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Abstract

One of the most relevant problems in the quantum theory is the question whether the appro-
priate state of the system can be described within a classical theory. The famous examples of
nonclassical states are Schrodinger-cats states or entanglement states. In spite of many practical
applications of entanglement as a special kind of nonclassicality (like quantum teleportation [1],
dense coding [2], or implementation of super-fast [3] and fast algorithms [4]), we still have difficul-
ties with describing and specifying it. One cannot find such an operational optimal method, which
would allow us to maximally use the technological and scientific potential arising from the adap-
tation properties of quantum correlations. Thus, my thesis is focused on giving a proposal of a
theoretical recipe for constructing experimentally achievable procedures for the study of quantum
correlations.

In my thesis | have focused on quantum correlations described in terms of nonclassicality
(quantumness) and specific kind of it,i.e., entanglement. The nonclassicality definition, used by
me in the thesis, is based on the Glauber-Sudarshan function (P-function). One can assume,
that a state is nonclassical, if its P-function is negative or more singular than Dirac’s delta [5]. As
follows, the state is nonclassical, when its P-function cannot be treated as a “real” probabilistic
distribution. Based on specific properties of the P-function, Agarwal and Tara [6], as well as,
Shchukin, Richter and Vogel [7, 8] proposed nonclassicality and entanglement [9] criteria based
on matrices of moments of annihilation and creation operators. The operational procedures for
analyzing nonclassicality and an efficient method for measuring such moments developed by
Shchukin and Vogel [10] creates basis for my thesis. It can be seen that the nonclassicality
criteria based on matrices of moments offer an effective way of deriving specific inequalities, which
might be useful in the verification of nonclassicality of particular states generated in experiments.
Therefore, criteria constructed based on the above definition of nonclassicality can be used to
find practical and effective methods of generating and testing nonclassicality and, therefore, also
quantum entanglement of optical fields. The results presented in my thesis can be divided into
three main groups:

1. Finding operational and practical criteria to classify states in terms of nonclassicality and
entanglement based on fundamental classical inequalities like Cauchy-Schwarz inequality.
It was also shown how some known entanglement inequalities can be derived as nonclassi-
cality inequalities or as sums of more than one inequality [Bartkowiak2010a].

2. Describing properties and behaviour of quantum correlations for different optical fields (e.g.
for multi- and single-mode systems, for interacting and noninteracting modes). In particular,
general occurrence of sudden vanishing of nonclassicality, which can be observed not only
for two- or multimode but also for single-mode fields, was proven [Bartkowiak2011].

3. Finding the methods of generating and testing of quantum correlations, which would be
practical and easy to implement with available resources in both linear and nonlinear optics.
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Two setups for implementing linear optical universal quantum gates (the controlled-NOT and
controlled-sign gates), and two setups for improving the usage of cross-Kerr effect as the
controlled-phase gate were proposed. The experimental aspects of those implementations
were stressed and imperfections and noise connected with available resources were taken
into account [Bartkowiak2010b,Bartkowiak2012].

Summarizing, the main aim of this thesis was to stress the experimental aspects of theoretical
criteria of nonclassicality, which are based on fundamental classical inequalities. More precisely,
my goal was to achieve the experimentally available implementations by linking nonclassicality
criteria based on moments of annihilation and creation operators with technological simplicity of
linear optical or nonlinear schemes.
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Chapter |

Introduction

From the very beginning of quantum theory the problem of whether a given state can be
described in a classical manner was of most interest among researchers. This issue appears in
almost all branches of quantum theory e.g., quantum optics [5, 11, 12, 13, 14], condensed matter
(see, e.g., [13, 15]), nanomechanics [16], or quantum biology (see, e.g., [17]). This question
seems even more interesting in the context of famous examples of nonclassical states. Especially,
that macroscopic quantum superpositions (being at the heart of the Schrddinger-cat paradox)
and related entangled states (which are at the core of the Einstein-Podolsky-Rosen paradox and
Bell's theorem), previously known mainly as physical curiosities, are now fundamental resources
for quantum-information processing [18].

The threshold between nonclassical and classical can be set by taking into account different
properties of states appearing in quantum physics. In the literature one can find a variety of
definitions of nonclassicality criteria or entanglement measures. For instance, it is possible to
define nonclassicality (called also quantumness) based on an ability to create a state using only
classical operations on classical bits [19]. It can also be linked with noncommutative properties
of operators representing the states [20], in the sense that the higher degree of noncommutation
properties, the higher is also quantumness.

Different proposals of operational criteria of nonclassicality of single-mode (see, e.g., [5, 13]
and references therein) and multimode fields were developed (see, e.g., textbooks [5, 13, 14]),
and tested experimentally (see, e.g., Refs. [21, 22, 23, 24, 25, 26, 27]). For nonclassicality one
can also construct withesses based on the previously evoked criteria, e.g. witnesses based on
noncommutativity [19, 20] or possibility of measurement-induced disturbance of states [28].

Moreover, for entanglement only, beside the most common one like concurrence or negativity,
there also exists a lot of other operational definitions of measures based on entropy like: the entan-
glement of formation, the entanglement cost, the distillable entanglement [29, 30, 31], the relative
entropy of entanglement [32, 33, 34, 35]. There were also some proposals of creating entan-
glement criteria based on separability of states and partial transposition like the Peres-Horodecki
criterion [36, 37] and its improvement (more information can be found in Ref. [38]).

One needs to realize that according to this general definitions nonclassicality/quantumness is a
wider term than entanglement (which formal definition in terms of nonseparability will be presented
in Section I1.3). Nonclassicality also contains other possible quantum correlations which cannot
be reduced to entanglement. Thus, there is a need to stress that every entanglement state is
nonclassical but one can find quantum correlations which are not connected with separability of
states.



Recently, the idea of quantum discord [39, 40, 41] as a measure of a difference between total
correlations (defined as mutual information) and classical ones has appeared (under some mea-
surement). The subject of quantum discord is still under strong investigations and new definitions
have been developed e.g. geometric discord ( more information can be found in Ref. [42]). The
analyses of the differences between all quantum correlations and entanglement can be found in
the article of Modi et al. [19]. They presented how to find a common dominator between all mea-
sures of quantum correlations as the measures of distance from a given state to the one without a
considered property (like e.g. nonseparability). For that they studied not only entanglement, dis-
cord, classical correlations, but they also introduced dissonance as a manifestation of quantum
correlations with the exception of entanglement.

To obtain a general definition of nonclassicality which will detect the boundary between a clas-
sical and a nonclassical state, one is also able to use an analogy in a description of quantum
and classical state by a probability distribution. Thus, there is a need to emphasize that the term
“classical” is being used by me in an arbitrary way, in a sense that some quantum states are closer
to the classical ones (like e.g. the coherent states as the most classical pure states of harmonic
oscillator). Nevertheless, all states considered in this thesis are quantum states. On the pages of
this thesis nonclassicality will be understood in the following way [11, 12]:

Criterion 1 A quantum state is nonclassical if its Glauber-Sudarshan P-function cannot be inter-
preted as a true probability density.

The above definition can be applied not only to a pure but also to a mixed states and, therefore, to
quantum correlations which are not connected purely with entanglement. Using the above defini-
tion it is possible to formulate some criteria to detect nonclassicality of an arbitrary state. However,
using the P-function as a criterion for detecting nonclassicality can be hindered, as this function
can be very irregular and singular. Thus, still based on the Glauber-Sudarshan function, Agarwal
and Tara [6], Shchukin, Richter and Vogel [7, 8] presented criteria for nonclassicality relying on
matrices of moments of annihilation and creation operators for single-mode fields.

In this manner, analogously to the Shchukin-Richter-Vogel approach, entanglement criteria
were proposed by Shchukin and Vogel [9] using additional partial transposition to detect nonsep-
arability of states. The choice of the Shchukin-Richter-Vogel criteria as the basis for the analysis
and the search of experimentally-friendly tests of nonclassicality presented further in this thesis
is justified. Especially that there is a proposal, given by Shchukin and Vogel [10], of an effective
method for measuring arbitrary moments of creation and annihilation operators.

1 Goals and methods of the thesis

The aim of my thesis is to obtain effective criteria for testing whether a given state of a system
can be described within a classical theory, and providing technologically available implementa-
tions to realize them. The main problem is to find operational criteria which can be implemented
using common experimental resources and then to create schemes which would enable mea-
surement of appropriate quantities necessary for testing nonclassicality. In this thesis relations
between different kinds of criteria of quantum correlations and obtained experimentally-friendly
schemes to generate quantum correlations and to operate on them by testing their nonclassicality
will be presented.

As far as nonclassicality (and by this also entanglement) is considered as a manifestation of
quantum correlations, an optimal theoretical description of the boundary between classical and
nonclassical states and analyzing the behaviour of not only entanglement [43] but also nonclassi-



cality of dissipative systems, would deepen and complete knowledge about quantumness. On the
other hand, one of the method to encode qubits is using light, and the easiest and most available
way to perform operations on photons are linear-optical schemes. They can be implemented using
the available devices such as half-wave or quarter-wave plates. The knowledge about technical
parameters of those devices can be easily included in theoretical models and allows one to faith-
fully predict the influence of imperfections of resources on fidelity of implementations. However,
as far as linear optics is considered, the Bell no-go theorem prevents designing of a deterministic
implementations of two-qubit universal gates which are crucial for quantum computing. The other
idea is to use inner nonlinearity of media to perform an interaction between photons. However,
nowadays the phase noise in the available media prevent obtaining any significant results.

By linking criteria which are constructed using fundamental classical inequalities with techno-
logical simplicity of linear and nonlinear optics implementations one can obtain experimentally-
friendly methods of characterizing nonclassicality of states. The proposals of implementations
presented in this thesis give a theoretical recipe for constructing simple schemes to create and
measure gquantum correlations.

Based on assumptions and definitions of nonclassicality | focus on three main approaches to
the matter of quantum correlations:

¢ finding basic and fundamental inequalities rooted in common properties of states, which will
be broken for nonclassical, in particular- entanglement states [Bartkowiak2010a];

e analyzing the behaviour of nonclassicality withesses obtained from the above inequalities
for evaluating systems [Bartkowiak2011];

¢ finding experimentally-friendly implementations to create and test quantum correlations (us-
ing linear- and nonlinear- optical implementations) [Bartkowiak2010b,Bartkowiak2012].

The basis of my scientific methods are operational definitions, which were proposed by Richter,
Shchukin, Vogel (for nonclassicality) [7, 8] and Shchukin, Vogel (entanglement) [9]. To obtain the
results presented in this thesis | have used numerical and analytical methods of quantum optics
and quantum information like e.qg.

e including properties of detectors in linear-optical systems [Bartkowiak2010b];

e descriptions of states in term of quasiprobability distribution [Bartkowiak2010a,
Bartkowiak2011];

e methods of solving master equation [Bartkowiak2011];

e presented methods of derivation of nonclassicality/entanglement witnesses [Bartkowiak2010a,
Bartkowiak2011];

e group theory applied to quantum optics [Bartkowiak2012];

e analyzing spectral effects in nonlinear media (Subsection I1.3).

2 Structure of the thesis

The structure of my thesis can be seen in the Fig. I.1. The thesis is divided into two main
parts. The first (Chapter II) refers to introducing nonclassicality and entanglement criteria based



on the Glauber-Sudarshan P-function [7, 8, 9], constructing witnesses and giving examples of
practical applications of these witnesses to analyze the properties of optical systems.

The Section I.1 contains basic information and definitions of a statistical description of a state
in terms of quasidistributions. Those definitions are further used in 1.2 to formulate operational
criteria of nonclassicality based on matrices of moments of creation and annihilation operators. In
this section it is also shown how the defined criteria can be linked with the known inequalities for
multimode effects and how to construct witnesses of nonclassicality.

Section 1.3 refers to entanglement as a particular kind of nonclassicality defined based on
nonseparability of a state. A criterion for entanglement and examples of entanglement witnesses
are presented. In further part of this section more attention is given to entanglement inequalities
(e.g. of Duan et al. [44], and Hillery and Zubairy [45]) which can be also constructed as nonclassi-
cality criteria. One can find here the general recipe for how to find an entanglement inequality as
a sum of the nonclassical conditions, in particular entanglement criterion of Simon [46] is being
analyzed.

The last Section 1.4 of this part of the thesis corresponds to the examples of applications of
the criteria defined in the previous sections to analyze properties of optical systems. Using a
constructed witnesses it is possible to reconstruct results of You and Eberly [43] and show that
problem of the sudden vanishing of quantum correlations is a universal phenomenon.

The second part (Chapter Ill) presents the methods of quantum correlations generation using
linear and nonlinear optics. Analysing nonclassicality, in particular entanglement, is even more
interesting as quantum correlations enable one to achieve goals which cannot be realized by the
means of the classical theory of information e.g. quantum teleportation [1], dense coding [2],
or implementation of super-fast [3] and fast [4] algorithms. Quantum entanglement is nowadays
commercially used in quantum cryptography [47]. Even thought there are many possibilities of
adaptations of entanglement, we are still not able to characterize it precisely.

This Chapter focuses on a two-qubit quantum gates which can be used to generate entangle-
ment between qubits and used in quantum computation protocols.

The first section of this part Ill.1 and the beginning of the Section Ill.2 contain a short review
of proposals of optical implementations of two-qubit gates in particular a linear-optical ones.

Further in Section 1.2 two proposals of experimentally-friendly implementations of two-qubit
quantum gates are presented. They were designed taking into account an experimental accessi-
bility and imperfection of the available optical devices.

The last Section Il1.3 of this part contains a setup to enhance nonlinearity of the cross-Kerr
medium due to squeezing operation. The proposed scheme can be used to overcome difficul-
ties connected with the implementations of two-qubit entangling gates using internal nonlinearity
of medium. In this section one can also find a review of possible squeezing operation imple-
mentations. The last part of this section contains calculations of the impact of spectral effects
in considered nonlinear media. It is shown that fidelity of the appropriate two-qubit gate can be
improved even after performing one squeezing operation on the state.

The thesis finishes with concluding remarks and a list of the most important results.

In Fig. 1.2 relations between the most important terms considered in the thesis are presented.

Before each section there is a diagram with the currently investigated terms marked.
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A search for an analogy between operators and classic statistical functions has become the
basis for the definition of nonclassicality. It has seemed that the calculation of the averages in
both manners: of operators as well as the classical phase-space ones, reduces to the integration
of functions of classical phase-space variables against the quasidistributions. The analogy, how-
ever, should not be led too far. In contrast to the classical statistical physics in the quantum case
we cannot define the variables in a phase-space with a complete certainty and match them with
the standard probability distribution functions. In 1953 Glauber [11] and Sudarshan [12] proposed
a representation of an electromagnetical field which is an explication of the idea of a correspon-
dence between the classical and the quantum world. This representation was firstly formulated
for a description of a statistical mixture of coherent states, the states which are the most classical
among quantum states as far as an analogy to the classical states of oscillator is considered. The
coherent states |«) are eigenvectors of an annihilation operator

ala) = ala), (1.1)



and they are related to the Fock states as follows

2 s n
— o zlol
o) =¢ 2 —|n), (1.2)
|a) ; ml )
where « is an arbitrary complex number o = |a|e’?. The coherent state has a few properties which
enable it to be used in order to define appropriate analogies for classical averages. Mainly:

1. a nonorthogonality: |(a|f)[? = e~l*=81%;
2. a normalization property: 1 ['|a)(a]d*a = 1;

3. over-completeness (concludes from 1. and 2.), which allows one to find a diagonal repre-
sentation of an arbitrary state in their basis.

