dy

= —5Infe — Aﬁ% (z) — ’;mi’w(w)
[ e



This gives the first formula in the lemma. Proceeding similarly for vy when A\ € H.

we get the fourth formula. Furthermore, we have
In|z — A\| — uy = vy

in the sense of distributions. Since Aln|z — \| = 274, by virtue of [Ran95, Theorem

3.7.8], this yields the remaining formulae. O
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