It is possible to define a representation of an M-mode bosonic state p using the above pre-
sented properties of coherent states in the following manner [11, 12]:

/d2a Pla, a™)|a){«a, (1.3)

where P is the Glauber-Sudarshan function,

o) = Hlam

Pa = Hd2am, (11.4)

and |«,,) is the mth-mode coherent state, i.e., the eigenstate of the mth-mode annihilation op-
erator a,,, o denotes the complex multivariable (o1, as,...,ap). The density matrix 5 can be
presented on a tensor product of either infinite-dimensional or finite-dimensional Hilbert spaces.
For simplicity, M is assumed to be finite, however one is able to generalize the results for an
infinite number of modes. Thus it is possible to define the normally ordered moments of creation
and annihilation operators as [48]:

<(&T)n&m> _ [/B(A a m TT/d2a|a (a|P(a, o )(&T)ndm.]
= /d2aPa a®)(a™) " a™ (11.5)

From the Eg. (11.5) one can see that the normally ordered average is defined in analogy to the
classical statistics with P(a, a*) as a probability function. For n = 0, m = 0 Eqg. (Il.5) is a
normalization condition for probability. The analogy between the classical and the quantum case,
however, needs to be treated with caution. Unlike the classical probability the P-function can
be not only negative for some states but also more singular than Dirac’s delta (e.g. derivative
of Dirac’s delta from the Fock states). Therefore, this function (and two other connected with a
different kind of order) are called quasidistributions or quasiprobabilities.

A representation in terms of the P-function described above is defined for the normal order.
There also exist other methods of finding a quantum-classical correspondence e.g. apart from
using the normally ordered averages it is also possible to use an anti-normal or a symmetric
order. These three representations can be related with each other through their characteristics
functions, which are simply the Fourier transformations (if such exist) of the quasiprobabilities



connected with an appropriate order. For the Glauber-Sudarshan distribution, so for a normal
order, a characteristic function is as follows

KN (€5, €) = Tr[pe’ d i) = /d%P(a,a*)eif*a*eiﬁa. (11.6)
Analogously, for the anti-normal order one can define the characteristic function as
KA(E ) = Trlpee ™) = [ daga,an)et e, (11.7)

where Q(a, o) is the Husimi function. For the Weyl order (a symmetric order) the characteristic
function has the form of

Ks(f*,g) _ Tr[peig*@f_;_ig[z] _ /dQQW(a,a*)eig*“*eiga, (”8)

where W (a, *) is the Wigner function. The averages of moments for an appropriate order can
be rewritten in terms of the characteristic functions as

87L+771
&T n&m - A N O N N *a =£*=0>
((@"ma™) aGE ) aaE ¢ (€",8) le=¢==0
aner
a(ig)mo(ig)"
The relations between quasidistributions can be derived for the corresponding characteristic func-
tions as follows:

X(€7,6) le=¢+=0 - (11.9)

XS(Ee) = el Ve e,
X3(€5,6) = exlifyAere),
XAE e = el N e o), (1.10)

To generalize, the idea of the usage of a different operator ordering enables one to introduce an
s-parametrized displacement operator like [5]:

lo|?s

D(a;s') = D(a)e = = ez~ Doy o). (I1.11)

For s = 0 which refers to a symmetric order, one obtains an original displacement operator. For
s = £1 it is possible to describe the other ordering in the following way

D(a;1) = eadlgmata — . D(a) -,

D(a;—1) = e % = 4 D(a)+, (11.12)
where :: denotes normal order and ++ anti-normal order of operators. It is possible to construct a
general s-parametrized quasiprobability distribution (QPD) function defined for —1 < s < 1 by [49]:

1 M
W (o) = —Tr <ﬁ 11 T<S>(ak)> : (1.13)
k=1
where .
T () = — /exp (akf* —ajé+ g|g|2) D(¢) d2, (11.14)

and D(¢) is a displacement operator, « is a complex multivariable (a1, oo, ..., apr), and M is a
number of modes. In special cases (for s = 1,0, —1), the QPD reduces to the standard Glauber-
Sudarshan P-function, Wigner W -function, and Husimi Q-function, respectively.

9



In contrary to the P-function and Wigner function, @-function is non-negative for an arbitrary
state. From the comparison of the properties of the P- and Q-functions for a given nonclassical
state 5 one can see that it is possible to find such value of the parameter s, € (0, 1] for which
W) (5) can be treated as a classical probability distribution. Due to the critical behaviour of
the parameter sy, it is often considered to be a quantitative measure of nonclassicality of a given
state p [50, 51]. Moreover, also the volume of the negative part of the Wigner function [52] can be
treated as an indicator of nonclassicality.

However, there exist states for which the P-function fulfils a condition for nonclassicality and
Wigner function is regular and positive (so it behaves like classical probability density) like e.g. a
squeezed state. Therefore, in this thesis the P-function is considered to be the most fundamental
of QPDs and is believed to justify the basis for construction of the nonclassicality criteria.

10



2 Nonclassicality criteria as a method to detect quantum coelations
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Having defined quasiprobabilities it is possible to introduce a definition of nonclassicality which
will be used on pages of this thesis. A construction of nonclassicality criterion is based on prop-
erties of the P-function, as it is the most fundamental one from the three showed in Section Il1.1.
The Glauber-Sudarshan function is defined in such a way that it can be reconsidered in analogy
to the classical probability distribution for coherent states. Coherent states, being connected with
a harmonic oscillator, are the most classical among all the quantum states. The advantage over
the Wigner function, which is easier to measure due to its regularity, is that the P-function can de-
tect wider range of nonclassical states e.g. the squeezed states (which are defined by bellowing
guantum noise threshold) for which Wigner function is Gaussian and positive. Due to singularity
of the P-function, Criterion 1 is not operationally useful as it is extremely difficult (although some-
times possible [53]) to reconstruct the P-function directly from an experimental data. According
to the properties and the definition of the P-function one can construct a very general criterion of
nonclassicality.

2.1 Definition and criteria for testing nonclassicality

The most intuitive definition, which is also a necessary and a sufficient condition for nonclas-
sicality, can be formulated as follows [54]:

Criterion 1 A multimode bosonic state p is considered to be nonclassical if its Glauber-Sudarshan
P-function cannot be interpreted as classical probability density, i.e., it is nonpositive or more
singular than Dirac’s delta function. Conversely, a state is called classical if it is described by the
P-function being classical probability density.

It is worth stressing that recently both conditions in the above Criterion 1 have been equivalent.
Lately, Sperling [55] have shown that higher order singularity (in terms of Dirac’s delta) is com-
patible to nonpositivity of the P-function [e.g., given by the nth derivative of 6(a) for n = 1,2, ...].
However, due to experimental difficulties connected with properties of the P-function it would be
useful to reconstruct Criterion 1 in operational and easy to implement terms.
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To fulfil this purpose let me construct a countable set £ = (fi, fa,..., fi,...) , that would
be possibly infinite, f; would be a function of M-mode operators dependant on creation and
annihilation operators [f; = f}(é, a'), where a = (ay, as, ..., apr)]. In particular, one can construct
such a function in a form of monomials

M
fi = I @h)zm—razm, (1.15)
m=1
where i stands for the multi-index i = (i1, 12, ...,72a7) Or polynomials of creation and annihilation
operators. By introducing

F=Saf. (11.16)

where ¢; are arbitrary complex numbers, it is possible to define (: 1/ :) using the P-function in
the following manner [7, 56]:

Cfify = /d2a (e, a)]*P(a, o). (11.17)

This average is normally ordered (denoted by ::) what corresponds also to the Shchukin, Richter
and Vogel [7, 8] approach. The Shchukin-Richter-Vogel proposal showed hierarchy of operational
criteria for detecting nonclassicality of single-mode bosonic states. An infinite set of these criteria
(by inclusion of the correction analogous to that given in Ref. [57]) corresponds to a single-mode
version of Criterion 1.

Criterion 1 can be reformulated in terms of moments from Eq. (11.17) as follows [7]:

Observation 1  If the P-function for a given state is a classical probability density, then (: ftr D>
0 for any function f. Conversely, if (: fTf:) < 0 for some f, then the P-function is not a classical
probability density.

If one restricts themselves to the two-mode case (which at mostly | am going to analyze in this
thesis) and uses monomials of creation and annihilation operators [Eq. (1.16)] they are able to
write Eq. (11.17) as

Zc M (p (11.18)

where Mi(j“) is a matrix constructed through normally ordered correlation functions

MP ) = Tl p). (11.19)
The superscript (n) denotes a normal order of field operators. To redefine the criterion and to
make it even simpler, one is able to use fixed set of F' = (fi, fa,..., fi,...) to obtain Hermitian

matrix formed by the correlations from Eq. (11.19) in the form of
M® (p) = M7 (p)], (11.20)
where
M3 (p) = Tr [+ (@fa%2b bt (@t bt biv) - g (11.22)
with a = a; and b = a,. Itis worth noting that there is an efficient optical scheme [10] for measuring
correlation functions from Eq. (I1.21).
Using the term of matrix Mf;)(,é) (depending on the choice of F) it would be possible to

generalize single-mode criterion (analogously to the Vogel approach [58]) by applying Sylvester’s
criterion to the matrix from Eq. (11.20) [59, 57].
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Criterion 2 For any choice of ' = (f1, f2,..., f,...), a multimode state j is nonclassical if there
exists a negative principal minor, i.e., det[Mén)(pA)]r <0, forsomer = (r1,...,rn), With 1 <7y <
ro < ...<TnN,

where [M ™) (p)], (r = (r1,...,7x)) denotes, received from Mg‘)(ﬁ) matrix, N x N principal subma-
trix in such a way, that all rows and columns with the exception of the ones labelled by r1, ..., 7y,
are deleted.

To find a connection between (: f1f :) and Criterion 2 one can consider a subset F/ ¢ F with
F' = (foys frav oo Fon)s 100 [MED(9)]e = MU (p). Thus, (M2 (p)], is equivalent to M%) (p), and
can be written as

<: frTlle :> <: fArTlfAm :> <: f:lfTN :>

S S e .
M (p) = M (p)]x = . f”:f“ b f”:f” ! ) ¢ f”:fm L , (11.22)
<: frTNle :> <: f:NfT2 :> <: frTNfTN :>
with the determinant
d'2)(p) = det ML (p). (11.23)

Using this formulation of matrix from Eq. (11.22), Criterion 2 can be rewritten as [Bartkowiak2010a]:

Criterion 3 A multimode bosonic state j is nonclassical if there exists £, such that dg‘) (p) is
negative.

To clarify and emphasize the operational condition for nonclassicality, above Criterion 3 can be
formulated in compact shape as

pis classical = VF': d;?) (p) >0,

pis nonclassical < 3JF: d;?) (p) < 0. (11.24)
In this place | would like to introduce a symbol ‘21 and Czl , which denote that a given inequality
can be satisfied only for nonclassical states and inequality must be satisfied for all classical states,
respectively.
The procedural recipe for describing Criterion 3 introduced above is

1. choose set of F' = (f1, fa,...);
2. compute a corresponding matrix M}");

3. check positivity of its determinant (for £ f = 3. ¢ f; this point would be equivalent to
checking positivity of all (: fTf :)).
Obviously one can notice that adding the operators to set £ increases a dimension of Mgf)
and introduces a hierarchy of criteria. To be more specific, it can be done by choosing f;'s which
would be more general than monomials, e.g. polynomials. However, it can be easily seen that
the criteria based on matrix with £ with the polynomial expansion are not stronger than those
with the monomial ones. Though, the price one needs to pay is an increase in the dimension
of matrix MI(%"). However, considering a more general set of ' it would be possible to obtain
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some interesting and physically relevant inequalities straightforwardly (which is shown also in
contexts of entanglement criteria in Ref. [57]). In this thesis | am not focusing on hierarchy of
criteria. 1 am mainly interested in studying the possibility of using matrices of expectation values
to obtain criteria of nonclassicality. While considering such a hierarchy of criteria one would need
to face with a possible singularity of matrices (when one moves to scalar inequalities considering
determinants).

Let us now focus on a relation between both Criteria 2 and 3 and the Shchukin, Richter and
Vogel criterion in its amended version that takes into account the issue of singular matrices. It is
worth emphasizing that, if one denotes by M](\?)(ﬁ) submatrix corresponding to the first N rows
and columns of M (™) (), one can show that Criterion 2 does not reduce to the original Shchukin,
Richter and Vogel criterion (Theorem 3 in Ref. [8]), even for single-mode fields and f; given by
Eqg. (1.15). The Shchukin-Richter-Vogel criterion fails for singular (i.e., det M](v“)(ﬁ) = 0) matrices
of moments (more explanation will be given in case of entanglement). In the original Shchukin-
Richter-Vogel criterion a single-mode state is nonclassical if it is possible to find N corresponding
to the number of rows and columns of M ™) (), for which a leading principal minor of det M](\?)(ﬁ) is
negative. As can be seen in a definition of Criterion 3 it can be effectively understood as checking
positivity of an infinite matrix Mi(f) (defined in Eq. (11.19)) Thus, it is simply the matrix of (: frf )
with f;'s chosen as monomials given by Eq. (I1.15). Eventually, one can see that Criterion 3 is
defined in an operational way and can be written in terms of annihilation and creation operators.
Although, to preserve this condition, M (") needs to be constructed in such a way, that the normal
ordering matters. Obviously, this condition depends on an appropriate choice of f;s. However,
the dependency of functions f; on both types of operators (creation and annihilation ones) seems
crucial for validity of Criterion 3. Without this dependency it is impossible to obtain nonpositive
determinants for some states .

It is important to mention that the above criteria were criticised by e.g., Wiinsche [60], who
pointed out that:

1. In vicinity of an arbitrary classical state there always exists a nonclassical one. No measure-
ment can distinguish, to arbitrary precision, between the outcomes of such two states (the
same situation appears for separable and entanglement states [61] 1).

2. There exists a state which is quasiclassical, but recognizable using the criteria (in particular
Criterion 1) formulated above. For instance squeezing of thermal states cannot result in
obtaining straightforwardly nonclassical states.

2.2 Nonclassicality and the Cauchy-Schwarz inequality

Using the criteria formulated above it is possible to define a condition, which is based on
classical inequalities and simultaneously gives condition for nonclassicality in agreement with
the previously introduced definition. The Cauchy-Schwarz inequality, which can also be used by
derivation of uncertainty rule, is an example of such condition and can be written as (see, e.g.,
Ref. [14]):

(ATA)(BTB) > |(ATB)%, (11.25)

where A and B are arbitrary operators for which the above expectations exist. In analogy to
(A'B) = Tr (pAfB), which is a valid inner product due to positivity of p, it is possible to define

1 1tis worth stressing that this is the case only for contiraswariable systems: in the finite dimensional case, thefsmipmrable
states has finite volume.
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the analogue to inner product for the P-function. It can be done by assigning A = f, (a,af) and
B = fy(a,al). Thisway (: f] f; :) has the following form

Cflfin = / Pa fi (e, ") fi(e, @) P(a, a). (11.26)
Thus, the Cauchy-Schwarz inequality can be written as
ARSI B (1.27)

For a given choice of f; and f, the Cauchy-Schwarz inequality would be violated for a nonclassical
field with the nonpositive P-function. This results from the fact that Eq. (11.26) is not actually the
scalar product.
In terms of Criterion 3 we can write a violation of the Cauchy-Schwarz inequality for 7' =
(f1, f2) with given choice of operators f; and f as
= ; ﬁf} 1L f}ij? R (11.28)
<~ flfz > < f2f2 >

2.3 Examples of nonclassicality criteria based on quadrate squeezing conditions

One of the most known states, which is representative for nonclassicality, is a squeezed state.
I would like to recall the well known definition of the squeezed states as a group of the states with
the minimum uncertainty. It is possible to decrease the noise in one of the two quadratures by
obeying the uncertainty relation. By manipulating the squeeze parameter one is able to decrease
the minimum variance and increase the maximum one. The squeezed states are characterized
by an asymmetric Wigner distribution function which is in agreement with lowering of the noise
below quantum limit in one variance (while obeying the uncertainty principle).

Below | analyze a few examples of construction nonclassicality criteria for different kinds of
quadrature squeezing. To obtain a general definition of quadrature squeezing with multimode
quadrature operators defined as

M
Xd) - Z Cm, j;m((bm)v (”29)
m=1
given in terms of single-mode phase-rotated quadratures

En (Om) = G exp(i) + @l exp(—ig,), (11.30)

it is convenient to use a normally ordered variance [5, 62, 63]. Thus, quadrature squeezing of
multimode field is present if [64, 65]
(: (AX)? ) <0 (1.32)

with AXy = Xy — (Xg). In Eq. (11.29), ¢ = (¢1, ..., 6r) and ¢, are real parameters. This for-
mulation of quadrature squeezing is valid for all quadratures and orthogonal phases ,,(¢,,) and
Zm(dm + m/2). Usually they are linked to physical systems by identifying Z,,,(0) with the canon-
ical position operator and Z,,,(7/2) with the momentum one. It is also common to consider the
annihilation (a,,,) and creation () operators corresponding to slowly-varying operators.

To link quadrature squeezing condition with Criterion 3 one needs to express normally ordered
variance in terms of the P-function. It can be done as follows

((aXy) ) = [ da Plaa’)Xolara) - (o). (1132)
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where

M
Xop(o,a™) = Z Cm(Qme®™ 4 o e7m) (1.33)
m=1
and a = (aq,...,apr). From the definition in Eqg. (11.32) it can be seen that negativity of the P-
function in some regions of phase space is implied by the presence of squeezing, so by negative
value of (: (AX¢)2 ;). Thus, the multimode quadrature squeezing is a nonclassical effect. By
applying Criterion 3 and choosing F' = (1, X¢) one can come to the same conclusion

1 <)§'¢>
(Xp) (X371
which is the squeezing condition from Eq. (11.31).

To illustrate the above result one can base their considerations on analysing the two-mode
(M = 2) case for ¢; = ¢o = 1 for which squeezing can be defined as

dy) = ‘ ‘ = ((A%g)? ) Do, (11.34)

min (: (AXg)%:) <0. (11.35)

The optimization over ¢ of the Eq. (11.31) is, in fact, a definition of two-mode principal (quadrature)
squeezing. The condition of two-mode principal squeezing is already known. Luk$ et al. [66]
showed (by applying the Schrédinger-Robertson indeterminacy relation [67]) that

(Aal,Adys) < [{(Adg)?), (11.36)

where

G12 = a1 + G2, Adiz = a12 — (G12).

This can be easily linked with Criterion 3 via selecting £’ = (A&h, Ady2):

m | (Aaj,Aaw)  ((Adiz)?)

ncl
Pl ((Aaly)?)  (Adl,Adr) <0 (1.37)

or equivalently by choosing F' = (1, d}z, a2):

1 (afs) (G12)
(12)  ((@12)?) |, (11.38)

where

N = &12&12 =n1 +n9 + 2Re(&1&2).

The above two determinants, given by Egs. (11.37) and (I1.38), point out an advantage of choos-
ing f;s as polynomials over monomials. From this example it can be seen, that the usage of
polynomial expansion leads to criteria with matrices of lower dimensions. Both expansions are
equivalent but polynomial one is simpler and more intuitive.

Other example that can implement Criterion 3 as criterion for detecting nonclassicality is a
two-mode sum squeezing. According to Hillery [68] it occurs in the direction ¢ if variance defined
as

N 1 ) )
U = Lardse + alafe) (1.39)
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fulfils such inequality

V.), (11.40)

where )

‘72 = §(A1+’fl2+1)
and f,,, = af,a,, form = 1,2. For V, = V(¢ = 0) and V,, = V(¢ = 7/2) set of operators Vj, (—V,)
and V. satisfies the commutation relation for generators of SU(1,1) Lie group. Equation (11.40) is
justified by the uncertainty relation

(AT(AK)) 2 (%),

which is a straightforward result of properties of the group (to be more specific-commutation rela-
tions). In terms of previous examples one can write a condition for sum squeezing as

. - - 1~
min{((AV2)?), (AV,))} < 5(V2),
or more generally as Eq. (11.40).
To connect it with Criterion 3, first, it is worth to notice that by minimizing ((AV,,)?) over ¢ one
can define the principal sum squeezing
(V). (1.41)
Thus, because it can be seen that

(AV5)?) = (- (AVy)? ) + = (W), (11.42)

DN | =

the negative value of (: (AV¢)2 :) implies the sum squeezing. Hence, in analogy to previous
example, Egs. (11.40) and (11.41) can be written in terms of Criterion 3 with applying F' = (1, V¢) as

1 <‘:/¢>
(Vo) (V)

As a conclusion one can say that in the sense of Criterion 1 the sum squeezing is a nonclassical
effect.
A generalization of the above case can be done straightforwardly for any number of modes and
leads to subsequent application of presented criteria. Analogously to previous examples, the
multimode sum squeezing along the direction ¢ occurs if

()]

(AV)?) < 5 (11.44)

d(P) —

‘ = (: (AV)% ) "o (11.43)

The variance
s 1 —i o i -
V¢:§ o ¢Haj+e¢Ha; (11.45)
J J
is M-mode phase-dependent operator [69], which satisfies the commutation relations

Vo Viyn/2) = %C C=Ja+n)—]]n: (11.46)
] J

J

Hereafter j = 1,..., M, and |(C)| = (C). Since

>

(AV)?) = (: (AVy)? ) + I >|, (1.47)

P'; ‘
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it is practicable to apply Criterion 3 with £ = (1, %). In terms of the nonclassicality criteria, the
sum squeezing condition can be written, equivalently to Eq. (11.44), as follows
(: (AVg)? ) =d o, (11.48)

The next example has been previously defined by Hillery [68], as: the two-mode difference
squeezing in the direction ¢ occurs if

. 1 .
(AW,)?) < SI(W2), (11.49)
where
i Lo otio | ata —id
Wy = g(alaQe + ajaze™"?) (1.50)

and W, = %(ﬁl —n2). Introducing ¢-optimization, in analogy to the principal quadrature squeezing
and the principal sum squeezing, one can define the principal difference squeezing as

RN
min ((AW,)?) < 7/(72)] (1151)

The uncertainty relation for W, = W (¢ = 0), W, = W (¢ = n/2) and W, is following
(AWL))(AW,)%) = (1/4)| (W), (11.52)

as generators WW; satisfy commutation relation of SU(2) Lie group (in contradiction to V; operators
for sum squeezing). The uncertainty relation for these operators, which justifies defining difference
squeezing by Eq. (11.49), has the form of

(AT (AW,)?) = (/)| 7). (153)
After defying
(AT )2) = ( (AW)? ) 4 7 () + Gia)), (154)

like before in Eq. (11.43), one can obtain Criterion 3 by choosing ' = (1, W) as

n 2 ncl
™ = (- (AW,)? ) 2o (11.55)
This way the condition for sum squeezing, given by Eq. (11.49), can be reformulated to

m Lo,
dy” < 5 mmin, (). (11.56)
It is worth to emphasize that not all states for which difference squeezing occurs are nonclassical.
Though, also states which fulfil

1 R - 1,,. .
/(A1) = (A2)| < (AWy)?) < 7 () + (72)) (11.57)
are nonclassical even not exhibiting difference squeezing. The Equation (11.57) is contrary to
squeezing condition given by Eq. (11.49).

Applying the generalization for multimode fields one can write the multimode difference squeez-
ing, which can be defined using the operator [70]:

1 . K M
W, = Ee_“b ITax [] af +He (11.58)
k=1 m=K+1
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for any K < M (for simplicity limits of multiplication in ], and [],, are omitted) with commutation
relations as

i A
50 (11.59)

6:1;[(14_71,6)1_[717” _l;Iﬁk H(1+ﬁm). (11.60)

The above commutation relations imply the following condition for multimode difference squeezing
along the direction ¢ [70]:

[W¢a W¢+ﬂ'/2] =

where

(a2 < (161)
with .
(AW) = (a7 ) + LD, (162
where

D= H 1+ fig) Hnm—FanH (1 + 7o) —2HnJ (11.63)

m m

Criterion 3 can be applied for £ = (1, W¢) as (with agreement to original condition from Eq. (11.61))
n ; LA -
dy = (- (AWy)? ) < (|<c>| - <D>) . (1.64)
If (C) > 0 then
C—D=-2]]n (H 14 ) Hn> <0, (11.65)
k m

otherwise

C—-D=-2 (H (1+ ng) — an>Hnm<O (11.66)
k

Therefore, it can be seen that for states exhibiting difference squeezing, the right-hand side of
Eq. (1.64) is negative.
There is a need to enhance the fact that the difference squeezing condition is stronger than

the nonclassicality condition d_, (n) ncl < 0. Summarizing, one can conclude that the states satisfying
inequalities

1 S » A )2

7 (161 = D)) < ¢ (@) 1) <0 (11.67)

are nonclassical but not exhibiting difference squeezing.

2.4 Criteria for some known nonclassical effects

Apart from the squeezed states there also exist other effects in quantum optics, which can be
interpreted as nonclassical and for which one can not find the analogy in a classical world, like
e.g. photon bunching. The previously defined criteria make it possible to verify nonclassicality
also for such cases and compare them with the criteria known for the presence of nonclassical
photon-number intermode phenomena in two-mode radiation fields (see, e.g., Refs. [5, 13, ?, 14,
71,72,73, 74)).

In this subsection | have presented a few examples of optical honclassical effects manifested
by single-time and two-time moments. To use Criterion 3 for such examples it is necessary to
describe nonclassicality in terms of space-time correlations and the dynamic of radiation sources.

19



According to Vogel [58] it can be done for Criterion 2 (and the following Criterion 3) by adopting
the generalized definition of the P-function

M
Pla,a’) = <3H5(ai—ai)g>, (11.68)
i=1

where a = (a1, ..., an), and «; = «;(r;, t;) depends on the space-time arguments (r;, ¢;). Symbol
¢ ¢ denotes time and normal ordering of field operators i.e., time arguments increase to the right
(left) in products of creation (annihilation) operators [5]. Introducing such a definition of P it is pos-
sible to formulate nonclassicality of photon antibunching and hyperbunching which are presented
below.

The sub-Poisson statistics of photons is one of the most known nonclassical effects of quantum
light. The photon-number sum/difference sub-Poisson statistics can be achieved by squeezing of
the sum (7 = nq + 7o) or difference (n_ = 11 — ) of photon numbers respectively [74]. From
previous examples it is known that squeezing can lead to nonclassicality criteria. The condition
for squeezing of the sum/difference can be formulated as

((Ang)?:) < 0. (1.69)

Applying a definition of mean value in terms of P one can write
(- (Afg)? ) = / Aa Plo,a)[(joa | £ |az?) — (7s))?, (11.70)

where a = (a1, a2). It can be seen that these phenomena are nonclassical as long as sup-
Poisson statistics implies nonpositivity of P. Using Criterion 3 for Fy = (1,74) it is possible to
derive the same result as follows

1 (o)
(hy) (0%
Analyzing sup-Poisson statistics leads directly to the photon antibunching [5, 14, 22, 65, 75] of
a stationary or nonstationary single-mode field as a nonclassical phenomenon. In order to define
it, one is able to introduce two kinds of quantities:
i) the two-time second-order intensity correlation functions given by

() _
dFi =

‘ = (Aaz)? ) o, (1.71)

GA(t,t+71) = Ga)nat +7)2) = (@t ()al (t + ma(t + 7)a(t))
or
i) its normalized intensity correlation functions defined as
GO (t,t +71)
VGOt G (t+ 7.t +7)
where ¢ ¢ denotes the time order and normal order of field operators. One can, therefore, formulate
a definition of the antibunching of photons in two manners:

(11.72)

gDt t+7) =

1. It appears if g®(¢,t) is a strict local minimum at = = 0 for ¢g(®(¢,¢ + 7) considered as a
function of 7 (see, e.g., Refs. [14, 76]):

gDt t+7) > gD (¢, 1). (1.73)

It is worth stressing that this definition reduces to the standard one [5, 14]:
gD () > g@(0). (11.74)
if the considered fields are stationary [i.e., those satisfying G (t,t + 7) = G® (1) so

9Pt t+71) =g (7).
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2. Defined in Eqg. (11.73) photon antibunching can be formulated as a violation of the Cauchy-
Schwarz inequality

GGt +7t+7) S [GA(t,t+7)]°. (1.75)

It is worth to emphasizing that in accordance with a definition 1) photon bunching appears for
decreasing of ¢ (t,t + ) and, in contrary, photon unbunching appears when ¢(® (¢, t 4 7) is
locally constant.

Criterion 3 can be formulated for these phenomena via the usage of the generalized P function
from Eq. (11.68) with F' = (a(t),a(t + 7)) as [58]:

e (sn2(t)2) (oA (t
Bl Gamat+m)e)  (sh

N

G (t,t) G (t, t+ 1) nel
0.

nEt+7)3) |
GOt t+T) GOt 4Tt +7)

(t +7)3)

For nonstationary fields one can define (also referred to a photon antibunching effect [77]) photon
hyperbunching [78] as:

gt t+7) > g (¢, 1) (1.76)
Inequality from Eq. (11.76) is written in terms of the correlation coefficient [79]:

G2t 1)

(2 _
g (tt+T) = , (1.77)
¢ﬁ@Raw§@Rt+at+r)
and covariance G (t,t + 7) is defined as
GVt t+7) =Gt + 1) — GOGHCO(t + 1), (1.78)
where
GW () = (i) = (@' (t)a(1)) (11.79)

refers to intensity of light. For stationary fields, the inequalities definitions given by Egs. (11.73)
and (I1.76) are equivalent. They are also equivalent to the formulation of the photon antibunching
in terms of other normalized correlation functions, e.g.,

G (t, t+71)

gt t+71) = (GO

(11.80)
Nevertheless, there is still a need to emphasize the fact that for nonstationary fields these two
definitions are interpreted as two different photon antibunching effects [76, 77, 78].

By evoking the Cauchy-Schwarz inequality it is possible to write inequality which would be
violated for the fields manifesting photon hyperbunching (defined in Eq. (1.76)) as

PGPt +rt+m) S [CP 0t + 1) (11.81)

On the other hand Criterion 3 can be applied by defying ' = (An(t), An(t + 7)), where An(t) =
A(t) — (n(t)) as
P @ttt

ncl
_ _ o). (1.82)
Pt +1) TPt

() _
d;’ =
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This leads to a condition equivalent to Eq. (I1.76). Alternatively, it can be done using F =
(1,n(t),n(t + 7)) (in agreement with determinant given by Eq. (11.82)):

1 (i () (A (t+7))
dP =1 (@A) (A1) (a)alt+ 1)) | (11.83)
(a(t+7)  Eamat+73) (G2t +7)3)

Hyperbunching (beside of Egs. (11.37) and (11.38)) is another example of the advantage of us-
ing polynomials over monomial functions of moments in F (it can be easily seen by comparing
Eqgs. (11.82) and (11.83)). However, there is a need to emphasize the fact that antibunching defined
by (: (An)? :) < 0 refers to single-mode sub-Poisson photon-number statistics. This phenomenon
has different effects from those presented above (Egs. (11.73) and (I1.76)), as shown by examples
in Ref. [80]).

Profiting from the usage of the Cauchy-Schwarz inequality as a basic inequality for testing
nonclassicality one can find examples of applying Criterion 3 for two modes of the same evo-
lution time or single-mode for different evolution times (in relation to photon antibunching and
hyperbunching). For the same evolution time but two-modes it is possible to write the following
inequality (based on the violation of the Cauchy-Schwarz inequality)

CAZNGaz:) > (Apng)t (1.84)
Such effect can be described by a parameter introduced by Agarwal [72] defined as

MBI (11.85)

)
n1Mg)

>

I =

—~

It can be seen that nonclassicality occurs for the negative value of ;.. The Equation (11.85)
corresponds to Criterion 3 with chosen F' as I" = (7, 72) in the following way

D (ang)

ncl
. 0. (11.86)
ERLE <

> =N

(s

m | 7
-

For the single-mode but different times case one can formulate the following condition

cl

Dig = (: 03 :) + (: 13 ) — 2(Ayng) > 0. (1.87)

This inequality (Eq.(11.87)) was formulated by Muirhead [81] as a generalization of the arithmetic-
geometric mean inequality and reformulated to the shape presented in Eq. (11.87) by Lee [73].
By applying Criterion 3 with ' = (2, — 73) = (7_) one obtains

Dy = (: 2% 2) 2. (11.88)
It is also interesting to analyze the condition arising from the choice of F' = (1,7_), as it yields to
d =i ) — () S0, (11.89)

To clarify, one can write a simple condition
Dz <0=dY o (11.90)

Itis important to stress the fact that the condition given by Eq. (11.89) make it possible to distinguish
more nonclassical states than the one with D5 parameter. .
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2.5 Other examples of usage of the nonclassicality criteria

Criterion 3 allows one to construct a huge amount of variety nonclassicality criteria linked with
physical phenomena, as can be seen in previous Subsections 11.2.3 and 11.2.4. Table II.1 contains
different examples of multimode nonclassicality conditions derived from Criterion 3. Below, some
simple examples of the application of Criterion 3 will be presented which, for my knowledge, have
not been previously introduced in literature. To be more specific, inequalities are limited to the
ones based on particularly defined determinants

r X
D(x,y,z) = | x* 2z y* (11.91)
r Yy z
In such a case, Criterion 3 can be applied for a different choice of F
(i) for F' = (1,a14,alal), it leads to
(n) ~ A ~2,2 A A ncl
dy’ = D((a1a2), (a7a3), (Mn2)) < O, (11.92)
where 2, = ala, and iy = alay
(i) For F' = (1,4}, ala,) a new condition can be written as
d® = D((arab), (a3(a})?), (hiiz) "0, (11.93)
(iii) For £ = (1,4, + a},al + a,), one obtains
%) = D((a1 +ad), (a1 + ab)?), 2) 20, (11.94)
where z = <’fl > <7”L2> + 2Re<&1&2>
(iv) For I = (1,4, + ao, al + a2) Criterion 3 gives
d® = D({ay + ), (a1 +2)%), ) "2 0, (11.95)

where z = (A1) + (i) + 2Re(aral).

What makes these nonclassicality criteria (Eqgs. (11.92)—(11.95)) even more interesting is the fact
that, as can be seen in the Subsection 11.3.3, one can link them with the entanglement criteria.
Using Criterion 3 it is also possible to connect appropriate nonclassicality condition choosing
F=(1,a1,al,ad,as) :

1 (a) (@) (al)  (a2)
@) (ajar) (@h? (afab) (alan)
d = (a) @) @la)  (@al)  (aias) | Lo (11.96)
(a2) (ara) (alas) (abas) (a3)
(@y) (amab) (alad) (@h)?) (alan)

with the Simon entanglement criterion [46] (this case is discussed in Subsection 11.3.3) .
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Table 11.1: Nonclassicality criteria for single-time efts in two-mode (TM) and multimode (MM) fields, and two-tim&eets in single-mode (SM) fields
[Bartkowiak2010a] .

Nonclassical effect Criterion Equations
MM quadrature squeezing d™ (1, X¢) <0 (11.32), (11.34)
TM principal squeezing of Lukét al. [66] d™ (Aal,, Aalg) = d(“)(l ily, d12) <0 (11.35)—(11.38)
TM sum squeezing of Hilleryd8] (1, ¢) (11.40), (11.43)
MM sum squeezing of An-Tinhg9] d(“)(l, Vs) <0 (11.44), (11.48)
TM difference squeezing of Hillerygjg] d™ (1, Wy) < —2min ((R1), (R2)) (11.49), (11.55), (11.56)
MM difference squeezing of An-Tinip] d™ (1, W,) < —1 ‘|<é>| - <D>‘ (11.62), (11.64)
TM sub-Poisson photon-number correlations d®™ (1,71 £75) <0 (11.69), (11.72)
Cauchy-Schwarz inequality violation d™(fy, f2) <0 (11.27), (11.28)
TM Cauchy-Schwarz inequality violation via Agarwal’s t¢%g] d™ (fy,hz) <0 (11.84), (11.86)
TM Muirhead inequality violation via Lee’s test§] d™ (R —fz) <0 (11.87), (11.88)
SM photon antibunching d™[a(t),a(t + 1)) <0 (1.73), (11.76)
SM photon hyperbunching d™[AR(), ARt + T)] (11.76), (11.82), (11.83)
=d™W[1,a(t),n(t+7)] <0
Other TM nonclassical effects d™(1,a1a9,ala}) <0 (1.92)
d™(1,a1a}, alas) <0 (11.93)
d™ (1,41 + ab, al +as) <0 (1.94)
d™ (1,41 + ag,af +al) <0 (11.95)

d™(1,a1,a],a},42) <0 (1.96)




2.6 How to construct nonclassicality witness

To use the criteria effectively in order to analyze the behaviour of nonclassicality in various
physical systems one can construct quantities, which would be sensitive for breaking classical
inequalities- witnesses of nonclassicality. However, for this purpose it would be useful to describe
the method of construction of such witnesses in terms of previously defined criteria. Nonclassi-
cality witness can be defined in the following way [82]:

Let O be an operator, where expectation value is nonnegative for all classical states p,;

(O)er = Tr[paO] > 0. (11.97)
If <O) for some arbitrary state p is negative
(0) = Tr[p0] < 0, (1.98)

the state p is nonclassical and the operator O can be called nonclassicality witness.

To construct nonclassicality witnesses | make use of the method proposed in Refs. [7, 56] and
developed in Refs. [58, 83]. One can also benefit from the proposal of Alicki et al. [84, 85, 86]. As it
can be directly seen from the formulation of Criterion 1 and 2 the normally-ordered operator : f1 f:
can be interpreted as nonclassicality witness [56]. To simplify, in both cases (nonclassicality and
later entanglement witnesses) witness will refer also to expectation value of operator. It should
be stressed that the term witness of nonclassicality is not limited only to operators (see, e.g.,
Refs. [86, 87]). By evoking Criterion 3 it is possible to define nonclassicality withess as matrices
of normally-ordered moments M}“)(ﬁ) and their functions (e.g., determinants). However, to unify
the form of nonclassicality, entanglement witnesses and entanglement measures their definition
is reformulated and the following recipe for their construction is given:

1. Find an appropriate nonclassicality witness O based on Criterion 3;

2. Do the truncation of O in the following way
O — O = max(0,0 — O), (11.99)
where Oq is some threshold value.

In this thesis O and O denotes the untruncated and truncated nonclassicality witnesses, respec-
tively.

Motivation behind such a redefinition was finding similarity between the form of a such witness
an entanglement measures e.g. concurrence or negativity, to be able to compare them (what can
be seen in the following Section 11.4). Concurrence for two-qubit system described by p is defined
as [88]:

C(p) = max (O,Zmax)\l- - Z/\) (11.100)
! [

where the \;’s are the square roots of the eigenvalues of p(G2 ® 62)p* (62 ® 62) and 65 is the Pauli
spin matrix. In turn, negativity can be formulated as [36, 37]:

N(p) = max (0, —2minuj), (1.101)

J
where 1;'s are the eigenvalues of the partial transpose p' and factor 2 is chosen for proper scaling,
i.e., to obtain N(p) = 1 for Bell's states. Despite similarity of the formal definition, it is important

to emphasize that nonclassicality witnesses are, in general, equivalent neither to entanglement
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witnesses (which will be shown in next Subsection 11.3.4) nor the more to entanglement measures.
In general entanglement witnesses are also nonclassical ones but not the other way around.

One of the best nontrivial examples of nonclassicality witnesses, which is not necessary en-
tanglement witness and which have already appeared in context of nonclassicality, is squeezing.
In this case is analyzed the squeezing (or sub-Poisson statistics) of the photon-number difference
(71 — fg) in two systems. This takes place when the normally-ordered variance

S = (: [A(Ry — 7)) 2) (1.102)

is negative. Any field for which S CZI 0 is obviously the classical one as far as squeezing as the
nonclassical effect is considered. It is worth stressing that for the arbitrarily chosen S, > 0 also
S+ 5 021 0 is true for classical fields. Using this quantity one can apply the recipe formulated
above and construct truncated nonclassicality witness as

S = max (0, —(: [A(y — 72)]> :) — Sp) 0. (11.103)
Another example can be obtained simply by replacing A(7; —f2) with (7i; —72) in Eq. (11.102).This
way another normally-ordered witness D’ resulting from the classical inequality is derived

D' = (: (cxiy + cama +¢5)2 ) + |ea? 2 0, (1.104)

where ¢, (k = 1,2, 3, 4) are real parameters. After truncation the witness has the following form

D = max(0, —(: (R — fa + Do)?:)) 0, (11.105)
which is a special case of D’ for (c1, ¢2, ¢3,¢4) = (1, —1, Dy, 0).

Obviously, Criterion 3 allows one to construct not only two-mode witnesses but also single-
mode or multi-modes ones. To be consistent, also examples based on two kinds of squeezing
have been shown: the photon-number and the quadrature one. For single- mode case one can
use the Mandel's Q-parameter,

(: (AR)?2)

(n:)
Its negativity is the manifestation of single-mode photon-number squeezing (also called sub-
Poisson photon-number statistics). It can be easily obtained from Criterion 3. Truncated witness
has the form of

Q=

~ . SN2
O = max (0, - M) ) (11.106)
(:n )
For the M-mode case the quadrature squeezing is formulated as follows (the standard, Sy = 0,
and the strong one, Sy > 0)
Sp, = ( (Adg)? ) " (= 5p). (11.107)

After truncation one obtains

Sx, = max(0, —(: (AXy)? ) — So) <0, (11.108)
where ¢ = (¢1, @2, ...,0ar). The multimode quadrature operator is defined by Eq.(11.29). Such
formulated witness S%, can also be applied to a single-mode case. The principal squeezing

(¢-optimized quadrature squeezing) defined by [66, 83]:

Sope = 1in Sz, o, (1.109)
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can lead to the following truncated witness
Sopt = max(0, —Sopi — So) = max S, <. (11.110)

In terms of violation of classical inequalities, one is able to construct many other two- and multi-
mode nonclassicality withesses. Explicit examples can be found in, e.g., Refs. [5, 56, 71, 76, 77,
89, 83, 90].
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3 Entanglement as a quantum correlation
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3.1 A definition of entanglement and the Shchukin-Vogel entaglement criterion

One of the most known quantum correlation is entanglement. From the previous Section
II.2 one can see that nonclassicality is a wider term than entanglement. However, due to the
significance of entanglement in quantum information protocols, | have decided to put the analyses
concerning entanglement into a separate section. First, a formal definition of entanglement in
terms of nonseparability will be given. It allows one to formulate criteria of entanglement in a
similar shape as Criterion 3 and also makes it possible to construct entanglement witnesses
which can be analyzed with nonclassicality and entanglement measures. The connection between
nonseparability and entanglement was suggested by Werner in Ref. [91]:

If 51 and p, are density operators for two modes, bipartite state described by p is separable if we
can factorized it as
p=p1® pa.
For a mixed state this can be rewritten to the following form:
The state described by the p.,ix is separable if it can be factorized as:

~ ~(k ~(k
k

The state, pure or mixed, which cannot be factorized in this way is inseparable or, in other words,
entangled.

It is also important that entanglement states are also nonclassical according to a definition
from Criterion 1. Although, this relation is not both-sided. Nonclassicality is a wider term in sense
that one can find states which are separable but still nonclassical.

In order to detect separability of states it is common to use partial transposition, which for
inseparable states introduces negative eigenvalues in density matrix. Before introducing a def-
inition of partial transposition it is worth to recall a definition of the standard one. If T' denotes
transposition of an arbitrary operator, e.g, defined in Fock basis |n) for n = 0,1,..., A = |m)(n|,
the action of 7" on A can be written as

T(Jm)(n[) = |n)(ml.
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Due to the properties of transposition (preserving the trace, hermicity and positivity of transposed
operator) the trace of transposed density matrix should give 1 also for the “new" quantum state.
For a bipartite state one can now define partial transposition (PT) as (with respect to the first
mode)

AY = (T ®id)(A),

with 7" denoting transposition acting on the first mode and id the identity operation effectively do-
ing nothing on the remaining modes, respectively. What is important in this case is that partial
transposition preserves separability of a state. For a separable bipartite state after PT one obtains
a physical density matrix. This feature is useful in the context of detecting entanglement defined
as inseparability. As long as after PT in density matrix there appear negative eigenvalues, one
has to do with entanglement of bipartite state. Thus, distinguishing between entangled and not
entangled state is shifted to the problem of separability and inseparability of states respectively.
This solution of the problem was used by Shchukin and Vogel in a formulation of entanglement
criterion (SV) [9, 57, 61] in terms of states with positive partial transposition (PPT) and nonpositive
partial transposition (NPT). This criterion has a similar form to Criterion 3 of nonclassicality pre-
sented in Section 11.2. Analogously to Egs.(11.20) and (I1.21) one can construct matrix of moments
M(p) = [M;;(p)] such as

M;;(p) = Tr [(aM a0t b)) (aT ar2b12b74) ], (1.111)
where the subscripts ¢ and j correspond to multi-indices (i1, 2, i3,74) and (41, jo, js, j4) respec-
tively. Such a formulation leads also to a criterion in terms of moments of creation and annihilation
operators, which can be easily measured [10] (as it was mentioned in the case of nonclassical-
ity). It also crucial to emphasize the fact that in the definition from Eq. (11.111) the creation and
annihilation operators are not normally ordered (in contrast to Eq. (11.21)). For a separable state

p the matrix of moments M (p) is also separable, as it was shown in Ref. [61]. For example this
condition can be written in the following form

p="> bl @pl = M(p) =Y piM*(p) @ MP(pP), (1.112)
where p; >0, >, p; = 1, and

MAPY) =D My (9™ (5] (11.113)

i,jl

is given in a formal basis {|i’)} for i’ = (i1,i2,0,0) and j' = (j1,42,0,0); MB(p?) is defined
analogously. It is possible to write a first criterion for entanglement states using such defined
M (p) [9]:

Criterion 4 A bipartite quantum state p is NPT if and only if M (p") is NPT .

The recipe for calculating elements of matrix of moments, M (p') = [M;;(p")], where T' denotes
partial transposition in some fixed basis, is the following

M;(p") = Tr [(&TZ& G2 ptispia )T (&T.h PREINFEIND )pAF]
- Tr [(&Th G2 phiispia )T (&le G2 plis pia )/3] ] (1.114)

To obtain Criterion similar to Criterion 3 for nonclassicality one can reformulate Criterion 4 in such
a way [Bartkowiak2010a][61]:

Criterion 5 A bipartite state 5 is NPT if and only if there exists £, such that dg(ﬁ) is negative,
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where

FLEOT LAt AT
Fi £ \T I LA Ft £ \T
<fr2-.fT1> <fr2-.fT2> . <fr2Jf‘TN> (”115)
L)t L) LT

is given in terms of (f! f,.)" = ((f! fr.)") (4,5 =1,..., N).
As in the case of Criterion 3 one can write Criterion 5 in more clear and compact form as

A i T/~
pisPPT & VE: di(p) >0,
pisNPT < 3JF: di(p) <O0. (1.116)

A set of monomial functions of creation and annihilation operators is denoted by F'. Obviously,
a such formulation of this criterion can be used to detect not only two-mode but also multimode
fields [61, 92]. It is worth stressing that the disadvantage of Criterion 5 is that it can not recognize
PPT entanglement (e.g. so-called bound entangled states [38]). Here e? means that inequality
is true only for entangled states. The above definition of entanglement allows to derive some
relations between nonclassicality and inseparability of states. To find them | am going to use
the already known criteria of entanglement such as: Hillery and Zubairy [45], Duan et al. [44],

Simon [46], or Mancini et al. [93].

3.2 Entanglement and the Cauchy-Schwarz inequality

Like in case of nonclassicality one can also analyze a relation between Criterion 5 and the
Cauchy-Schwarz inequality. Because of linearity of the matrix M é")(ﬁ) (init's state p = > . pip;)
one can write the following inequality

M () =D piMy (i) 2 0, (11.117)

if Mé”) (p;) > 0 for all p;. Therefore, positivity of factorized separable state implies positivity of
M. For

F=(f,. ... fn) (11.118)
with functions f; = fi1 fio - - - finr, Where

fij = {1 i ki (1.119)

eitherg; (a;) or g;(al) if i = k;,

it is possible to present Mé") in a formal basis {|k)}, as
M =" fE k)l

kl N “ A A~ (”120)
= Z<: Fhfu o Flafo D1k
Kl

In the above equations i is the index of the element fl in £, and index j refers to the mode. For
one unique ¢ = k;, f” is equal to a function g; of creation or (not and) annihilation operators of
mode j and it should be possibly different from the identity.
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For a factorized state one can write M g‘) as
MY —Z< Flifn -l for 1R
Z Flafi ) G Fla Fonn DRV G Flfa - ¢ Fla foa 1R

k#l
= Z Fhificy G Flachion DR+ DD ) - ) Guand [R) ()
k#l
> (FFen) - B Fran) YA+ D ) - (Al () [B) (1
k k#l
= (Z fio- () Ik>) (Z<fu>---<fm><ll) > 0. (1.121)
k l

To clarify Eq. (11.121) one is able to list the most important steps:
1. First equality is implied by the factorization of the state;

2. Third equality is connected with the definition of fms which are functions of either annihila-
tion or creation operators (not and), so (: fklle Y= (L fu)or ¢ fL fn ) = (fu fi), and
that for k& # [ at least one among fk1 and f;,, let us say, e.g., i1, is equal to the identity (in
particular this implies that its expectation value is equal to (fH) =1);

3. The first inequality is due to the fact that (: fi, fur ) = (ff, fur) or ¢ £l far ) = (Frafi),
and because of the Cauchy-Schwarz inequality.

3.3 Azoo of entanglement criteria and their connection withnonclassicality

Using Criterion 5 one can derive entanglement criteria which are already known in literature
but which can be also obtained via Criterion 3 of nonclassicality.
For two-mode fields Hillery and Zubairy [45] formulated a few entanglement inequalities

(Anng) L [(arab)]?, (1.122)
() (f2) 2 |(a1a2)]%, (1.123)

and for the three-mode fields
(yfgns) 2 (@l agas)|?. (11.124)

Criterion 5 [9, 61] can be also applied in order to obtain the above inequalities by choosing £ =
(1,a,a2) to obtain Eq. (1.122), F = (a1, a9) for Eq. (1.123), and F' = (1, a1d0d3) for Eq. (11.124).
The Hillery-Zubairy conditions are the more interesting that it is possible to obtain them also using
Criterion 3 for nonclassicality. Therefore, to obtain Eq. (11.122) one needs to use F = (1,&1&2),
which gives

n 1 <d1 &T> ncl
P 2 0. 11.125
F ‘ <CAL]£ EL > ﬁl n9 < ( )

Choosing F' = (as, a;) leads to an inequality equivalent to Eq. (11.123):

. (11.126)

@ _ | () (ala)
I ‘ (arag)  (n2)
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Assuming three-mode operators F' = (1, &I&ng) one can derive Eq. (11.124):

dy = ‘ . (11.127)

Criterion 3 also gives an possibility to derive other entanglement criteria, like, e.g the one shown
in Ref. [61] and obtained from the entanglement Criterion 5. It can be achieved by choosing
F = (al,azas):

(1) (G1G2a3)

ncl
o o 0. (11.128)
(G1G2a3) (Nafs) <

) _
d,’ =

To generalize the Hillery-Zubairy condition Eq. (11.122) it is convenient to use the Cauchy-
Schwarz inequality, as it was done in Ref. [45] in the following manner

(@)ma @h)raz) Ll @h)m P (11.129)
The above inequality can be obtained via Criterion 3 assuming F' = (1, agn(a;)n) as

A AT n
o 1 <a1f 2)") nel (11.130)

or, equivalently, via Criterion 5 with ' = (1,a7"a%). Summarizing one can write that
d™ (1,87 @)™ = d- (1,aray) 2o, (11.131)

where, for clarity, | have used the notation d*(F') instead of d’; for k = (n), and I" denotes partial
transposition. Analogously a condition from Eq. (11.124) can be generalized in as follows

(aknbagt)y 2 [((al)Fabay)[? (1.132)

for arbitrary integers k, 1, m > 0. This inequality can also be derived via the usage of both criteria,
the one for detecting nonclassicality (Criterion 3) and the one for entanglement (Criterion 5)

d™ (1, (af)*abay) = d" (1,4} abas') = ’ 2o, (1.133)

1
((a})rabag)*
where the first mode is partially-transposed. A generalization of Eq. (11.128) can be done as

(af)(axng) 2 (atazag") . (11.134)

d™((a})k, abay) = d"(af,ahay") = ‘ ) (11.135)

en

The above inequalities are, in fact, <t inequalities. They are also derived from nonclassical
Criterion 3, that is why “<Cl is marked in them. One needs to be aware that they can be satisfied
only by entangled states, which is easy to be shown. The only nontrivial determinant condition is
the one for establishing the positivity of the involved 2 x 2 matrices. It can be proven that matrices
stay positive under factorization of the state. It implies positivity of their determinants for separable

states. This can be shown on the example of Eq. (11.126) for a factorized state. For simplicity, |
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have analyzed positivity of the 2 x 2 matrix. In other cases the proof can be built analogously.
Thus, for a factorized state, as a special case of inequalities given in Eq. (11.121), one can write

( (i) <aw>>:<
(ara2)  (N2)

The Cauchy-Schwarz inequality (XTX) > |(X)|? was applied to obtain the first inequality.
Another entanglement criteria were introduced by Duan et al. [44]. It can be defined in the
form of the following condition [9]:

(Aal Aay)(AafAds) 2 [(Ad Ady)|?, (1.136)

where Ad; = a; — (a;) for i = 1,2. It can be derived from Criterion 5 by applying £ = (1,a,, a2) [9]
or, equivalently, by ' = (Aaq, Adas). To obtain Eqg. (11.136) from Criterion 3 one can apply a choice
of F' = (Ady, Adl) and obtain

(AalAay) (AalAal) | g

(n)
d. = 0. 11.137
F (Aa1Ads) (AabAay) | < (11.137)

Also a different choice of £’ leads to Eq. (1.137). Thus, for ' = (1,44, a}), one obtains

)
. (1.138)
)

—~

Q>
)

~

It can be seen that the Duan criterion is also equal to the nonclassicality criterion. As in the case
of comparison of Egs. (11.37) and (11.38) or Egs. (11.82) and (11.83) one can see the advantage of
the usage of polynomials functions over monomial ones in the F definition.

However, the equivalence of nonclassical and entanglement criteria is not a general relation.
Initially, there were presented the examples of entanglement conditions derived from Criterion 5
and their relations with Criterion 3, which is simply equality and can be derived by application
F, = EFT (where F} is a set of functions for Criterion 3, and F, for Criterion 5; T corresponds to
partial transposition). Here | am interested in cases for which these two criteria cannot be simply
related with the usage of £, = Flf. Obviously, the states fulfilling Criterion 5 for inseparability
are also nonclassical in the sense of Criterion 1 (as any entangled state is necessarily nonclas-
sical). | have shown the particular examples of states which satisfy entanglement conditions and
simultaneously more than one nonclassical inequality. Due to this feature it is possible to ana-
lyze inseparability for a given nonclassicality. To find a relation between entanglement condition
and nonclassicality inequality one can look for a linear combination of some d® (£(*)) needed to
express in the term d\. = d"(F) as , i.e.:

d% — Z crd™ (X)), (11.139)
k
where ¢, > 0. As shown in Ref. [Bartkowiak2010a] three properties of determinants can help for
this purpose:
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(i) The Laplace expansion formula along any row (or column):
det M = Z(—l)i+jMij,LLija
J

where f;; is a minor of a matrix M = (M;,;).

(i) Swapping rule: By exchanging any two rows (columns) of a determinant, the value of the
determinant is the same as the one of the original determinant but with opposite sign.

(iiiy A summation rule: If some (or all) elements of a column (row) are sum of two terms, then the
determinant can be given as the sum of two determinants, e.g.,

a b

¢ d|’

a b
c d

at+a b+b
c d

This nontrivial relation can be obtained both by using the already known entanglement criteria
and by a construction of a new one based on Criterion 5. At first it will be analyzed the known
Simon’s entanglement criterion [46]. Obviously, as the entanglement inequality it can be derived

ent

from Criterion 5 for dg 2Y 0 with F' = (1,44, 4!, as, a}). Simon’s criterion can be also obtained as
the sum of nonclassicality criteria in the following way

db = d™(1,a1,al, a8, 62) +d™ (1, a1,a)) + d™ (1, a1,68,60) + d™(1,a1,a), a2),  (11.140)

where d(I‘)(l,dl,&I,&;,&g) is given by Eq. (11.96). Furthermore, d;f), by analyzing its principal
minors, for choosing ' = (1,a,,al,al), F = (1,a,,ad, a5) and ' = (1,44, a}) were derived from
Eq. (11.96). Therefore, checking Simon’s entanglement condition is equivalent to testing the viola-
tion of specific classical inequalities derived from the nonclassicality Criterion 3. It is possible to
find other, simpler examples of entanglement conditions corresponding to the sum of nonclassical
inequalities for a particularly defined determinant

1 z =z
D(x,y,z,2") = | z* 2z y* |. (11.141)
z y 2z
(i) Criterion 5 for F' = (1, a,ds, d!a)) leads to
dt, = D ({@ah), (@3(@})?), (nia), ') 2o, (11.142)

where z' = ((n1 + 1)(n2 + 1)). The properties of determinants mentioned above allow one to
find a relation between Eq. (11.142) and the following nonclassicality conditions (obtained from
Criterion 3):

db = d™(1,a1a}, alas) + (1) + (o) + 1) d™ (1, a1ah). (1.143)
ii) For £' = (1, a1a}, alas) one obtains
(i) 2,01
dh. = D((an2), (a3a3), 2, 2') 20, (1.144)

where z = (f179) 4 (n1) and 2’ = (R1ne) + (f2). The entanglement criterion defined in Eq. (11.144)
can be written in terms of nonclassicality criteria as

dy = d™ (1, ara2,alab) + (A1) (Ra) + (A1) + (R2)) d™ (1, 41d2). (11.145)



(i) For F' = (1,4, + a},al 4 a,) one can obtain the following condition
diy = D({ar + ), (@1 +a2)%), 2,2) 20, (11.146)

where z = (i) + (Ry) + 2Re(aiab) + 1. This entanglement inequality Eq. (11.146) can be written
as a sum of nonclassicality inequalities as

dh = d™ (1, a1 + ao,a] + ad) +2d™ (1, a1 + a2) + 1.
(iv) Finally by choosing £ = (1, + ds, @} + ab) to Criterion 5 one can obtain
dip = D({a1 + ab), (@ +a})?), z,2') 20, (11.147)

where z = (1) + (n2) + 2Re(a1a2) and 2’ = z + 2. The relation between Eq. (11.147) (which
corresponds to the entanglement criterion of Mancini et al. [93], [9]) and nonclassicality criteria is
following

db = d™ (1,61 + ab, 6] + do) + 2d™ (1,61 + ab), (11.148)

where d®™ (1,4, + a,al + as) is given by Eq. (11.94), and d™(1,a, + a}) is given by its principal
minor. In the Table 11.2 are collected different examples of entanglement criteria which can be ex-
pressed directly in terms of nonclassicality criteria or as sum of various nonclassicality conditions.
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Table 11.2: Entanglement criteria via nonclassicalityteria [Bartkowiak2010a].

Reference Entanglement criterion Equivalent nonclassicality criterion Equations

Duanet al.[44] d"(Ady, Ady) = d'(1,ay,d2) <0 d™(Aay, Aad) = d™(1,a,,al) <0 (1.136)—(11.138)

Simon 6] dU (1,44, 4}, d9,a1) < 0 d™(1,ay,al,ad, a0) + d™ (1,4, a) (11.140)
+d™ (1,4, 4!, a}) + d™ (1,41, a4}, a2) <0

Manciniet al.[93] d™(1, a1 + ag,a! +al) <0 d™ (1,41 +ab,al +ag) +2d™ (1,0, +al) +1 <0 (11.146), (11.147)

Hillery & Zubairy [45] d"(1,a1a2) <0 d™(1,a.ak) <0 (1.122), (11.125)

ditto
ditto
ditto

Miranowiczet al.[61]

Other entanglement tests

d(1,ama3) < 0
)

—~
>
=
_l’_
>
N
~
S
£
—~ -
\.g)
=
Q
N
=
A
o

(11.129)—(11.131)
(11.123), (11.126)
(11.124), (1.127)
(11.128)
(11.132), (1.133)
(11.134), (11.135)
(11.142), (11.143)
(11.144), (11.145)
(11.147), (11.148)




3.4 Examples of entanglement witnesses

To use entanglement inequality effectively, analogously to nonclassicality condition, one can
construct an entanglement witnesses. As in the next section | have analyzed a behaviour of
the nonclassicality and entanglement witnesses and entanglement measures, | have used the
unified recipe for construction witnesses (also in this subsection the idea of the truncated witness
introduced in 1.2.6 is maintained). Before providing some examples of entanglement witness, for
clarity, the formal definition will be recalled [37]:

An entanglement witness is a Hermitian operator O.,; such that tr(Oentﬁsep) > 0 for all separable
states psep, While tr(Oentﬁent) < 0 for some entangled states peyg.

From the formulation of the above definition it can be seen that the entanglement witness
corresponds to observables rather than to expectation values. The concept presented in the
above definition was later generalized to nonlinear entanglement witnesses [94, 95]. The term of
entanglement witness used in this thesis differs slightly from the original definition. However, the
idea of entanglement witness is kept unchanged and the slightly different usage of this term can
clarify some part of this thesis. Analogously, as in the recipe for the construction of nonclassicality
witnesses from Subsection 11.2.6, the first step would be to apply Criterion 5 to obtain appropriate
entanglement inequality. Here only two examples of such constructed witnesses are presented.
The first has been already shown while introducing application of Criterion 5. The Hillery-Zubairy
classical inequalities has the form of [45]:

(afz) S [(@ah)[?, () (i) S [araz)[?, (11.149)

where n; = dl&i is the photon number operator, and a; (&I) is the annihilation (creation) operator
for mode ¢ = 1,2. Using the earlier introduced recipe one can construct the following truncated
witnesses

H = max(0,|(a1ab)|> — (Aing)) 0, (11.150)
H' = max(0, |{a1a2)|* — (i) (Rg)) 2 0. (11.151)

The two above witnesses are positive only for entangled states (because of the reformulation of
witness made in the second part of the recipe presented in Section 11.2.6). H and H’ can be
derived both by using partial transposition [9, 57, 61] and via the usage of the Cauchy-Schwarz
inequality [45]. As Eq. (11.149) can be obtained from Criterion 5 based on the P-function [83], it
is valid not only for separable states but also for the classical ones (it is marked by 021 ).

The second example | want to analyze in this subsection is joined with violation of Bell’s in-
equality. Such defined witness seems to be the natural choice of entanglement witness, as it is
related with one of the first and qualitative definitions of entanglement. The witness for a two-qubit
state can be identified with the degree of violation of Bell's inequality. In its version due to Clauser,
Horne, Shimony, and Holt (CHSH) [96] the entanglement witness has the form [97, 98]:

B2(p) = max |0, max (u; + ug) — 1}, (11.152)
<k

where u; (j = 1,2,3) are the eigenvalues of U; = T] T;, T, is a real matrix with elements
ti; = Tr[p(6; ® 65)], and &; are the Pauli’s spin matrices. B is often called nonlocality (measure),
but it is crucial to emphasize that this term is not precise. There is a need to notice that B refers
to entanglement witness, not measure. Thus, one can find mixed states p (e.g., Werner’s states
discussed in next section) for which C'(p) > 0 and B(p) = 0. However, if a two-qubit state violates
Bell inequality, it is entangled. For two-qubit pure states valid is equality B(5) = C(p). In this case
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entangled witness is also an entangled measure. It can be seen that due to the reformulation of
the witnesses, given in Subsection 11.2.6, B and H/ H’ have a definitions similar to the maximum
of zero and another quantity.
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4 Time evolution of nonclassicality and entanglement witngses
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In the previous sections the quantities called nonclassicality and entanglement withesses have
been introduced. Their construction is based on a general criteria connected with the P-function
and allows one to find a great number of various conditions for nonclassicality and entanglement
and, therefore, also witnesses of those quantities. In this section | have treated the nonclassicality
(and a specific kind of it—-entanglement) as property of particular optical systems.

It is well-known that decoherence is a main obstacle in effective implementation of quantum
information processing and quantum state engineering. Entanglement, as manifestation of a
quantum correlation can be especially sensitive when decoherence is taken into account. It is,
therefore, possible to use the criteria defined previously to describe the influence of decoherence
on not only entanglement but also more general nonclassicality in a system.

The first time the unlike behaviour of entanglement (in comparison to other quantities) in a
dissipative system was presented by Zyczkowski and the Horodecki family [99], as well as Yu and
Eberly [43] (see also earlier studies in Refs. [100, 101, 102, 103]). They have shown that this kind
of correlations decays in a finite time. These days this phenomenon acquired a dramatic name
of a “sudden death” of entanglement. In this thesis | would like to use the term entanglement
sudden vanishing (SV). It is worth noting that SV of entanglement (in general nonclassicality) can
be followed by its sudden reappearance (sudden rebirth—SR) [99, 100, 101, 102, 103, 104, 105,
106]. After the article of You and Eberly being published analyzing entanglement losses in various
systems (for reviews see Ref. [107]) has become much of the interest. This effect has been also
observed experimentally [108, 109, 110].

In contrary to the time evolution of other physical correlations in dissipative system, SV of
entanglement was new and unusual form of decay. Therefore, | would like to stress general
occurrence of sudden finite-time decays and periodic vanishings of nonclassical correlations
[Bartkowiak2011].

The main goal of this section is to show that SV and SR can also appear during the analysis
of previously constructed nonclassicality (also called quantumness witnesses) [7, 56, 84, 85, 87,
86, 83] and entanglement witnesses [37, 94, 95] (for a review see Ref. [38]). The first one
corresponds also to violation of classical inequalities. The final recipe for constructing witnesses
was based on a similarity to the definitions of entanglement measures (which has been already
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mentioned in Subsection 11.2.6). The standard approach to analyze SV and SR refers to the study
of the time evolution of entanglement measures e.g., concurrence or, equivalently, negativity or
relative entropy of entanglement [38]. The definitions have been already given in the Subsection
11.2.6. However, it should be emphasized that not all SRs and SVs of witnesses can be considered
as standard. The SR needs to appear after a finite time of evolution and it should be preceded
with the earliest SV. It can be easily explained using the following example:

For | cost| and max(0, cost) one can observe vanishing of function at /2. According to the as-
sumption given above only vanishing of the latter one can be joined with the proper SV and SR.
It can be seen that both of the previously recalled entanglement measures (concurrence and
negativity) have such a form. This clearly explains the occurrence of SV if 5, for which they were
calculated, changes in time. Contradictory, if one took

C'(p) = 2max \; — >N

(2

and

(for A\; and p; with continuous derivatives in time) the SV would not appear. My deduction was that
the SV and SR can be seen every time one has to deal with withesses described as maximum
and zero of some function. Thus, the SV and SR effects can be observed for any arbitrary time-
dependent parameter O(t), in comparison to some threshold value O,. With a view to analyzing
nonclassicality the most interesting parameters O are the ones related with breaking of some
classical inequalities O CZI Oy (violated by some nonclassical fields, i.e., O ‘21 Op). In contrary,

by CZI it is stressed that the analyzed inequality must be fulfilled for all classical states. The

concept that for truncated witnesses, constructed in such a way (see Subsection 11.2.6 O — O =
max(0,0p — O)), one can see SV and SR is illustrated in Fig. 11.1.

4.1 Sudden decays of nonclassicality witnesses for noniraeting modes

Firstly there will be analyzed the environment-induced sudden vanishing of entanglement and
nonclassicality, which as a concept, is similar to the original idea of finite-time sudden death of
entanglement shown by Yu and Eberly [43]. It has been also used the more general nonclassi-
cality witnesses to check my assumption of common occurrence of the SV effects. As it will be
seen, SV of nonclassicality witnesses appear in different times than for entanglement witnesses
and measures. In this subsection it is studied a case of two modes (qubits), which are not directly
interacting with each other but via independent reservoirs. To the need of exposition of the gener-
ality of SV effect it will be analyzed a time evolution of initial entanglement states. The SV appears
via interaction with reservoirs under Markov’s approximation. The standard master equation for
the reduced density operator 5 can be written in a form

9. Ve forta A A At an s
Ep — Z ?[nk(Zakaak—akazp—pakaz)
k=1,2
i as Ata A anta Ty
+(ng + 1)(2akpa;fC — a,iakp — pa%ak)] — ﬁ[HS,p], (11.153)

where -, are the damping rates, 7i;, are the mean thermal photon numbers, 71, = {exp[fiws/(kpT)]—
1}~1, T is the reservoirs temperature at thermal equilibrium, and kg is a Boltzmann’s con-
stant. Having made the assumption that the reservoirs has zero temperature it is justified to
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Figure 11.1: An exemplification of a recipe for obtaining t8% and SR of nonclassicality witnesses for a
unitary evolution of single-mode squeezing in the anhaimoscillator model given by the Hamiltonian
from Eq. (1.193). Figure (a) presents normally-ordered varian§gs (a dashed curve) ansl,,; (a solid
curve), given by Eqgs.(195) and (1.196), and Figure (b) shows truncation of normally-orderedasces
S, (a dashed curve) anfl,; (a solid curve), given by Eqsli(108) and (1.110), respectively. Thus, for
Sz, < 0or, equivalently, for the truncated witne§§¢ > 0 quadrature squeezing takes place. Analogously,
a principal squeezing is present {85, < 0 or if the truncated witness is considerégpt > 0. Here
lag? = 1/2,¢0 = ¢ = 0, andSy = 0. Introducing damping leads to results being analogouséo th
standard sudden death of entanglement [Bartkowiak2011].
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put n; = ny = 0. The Hamiltonian H s can be understood as a sum of free Hamiltonians for the
two noninteracting system modes. One of the methods of solving a master equation is to use
Monte Carlo wave function simulation. To do this | assume the following collapse operators [111]

Cik = V(1 + ng)ag,
Cop = \/vmdl.

In this context, it is very important to emphasize that in a case of the quantum entanglement
between two systems, and the related violation of Bell's inequalities, the systems should be spa-
tially separated and physically uncoupled [112]. Accordingly, my example is a system with two
independent reservoirs (contrary to the models studied in the following subsections). However,
in some cases of the coupled reservoirs entanglement for two qubits and two modes can be en-
hanced. Anyway, as has been shown [113, 114] it is possible rather due to the mixing mechanism
than induced via interaction among them.

It has been analyzed time behaviour of nonclassicality and entanglement witnesses for this
system for two initial states. The first is Werner-like state with the form [98]:

pm(0) = pl W) (W] + 21, (11.154)

for0 <p<1,m=1,|¥;) = (]00) +|11))/v/2 and I is the identity operator. Assuming such initial
state one can solve the master equation analytically [98]. The time-dependent reduced density
matrix in computational basis can be written as

() 0 0  2p/g1g2
1 0 Yo 0
H(t) = = , [1.155
p1(t) 4 0 0 héﬂ 0 ( )
2py/gig2 0 0 (1+p)gige
where
W) = (2 - g1)(2 - g2) + pgrga,
h = gail2 = (L+p)gil,
and g = exp(—t) for k =1, 2.
Now it is possible to analyze time evolution of concurrence [98]:
1
o) =mox{o. 5 Vi (20 - VE= (T w2 - (17 7922 }. (1.156)
entanglement witness
B?*(t) = max (0,2p%g1g2 — 1), (1.157)
and nonclassicality witnesses
~ 1
S(t) = max |:07 1(92 + 95 + 2p9192) — 50} ; (1.158)
~ 1
D(t) = max {0, 59192(1 +p) — D} — Do(g1 — gg)] . (1.159)

The formulas for times of SV for appropriate entanglement/nonclassicality witnesses and concur-
rence are given by (with assumption of the same reservoir damping rate -, S0 g1 = g2 = g)

©y 1 ( 14+p )
t =—-In{—"—, 11.160
Vo200 -p) (1.160)
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Figure 11.2: The time behaviour of nonclassicality witnesg$or twononinteractingmodes described by
the damping model from Subsectiondlll with environment-induced sudden vanishings of witnesses.
The initial state is the Werner-like state with p = 0.8. Key: C— the concurrencé€' (a solid curve),
B- nonlocality B (a dotted curve)S ( a dashed curve) fof, = 0.03 and D (a dot-dashed curve) for
Dy = 0.1- two witnesses describing the photon-number-differencestations [Bartkowiak2011].

1
#B) = Sl (vVap). (11.161)
(%) 1 1+p

1) = 2 11.162
sV 2711(250)’ (11-162)
D) 1 1+p

5 =5 ln<2Dg ) (1.163)

In Fig. 1.2 it can be seen that they differ from each other. In the picture specific values of the
damping constant - and the initial Werner state p;(0) with parameter p are assumed.

As another example of the SV effect, it has been studied the same system as in the previous
example, but with a different initial state. This time it is the standard Werner state p»(0), given by
Eq. (11.154) for m = 2 and |¥,) = (|01) — [10))/v/2. The solution of a master equation has the
form [98]:

Sl 0 0 0
1] o p{) N 0
pa(t) = 3 ! Pyon g2 , (11.164)
4 0 —2py/g9192 hs 0
0 0 0 (1—p)g192
where
A = (2—g1)(2 - g2) — pgig2
and

he) = g2 — (1 - p)gi]

for k = 1, 2. The time evolution of B(t) in this case is the same as in Eq. (11.157). The concurrence
is given by [98]:

O(t) = max [0, %V—glgz@p ~ VIV =)= 92) — pg1g2)|. (11.165)
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Figure I1.3: Same as in Fidl.2 but for the initial Werner-like statg, [Bartkowiak2011].

which is different than in Eq. (11.156). The behaviour of nonclassicality withesses can be analyzed
based on the following formulas

S(t) = max [0, i(gf + 95 — 2pg192) — 50} ; (11.166)
D(t) = max |:07 39192(1 —p) — D§ (1 = p\/9192) — Do(g1 — 92)] ; (1.167)

which also differ from Egs. (11.158) and (11.159). The times of SVs for p,(t) are following

1 (2p0 2
1) = — = log <—p(1 o)+ ) (11.168)
Y - P

(5) 1 l—p

tay = —1 11.169
SV y 0og 250 ’ ( )
py _ 1 V24 p(Dip—2)+ Dop

tyy = 5 log ( 5Dy , (1.170)

and té?,) is given by Eq. (11.161). One can see that analogously to Egs. (11.160)—(11.162), times of
SVs in considered example are different for various witnesses. SV of the witnesses and measures
described above can be seen in Fig. 1.3 for particular choices of the damping constant v and
parameter p of the initial Werner state p2(0).

4.2 Periodic sudden vanishing of nonclassicality withnessdor interacting modes

A second type of time evolution that is related to the truncation of witnesses is periodic sudden
vanishing of nonclassicality witnesses. In contrast to evolution of dissipative systems this effect
appears under unitary evolution of two interacting modes. It should be stressed that dissipation
can be easily introduced to the system, which results in the behaviour of quantum correlations
analogous to the one analyzed in previous subsection.
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To present the effect of periodic SV and SR it is analyzed the parametric frequency conversion,
which can be described by the interaction Hamiltonian

H = hrlalay exp(—iAwt) + a1ad exp(iAwt)]. (11.171)

This form of Hamiltonian is prototype of two linearly harmonic oscillators which are coupled. This
can model e.g. the process of exchanging photons between two optical fields of different frequen-
cies: a signal mode with frequency w; and an idler mode with frequency w,. Then a; and a, are
the annihilation operators for the signal and idler modes, respectively, and « is the real coupling
constant. For simplicity, it is assumed a resonant case Aw = w + wy — wy.

The solution for the signal, b, (¢), and idler, b, (t), modes of motion Heisenberg equation are the
following [115]:

bi(t) = ajcos(kt) —iagsin(kt),

bo(t) = agcos(kt) — idaq sin(kt). (1.172)

The Schrédinger equation has the form of

2T\ (BT () 1n2
[0(1) = D Cnrms [bl\(/%] [bQE/%] 100), (1.173)

ni,n2

where initial state is a superposition of the Fock states

W(O» = Z C77-1-,77-2|n‘17n2>-
ni,n2
A total number of photons is considered to be a constant of motion 74 (¢) + n2(t) =const. The time
evolution of the QPD for the frequency-converter model (applying the results of Refs. [116, 117,
118]) can be written as follows (with arbitrary initial fields)

W(S) (041’0[2, t) = W(S) [61 (041,0427 _t)7 ﬁ?(ala a9, _t)a 0] . (”174)

In the above Eq. (I1.174) 5, 2 (a1, az, t) refers to solutions of the corresponding classical equations
of motion for the frequency conversion model

Bi(ar,ae,t) = «jcos(kt) — iae sin(kt),

Ba(ar,ae,t) = «gcos(kt) — ia sin(kt). (1.175)

The two-mode QPD can be understood as a constant along the classical trajectories as it can be
interpreted from Eq. (11.174). There also exist an important property of the (undamped) parametric
frequency model that degree of nonclassicality of the system (as defined, e.g., in Refs. [50, 51,
52]) remains unchanged at any evolution time of the system. However, for this case one can also
observer SV and SR of entanglement and nonclassicality withesses for both the pure initial state
and the mixed one.

At first let me assume the initial state as a pure one in the form of |4 (0)) = |01). Evolution of
the state of the system is ruled by Eq. (11.173) and has the form of

[1(t)) = cos(kt)|01) — isin(kt)|10). (1.176)

In terms of the P-function it can be described as a function more singular than Dirac’s § as

0 0
aﬁ?(ala a2, t) 865 (ala 2, t)
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P(ay,az,t) = §[B1(a1, az,t)] (1 + ) §[Bala, g, t)]. (1.177)
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Figure 11.4:  The time behaviour of concurrence and othendated nonclassicality witnesses for two
interacting modes with noticeable sudden vanishings aaypearances. The time evolution is ruled by a
unitary evolution of the frequency model with the followingsumptions: (a) the initial pure stafg) and

(b) the initial mixed state, given by EdI.0L82) with p = 0.8, both analyzed in Section 4. Key: C (a thick
solid curve)—the concurrencB, (a thin solid curve)—the nonlocality{ (a dotted curve)—the entanglement
witness, given by Eq.(150), linked with a violation of the first Hillery-Zubairy inegility; S (a dashed
curve) forS; = 1/2 and D (a dot-dashed curve) fab, = 1- nonclassicality witnesses describing the
photon-number-difference correlations (Ed6.103) and (1.105) respectively). It is worth stressing that
according to the standard approach, the SR should appeasafhe finite time after SV for an appropriate
witness. This condition is fulfilled for all withesses of théxed-state evolution (b), but only for some
witnesses of the pure-state evolution (a) [Bartkowiak32011
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It can be seen that the state is nonclassical according to a definition from Criterion 1 because it
contains the derivative of Dirac’s ¢ function. The 3 functions are solutions of classical equations
of motion, given by Eq. (11.175). For such system concurrence and nonlocality can be expressed
by simple formulas as

C(t) = B(t) = | sin(2kt)|, (11.178)
the Hillery-Zubairy entanglement witness as
H(t) = %sinz(th), (1.179)
and nonclassicality witnesses as
S(t) = max [0,cos?(2kt) — So] , (11.180)
D(t) = max{0, Do[2cos(2xt) — Dol}. (11.181)

The behaviour of the witnesses and concurrence is depicted in Fig. 11.4 (a). It is clear that all
used witnesses (and concurrence) show the periodic SV and SR effects. It is worth noting that
SV and SR of concurrence corresponds to the maximum value of S. One can also use Mandel's
parameters to find the photon-number sub-Poisson statistics of the fields. The truncated Mandel's
parameters are equal to Q; = sin?(xt) and Qs = cos?(kt). The behaviour of these parameters
can be understood by recalling the classical-like interpretation of two linearly coupled oscillators
when one of them is initially excited (Q2 > 0) and the other one unexcited (Q; = 0). Then, the
out-of-phase SVs and SRs take place. This effect can be interpreted as periodically transferred
excitations between oscillators.

It should be also mentioned that from an orthodox point of view a SV (of some witness) should
not be instantly followed by a SR. For D with Dy > 0 and for S with S, > 0 (as it is shown in
Fig. 1.4(a)) this condition is fulfiled. However, one can raise an objection concerning the be-
haviour of D for Dy, = 0, and S for S, = 0 and Mandel's parameters. In these cases, and for
concurrence, a SV is instantly followed by a SR, so they are not proper SV and SR effects.

Other examples of the SV and SR can be obtained by analyzing the system of two noninter-
acting modes with initially mixed states. It is possible to choose initial state as a Werner-like state
po(0), given by Eq. (11.154) for m = 0 and |¥,) = (|01) — i|10))/+/2. Density matrix of the system
evolves as follows

po(t) = plBo(0)(Wo(0)] + 1, (1.182)
where )
[W0(6) = S5 [/-(BI01) = if4(1)]10] (1.183)

with fi(t) = cos(kt) £ sin(kt). Concurrence and entanglement witnesses with corresponding
times of the first SV have the form of

C(t) = max[0,plc| — (1 —p)/2] = ti) = f (12;;’) : (11.184)
B2(t) = max[0,p® (1+¢?) —1] = ) = f <7le_p2> : (1.185)
H(t) = imax[o, (pe)* = (1—p)] = tg@ =f (Lpfp) : (11.186)

where f(xz) = arccosz/(2k) and ¢ = cos(2xt). One can see that the first SR appears at the time
equals
kit = m/2 — kt$) (1.187)
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fori = C, B, H. For p = 0.8 SVs and SRs occur in the following order (Fig. I1.4(b)):
#8040 o y(B) S 4D S (O (1.188)

The nonclassicality witnesses D and S, from Egs. (11.103) and (11.105), respectively, evolve as

S(t) = max|0, %(1 — p) + p? sin?(2kt) — So], (1.189)
D(t) = max]|0, %(1 — p) + 2Dopsin(2xt) — DZ]. (11.190)

It needs to be stressed that for Sy = 0 and p < 1, there is no complete vanishing of S(t). For an
initial Bell state (So = 0 and p = 1), S(t) periodically vanishes to zero and instantly increases.
Thus, this case is not a good example of the SV and SR effects. However, it can be a proper one
for 0 < p < 1 (Fig. 11.4(b)). The first SVs occur at the times

S _ 7 V25 +p—1 11,191
tSV - 4/€+f< \/ip 5 ( . 9 )
(py 0w QDS +p—-1

sy = P + f <74D0p , (1.192)

and the first SRs appear at t(si) =7/k— f(sf,) and téDl;\) =3m/(2K) — téb).

It is worth stressing that the first occurrence of these witnesses can be seen at earlier times,
e, t =n/(2k) — t(SQ, for i = S, D. | can conclude that one can choose the threshold values
Sp and Dy for any 0 < p < 1, that would it make possible to obtain the SVs and SRs of these
witnesses for the photon-number-difference correlations at arbitrary evolution times (also for an
initially disentangled system).

4.3 Periodic sudden vanishing of nonclassicality withessdor a single mode

In this subsection it will be shown that the SV and SR of nonclassicality occur also for a single-
mode case. In order to present this, single-mode anharmonic oscillator is analyzed, which can be
modelled by the interaction Hamiltonian

1
H = Ehn(aT)Qa% (1.193)
for describing e.g. the optical Kerr effect. The coherent state |«y) under evolution ruled by this
interaction evolves periodically into a nonclassical state

~lao|? — ap i
[ih(t)) = e~ laol™/2 nz:% \/—% exp [§n(n - 1)7] |n), (11.194)

where 7 is a rescaled time xt. The known Schrodinger cat and kitten states can be obtained
from the state given by Eq. (11.194) after some evolution time as superposition of macroscopically
distinguishable two [119] or more [120, 121] coherent states, respectively. The choice of this
example is justified by a high-degree quadrature squeezing [66, 122, 123] of the Kerr state (beside
some other intriguing nonclassical properties of this model-see, e.g., Ref. [124] and references
therein). A single-mode normally-ordered variance S, can be compactly written as follows

SI@, = 2|OZ()|2[1 + f12 COS(T12 + 7') — fgl(COSTgl + 1)] (”195)
in terms of auxiliary functions defined by
Tt = klawo|? sin(iT) + 2(¢ — ¢o)
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and

fr = exp{k|ao|?[cos(iT) — 1]}
with ap = |ao| exp(i¢p). One can detect quadrature squeezing if S, n<Cl 0 or, equivalently, if the
truncated witness S‘% ‘il 0, defined by Eq. (11.108) with Eq. (11.195) and ¢ = ¢ (with a threshold

value Sj to be zero in this section and in Fig.1l.1). The principal squeezing S, can be described
as follows (by applying the results of Refs. [66, 122, 123]):

Sopt(t) = 2l0l? (1= fo1 = v/Foz + Jar — 2frafrr cosT' ) (11.196)
where 7 = 12 — 01 + 7. As before, the principal squeezing occurs if Sqpt ‘El 0 or for the trun-
cated witness Sopt ’il 0, as given by Egs. (11.110) and (1.196). The results following from these
conditions can be seen in Fig. I.1 for some specific amplitude of the initial coherent state.

To obtain a sudden decay of entanglement or nonclassicality in the original form one can eas-
ily introduce dissipation to the system. In such a case, it is possible to solve a master equation
in Markovian approximation as in Subsection 11.4.1 (one can use Eg. (11.153) for a case of sin-
gle mode— k£ = 1). Introducing dissipation would obviously break periodicity of SVs and SRs.
Depending on dissipation, SV would appear after some evolution time. However, it should be
stressed that the introducing dissipation is not a necessary condition to observe SV in this model.
In Ref. [125, 126, 127] it is analyzed sudden vanishing of entanglement in two-mode dissipative
coupled Kerr models more specifically .

It is important to emphasize the fact that oscillations of the entanglement measures in systems
interacting with the non-Markovian reservoirs (see, e.g., Ref. [128]) cannot be compared to the
periodic vanishing of the entanglement and nonclassicality withesses analyzed in this thesis and
obtained via unitary evolution of state.
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Chapter Il

Experimentally- friendly methods of
generation of quantum correlations:
Efficient implementation of qguantum
gates

1 A definition and types of quantum gates
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From the point of view of quantum computation, quantum correlations are the most important
features which are supposed to be used in protocols. They are a manifestation of a nontrivial
interaction between two physical objects interpreted as qubits. As the analogy with classical com-
putation is taken into account one can see that the most important are operations which combine
two bits together in the form of gates like the NAND or NOR gates. In a quantum regime such
gates introduce quantum correlations (in particular entanglement) between two quantum bits (the
bits encoded in quantum objects). There exist many different ways of the implementation of both
single-qubit and two- (or multi-) qubit quantum gates like atom and ion-traps, superconducting
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Figure 111.1: The proposal of the decomposition of the iISWgdre into the CS or equivalently the CNOT
gate with the usage of the Hadamard gate Shghase gate and the SWAP gate (the more specific descrip-
tion can be found in text)[Bartkowiak2010b].

charge and flux qubits, nuclear magnetic resonance, spin- and charge-based quantum dots, nu-
clear spin quantum computing [131, 132].

The term of quantum gate was constructed in analogy to the definition of classical gate, so the
quantum gate is a device which can perform operation on bits, in this case qubits. In other words, it
is a kind of a black box which can manipulate quantum objects in the way described by the unitary
operation representing action of quantum logic gate. The most fundamental single-qubit quantum
gates are the ones represented by the Pauli matrices X,Y,Z and the Hadamard gate. However,
to perform the more complicated operations on qubits it should be possible to perform operations
more complicated than single-qubit ones. Extending the analogy to the classical computation
the idea of controlled-NOT (CNOT) gate appeared. The prototype for this gate was the classical
NAND gate, which can be used to build up any classical logic circuit. Obviously, one cannot
drag analogy too far in a sense that one should remember about features of qubits. In case
of quantum multiqubits gates, in fact, one has to deal with introducing interaction between two
guantum objects. Moreover, the so called universal two-qubit gates (like e.g. the CNOT gate) can
be used to construct arbitrary quantum circuit (with additional single-qubit gates) [18].

There exists a set of such universal gates like the iISWAP, CNOT and CS gates, which are for-
mally equivalent. Thus, the choice of the universal gate depends on a particular case and needs
to be connected with experimental feasibility or specific qubit interactions in studied systems. For
instance, as far as solid-state system is taken into account it is more convenient to consider an
implementation of the iISWAP gate (than the CNOT or CS) due to it can be described in terms
of the Heisenberg or XY models. In comparison, the CNOT operations can be described by the
less common Ising interactions. Therefore, the iISWAP gates for the solid state qubits were ana-
lyzed as the efficient quantum-information processing [133]. However, one can easily show that
under unitary transformation the iISWAP and the CNOT gates are equivalent. The action of the
iISWAP gate on an arbitrary pure state of two photon-polarization qubits can be described as the
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transformation of the state
|¢in> ZOé1|HH>+(12|HV>+(13|VH>+OZ4|VV> (l”l)
into
[Viswap) = o1 |HH) +ico|VH) +ias|HV) + ag|[VV),
where, e.g., |[HV) = |H)|V) = |H) ® |[V) and |H) and |V) represent horizontal and vertical
polarization states, respectively. According to Schuch and Siewert [134] the CNOT gate can be

decomposed into two iISWAP gates or SWAP and iSWAP gates. One can see that the iISWAP
gate can be obtained as (see the top circuit in Fig. 111.1)

Uiswap = Ucs(S ® S)Uswap (11.2)

by inverting the Schuch-Siewert relation and replacing the CNOT by the CS gate; S is the phase
gate (which can be implemented by a quarter-wave plate (QWP) with fast horizontal axis)

S=<l 9>,
0 =2
11
Ucs = .
” (1 _1)

The last part of the scheme is the SWAP gate, which is a classical gate and can be implemented
deterministically, e.g., by brute-force exchanging qubits or waveguides carrying single qubits. Ob-
viously, using the Hadamard gate it is possible to implement the iISWAP gate also using the CNOT
gate instead of the CS, which can be seen in Fig. Ill.1 (center). The relation is as follows

and the CS gate can be written as

Ucs = (I ® H)Ucnor(I @ H).

The Hadamard gate is a deterministic gate which can be easily implemented by the half-wave
plate (HWP) tilted at 6 = /8 and is described by

(I1.3)

e (6) = (cos 20 sin26 ) '

sin26 — cos?26

In this part of my thesis | have focused on presenting optical methods of implementing such
circuits. Photons seem to be the best potential carrier of quantum information in the sense that
they are potentially free from decoherence. However, there appear different kinds of problems in
the implementation of optical quantum circuits. The most available and the easiest to perform are
linear-optical implementations. The single-qubit gate operations can be reconstructed by using
simple optical devices like beams-splitters, half quarter wave-plates or phase shifters. However,
one needs to remember that to build up a full quantum circuit one needs to introduce an inter-
action between photons. In case of linear-optical implementation it possible to do this but only
by introducing projective measurements with photodetectors. On this account, such gates are no
longer deterministic. Their action is successful only with a certain probability. Still, it is possible
to distinguish between desired and unwanted events. The history of research under linear-optical
implementations can be divided into two periods for which the boundary is the appearance of
article of Knill, Laflamme and Milburn (KLM) [129]. Before publishing the article of KLM common
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was the opinion that to implement two-qubit gate the nonlinear element, which can introduce in-
teraction between photons, is necessary. They proposed scheme to implement a linear -optical
two-qubit gate including single-photon sources, quantum teleportation and error correction. Their
article was crucial not only because it used photodetection to introduce nonlinearity between pho-
tons, but also as they showed how to construct the scalable quantum circuit. After this paper the
interest of the linear-optical implementation increased, especially due to the improved scalability
of the KLM’s proposal. Although in the case of linear-optical implementation one needs to struggle
with nondeterministic entangling gates, still they remain one of the most accessible experimentally
due to available and easy to obtain resources. In a further part of thesis one can find an analysis
of the most common types of linear-optical implementations of two-qubit entangled gates and two
proposals designed with the view of experimental efficiency of experimental realizations.

One of the ideas of improving scalability of KLM protocol was to introduce cluster-states, which
are highly entangled states of multiple qubits. Raussendorf and Briegel [135] proposed a method
of quantum computation called one-way computing or graph-state computing (cluster states are
often represented by nodes with entanglement marked as lines), which is based on cluster states
and local measurements in appropriate basis on cluster state [131]. Using this protocol it is pos-
sible to implement both single and two-qubits operations (in particular universal gates like the
CS or CNOT gates) nearly deterministic with additional feedforward and even conventional detec-
tors. It is worth stressing that such gates can be deterministic only under condition that a specific
cluster-state is given. Moreover, a nonprobabilistic character of such gates is due to the fact that
it is assumed to be something strictly easier than applying the true CNOT gate on independently
prepared input photonic qubits. As far as linear optics is taken into account the no-go theorem for
the Bell measurement is valid and it disables two-qubit gates to be truly deterministic. In a further
part of my thesis implementations using this idea are deliberately omitted. Some exemplification
of the implementations could be found in [135, 136, 137, 138, 139, 140, 141, 142].

The second type of trials of optical multi-qubit universal gates realization is usage of nonlinear-
ity directly. For this purpose one can use internal nonlinearity of media characterized by refractive
index ng e [131]:

Nierr = no + X3 E2, (111.4)

where ny is the ordinary refractive index, E2- optical intensity of a probe beam with proportional
constant (). This kind of media is called the Kerr medium and as one can see from Eq.(lIl.4) it
affects beam passing through the medium by introducing an additional phase shift, proportional
to its intensity. In case of the so called cross-Kerr medium phase shift of a signal depends on the
second probe beam. The last effect can therefore be used to perform the CS gate. This type of
the construction of a quantum gate seems to be more natural than using a set of linear-optical
devices, especially as it can be performed without destructive measurement. However, now the
accessible nonlinearity is too weak to perform the action of quantum gate in a significant way in
case of single photons (x(* ~ 10~22m2V 2 [131]). Not only the available nonlinearity of Kerr
media is very small but also in such types of media there exist other effects which can prevent
the gate operation. In a further Section II1.3 it will be shown a setup to improve nonlinearity in
the Kerr medium to perform the CS gate more effectively and analyzed the influence of spectral
effects on fidelity of gate.
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2 Linear quantum gates
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In this section it will be shown via the analysis of examples known from literature (see Ta-
ble I111.1), different types of linear-optical implementations of quantum gates. Obviously, due to
their simplicity and accessibility, linear-optical implementations using postselection and based
on counts of photodetectors (see a review [131] references therein) stimulate the interest of re-
searchers. Linear implementations became especially interesting after pioneering articles of Knill,
Laflamme, and Milburn (KLM) [129] and Koashi, Yamamoto, and Imoto (KYI) [130]. These works
had a significant impact on development and simplicity of new implementations of entangling two-
qubit gates i.e. the controlled-NOT (CNOT) and controlled-sign (CS) gates as listed in Table 111.1.
However, as far as most proposals of implementations are theoretical draft, they are based on
selective detectors (i.e., single-photon or photon-number resolving). Thus, using such detectors
one is able to obtain gates with higher probability of success than with the more available nonse-
lective ones. Better probability of success takes place therefore at the expense of lack of simplicity
and accessibility of resources. Further it will be shown two examples of implementations which
are based on conventional detectors (also referred to as bucket detectors) which indicate the
presence or absence of photons only.

However, a kind of detectors is not the only obstacle which appears during an analysis of
linear-optical implementations of two-qubit quantum gates. The second problem is nondestruc-
tiveness of gates (ability to operate on qubits without destroying control and target qubits— in
case that any of them would be destroyed the gate will be called in this thesis as a destructive
gate). From an experimental point of view implementations which combine those two features
(nonselective detectors and being nondestructive) would be most desired. However, according
to my knowledge, there are only few proposals of such schemes. As one can see from the list
in Table 111.1 only the proposal of Zou et al. [143] really fulfilled both conditions. This implemen-
tation is based on a quantum encoder (described in Subsection 111.2.1), which allows one to use
conventional detectors and preserve both needed outcomes (a control and a target qubit). The
other gates which likewise use the idea of quantum encoder device are schemes by Gasparoni
et al. [144] (scheme #14) and Zhao et al. [145] (scheme #15). In fact, both are the instances
of experimental realizations of the modified Pittman et al. gate [146] (scheme #12) without feed-
forward. The gate of Pittman was designed for photon-number resolving detectors. However, in
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the realization performed by Gasparoni due to the lack of detectors for appropriate wavelength
conventional detectors were used during the experiment. To be able to realize this implementa-
tion with conventional detectors unfortunately two additional ones were needed. Thus, in the end
they realized a destructive version of the nondestructive CNOT gate of Pittman et al. [146], due to
necessity of measurement of each of the outcomes.

Below other kinds of linear quantum gates have been analyzed in more detail. The implemen-
tations can be gathered in several groups depending on specific characteristic features (they are
listed in Table I1.1). My goal was to classify them based on resources needed to implement them.
| have divided them as follows [Bartkowiak2010b]:

1. with unentangled ancillae,

2. with entangled ancillae (not only the EPR states, but also the Gottesman-Chuang four-
entangled state and the GHZ states),

3. without ancillae at all.

The implementations were compared taking into account the total probability of success, destruc-
tiveness/nondestructivness of gate, type of detectors and the presence of feedforward mecha-
nism. To clarify a definition of a classical feedforward will be recalled. In this thesis feedforward
means that it is possible to use classical outcomes of measurement included in the scheme to
preform unitary operations on the remaining modes.

As mentioned before, in | group ancillae were prepared in unentangled states. The highest
probability of success for this kind of implementation is equal to 2/27 [149] (for scheme #3 in
Table 111.1). It is important to emphasize that there exists only numerical proof [160] (not an-
alytical one in contrast to the nonlinear sign shift gate [161]) that in case of a gate with two
unentangled ancillae 2/27 is the rigorous tight upper bound on the success probability. Further-
more, adding more ancillae does not increase the value of this probability. Obviously implemen-
tations with usage of feedforward can achieve higher probability of success. In Table Ill.1 one
can see example of the gate with probability of success accounts for 1/8 for gates with two an-
cillae [151, 152] (schemes #6 and #7) or even to 1/4 with one ancilla [150] (schemes #4 and #5)
at the expense of destructing the output states. One should realize that destruction (measuring)
of any of outcomes always increases probability of success (this concerns all groups analyzed
here).

In group I, the highest probability of success is equal to 1/16 without feedforward [130,
146] (schemes #9 and #12) and 1/4 with feedforward [129, 146, 151] (schemes #8, #13, and
#16).

Group Il contains schemes of the CS/CNOT inspired by ideas of Hofmann and Takeuchi [154]
(scheme #25), and Ralph et al. [155] (scheme #26). Beside, the three gates mentioned above,
remaining implementations are experimental realizations of #25 and #26 . They use a beam
splitter with the reflection coefficient equal to 1/3, which is characteristic for those implementa-
tions. All of them are destructive (perform the measurement of both the control and target bits for
postselection) and gain probability of success equal to 1/9.

It should be stressed that although cluster type gates were deliberately neglected in Table IIl.1,
one can find in considered implementations two examples of the usage of cluster states . The
implementations of Gottesman and Chuang [147] (scheme #18) and closely related proposal of
Pittman et al. [146] (scheme #19) are the schemes which in nondestructive and nondeterministic
way perform the CNOT gate operation via the usage of a four-photon entangled state |y). This
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state is equivalent to a four-qubit cluster state, under a local unitary transformation. It is included
in Table 1.1 as it uses the state |x) as an ancillae (far from the type of usage of cluster states in
the Raussendorf-Briegel protocol).

2.1 Schemes with conventional detectors and ancillae in tHéHZ states

) )

Figure ll.2: Scheme I- a proposal of the implementatiorhef€NOT gate with the usage of conventional
detectors and the GHZ states, given|agnz), as ancillae. Key:HWP = Upwp(7/8) implements
the Hadamard gaté/; U7 and V" are conditional unitary operations given in Tallle2, whereo, is
implemented byUnwp(0); Dy are photodetectors; PB&re polarizing beam-splitters in théV-basis
[Bartkowiak2010b].

In the following Subsections (l11.2.1 and II1.2.2) presented two schemes for implementations
of the CNOT and CS gates in a nondestructive way using conventional detectors have been
presented. Firstly | have focused on the scheme of the CNOT gate assuming ancillae in the GHZ
state presented in Fig. 111.2 (referred as Scheme 1). The implementation presented in Scheme |
is designed based on the schemes of Gottesman and Chuang [147] (scheme #18 in Table 111.1)
and Pittman et al. [146] (scheme #19). However, scheme #19 was created for selective detectors.
My main goal in this subsection is to present the possibility of modification of #19 to adjust it
for conventional detectors. In both schemes (#18 and #19 ) ancilla was the cluster-type state,
equivalent (under local unitary transformations) to the standard four-qubit cluster states [135], of
the form

N = SS(HH)B) + V), (.5)
where
1
) = —=(HH)+[VV))
1
W) = SUHV) HVH)). (I11.6)
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are the Bell's states (the EPR states). The state |y) can be obtained in different ways, i.e. using
the linear-optical nondestructive scheme proposed by Wang et al. [162] with success probability
accounts for /8. However, Gottesman-Chuang [147] designed a scheme to create such a state
with probability n? /2. This proposal is further applied to Scheme I. The more detailed proposal of
Scheme [, with a scheme to generation |y) included, can be seen in the picture Fig. 1ll.2. As an
input state an arbitrary state |¢;,) was assumed, which can be given by

[in) = a1|HH) + an| HV) 4+ a3|VH) + ag|VV), (111.7)

which is in modes ¢ (control) and ¢ (target). Other 1 — 6 modes correspond to two ancillae in the

GHZ states of the form .

V2
the GHZ states are treated in Scheme | as a resource.

The particular operations which are done on the input states (|¢;,) and two ancilla) are fol-
lowing. Firstly, the photons in modes 4, 5, and 6 go through the Hadamard gates. This is a
deterministic gate which can be easily implemented by the HWP tilted at # = 7/8 (according to
Eq. (111.3)) and which is described by transformations

lYanz) = —=([HHH) +[VVV)). (11.8)

1) = () + V)

N

and

V) = —=(H) = [V))

1
ﬁ

and for two photons with different polarizations,

1
V2
The Hadamard gate can also be equivalently implemented by a 50/50 beam splitter when one
of the input modes is H-polarized and the other is V-polarized, together with two (—x/2) phase
shifters [131]. The latter implementation is particularly useful in understanding the Hadamard
transformation applied to more than one photon. After those operations the total input state has
the form of

|HV) = [1glv) — —=(12x,0v) — [0m, 2v)). (111.9)

2L\/§(|fj{>1|H>Q|H>3 + V1 |V)2lV)s)

@ (|H)a|H)s|H)e + |V)a|V)5|H)e + |V)a|H)s5|V)6 + |H)a|V)5|V)6).  (111.10)

CONES

Then the above state is changed by polarizing beam-splitter PBS; performed in the HV-basis
(i.e., which transmits H-polarized states and reflects V' -polarized states) and the two Hadamard
gates into

") = |®1)54U% + |U ) 34U [x)1256
(IV)11V)21€)3]0)4|9T )56 + [H)1|H)2|0)3]€)a| ¥ )s56) ,

where
Ul = (0 ®@a®)

(y=0,1) are given in terms of the Pauli’'s matrices o, |£) = %(DH) —|2v)), and |0) = |0g)|0y)
denotes no photon in H and V' modes. The detection measurement using detectors D3y, D4y,
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D3y and D,y closes the part for generating |y) state, which is further used as ancilla to the
second part of the Scheme |. The desired state is obtained with probability 7?/2 whenever two
photons separately reach detectors D3y and D4y or D3y and Dyy (see Table 111.2). The success
events are also the ones connected with two separate clicks in detectors D3y and D4y or D3y
and D,y. However, in this case to obtain the state |y) one needs to apply two additional Pauli's
gates o, on photons in modes 5 and 6. As in the case of the Hadamard gate, the Pauli o, gate
can be implemented by the HWP at § = 0 according to Eq. (I11.3).

Such generated state is used as ancilla in the further part of Scheme [, which is the CNOT
gate performed on modes ¢ and ¢ with the input state |¢,), given by Eq. (I1l.7). The state |¢")
is the state after measuring modes 3 and 4. This state is sent through PBS,; and PBS; in the
HYV-basis and four HWPs which transform it into

1
W) = 19T (19F)e v + [T ) V)

V3

HEF)er (|0F)6e V2 + [0 )6V )] [Wout)25 + =5 [tere), (I11.11)

where
vH = (0@)F @ (o)

for k,0 = 0,1. In the Eq. (I1l.11) part called |¢.,,) refers to all events in which two photons enter
one detector. Such situation is a source of errors caused by the fact that conventional detectors
can only detect the presence of photons and not their number. The successful events are those
in which four separate detectors clicks, D,y or D;y for some i (i = ¢, 1,6,t) (two detectors from
part to generate state |x) and two from the CNOT part). This scheme is suitable for using con-
ventional detectors because there are only four photons present in the setup (without counting
output photons). The Hadamard operations performed before polarizing beam-splitters allow one
to recognize individual cases of successful events and use feedforward to correct the output via
unitary operations, when it is needed. Finally, one obtains |¢out)25 = |¥enot), Where

[Yenot) = n|HH) + ag|HV) + as|VV) + cu|VH), (I1.12)

as required by the CNOT operation for the input state given by Eq. (l1l.7).

The probability of a success for this setup of the CNOT operation implementation accounts for
n*/4 if the state |x) is treated as resource and 1°/8 for the whole Scheme | shown in Fig. I1.2,
including the generation of the state |x) (with the GHZ states as resource). The GHZ states can
be obtained from e.g., EPR-state pairs. Zeilinger et al. [163] presented a proposal of the EPR
states generation by the usage of a nondestructive optical method. As for the first time the GHZ
state was experimentally obtained by Bouwmeester et al. [164], there appeared various optical
proposals for creating the GHZ state (see, e.g., Refs. [165, 166, 167, 168]). In principle this
methods can be used to obtain the GHZ state needed to the proposed Scheme |I.

2.2 Scheme with conventional detectors and ancillae in theHR states

As a second example of the nondestructive implementations based on conventional detectors
is the scheme of the CS gate (equivalent to the CNOT under two Hadamard operations), with
ancillae in the EPR or EPR-like states, shown in Fig. lll.3. To analyze experimentally-oriented
effectiveness of this scheme it has been also considered a few kinds of detector imperfections
(dark counts, finite efficiency, and no photon-number resolution) and realistic sources of the ancilla
and input states.
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Figure II.3: Scheme II- a proposal of the CS gate implemtonawith the usage of conventional detectors
and two perfect or the non-perfect EPR stdiasor) as ancillae. Notation is in agreement with the one in

Fig. 1.2. In this caseHWP = Uywp (7/8) corresponds to the Hadamard gételn the text one can find
definitions of states and unitary operatidi's U”, U7, andV'*! (and in TabldIl.3) [Bartkowiak2010b].

This setup (Scheme 1) is based on gates of Pittman et al. [146] (scheme #12) and Zou et
al. [143] (scheme #17). It is worth emphasizing that it had been previously exploited by Wang
et al. [169] as a part of their iISWAP scheme. The main idea of Zou et al. behind obtaining
nondestructive gates with conventional detectors was to use the quantum encoder mentioned
previously. The quantum encoder refers to a device which changes, with the probability of success
equal to 1/2 (to compare with 1/4 without feedforward), an input state «|H) + §|V) into o| HH) +
BV V). This device is convenient to use to avoid the problem of destructiveness of the gate. Thus,
both Refs. [143] and [169] exploited it (to be more specific two encoders with feedforward) in their
implementations to finally perform a nondestructive gate. Similarly to the scheme #17 Scheme I
relies on a double usage of quantum encoder and a triple usage of feedforward. It needs to be
stressed that the main concept is slightly different. The idea is to measure outcomes of quantum
encoders, which were previously combined. This is in contrary to the previous usage of quantum
encoder in scheme #17 where output states of the encoders are measured separately. Due to
combining two encoders it is possible to obtain a cluster-like state (two single-qubit quantum
encoders in scheme #17 can give two separate EPR pairs). The perfect CS gate changes the
arbitrary pure input state, given by Eq. (l1l.7) as follows

[thes) = a1 [HH) + ag| HV) + as|VH) — au|VV). (111.13)

The fidelity can be expressed as
F: <wcs|pout|wcs>7 (|||14)

where F refers to fidelity and is interpreted as a deviation of the output state p,, of a realistic CS
gate from the state |«.s) of an ideal CS gate. A part of a scheme marked by U’ consists of six
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gates (inside of dot-dashed box in Fig. I11.3) and it can be written as
c t ct t 2c t3
U= UI({\a\/PUIEI\)NPUIS’B)SUIEI\)NPUIS’B%UIS’B)S’ (1.15)

where Ugg)s denotes the PBS unitary transformation of £ and [ lines. Note that the PBS operation
in the dual-line (dual-rail) notation (and assuming labelling of lines as shown Fig. 11.3) can be
understood as swapping of H-polarized modes and no action on V-polarized modes. As in the
previous case (Scheme | from Subsection 11.2.1) Ugwp = Unwp(7/8) is the Hadamard gate.
Assuming that ancillae are the perfect EPR states, |¢gpr) = |®*), one can write the total initial
state as

|Win) = [¥in)ct|YEPR)12|YEPR )34, (111.16)

where |t is given by Eq. (I11.7). After the action of the multigate U’ on the initial state |U;,)
one gets
U/|\Ijin> - Nok|¢ok> + Nerr1|werr1> + Nerr2|¢err2>7 (|”17)

where
1

|Yok) = _2(|(I)+>ctU0 + [ o UY)[Ca) 1234 (111.18)

with U7 = (¢{*)7 (j=0,1), and

New = (8laaf* + 7laz|* +6)/16,
Niwy = lo2?/16 + (las]” + [aal?)/2.

In general, |é4>1234 is of the form
|é4>1234 = a1|HHHH> + 042|HHVV> + OZ3|VVHH> — a4|VVVV>. (11.19)

In the special case of all equal coefficients state from Eq. (I11.19) reduces to a four-entangled
cluster state |Cy). As before, states |te,1) and |¢e2) correspond to unsuccessful events. How-
ever, the first one can be excluded by measuring only modes ¢ and ¢ (the first postselection). The
second one refers to all events in which more than one photon reaches a detector. The usage
of conventional detectors does not allow one to distinguish this cases from single-photon states.
However, even though |¢e2) corresponds to the undesired cases, which cannot be uniquely ex-
cluded via the first postselection, they can be later excluded after measuring modes 2 and 3 (the
second postselection). In an ideal case, by assuming conventional detectors without dark counts
and the ancillae to be in the perfect EPR states, the probability of success accounts for P = n*/8
and fidelity is equal to one as in the original scheme of Zou et al. [143]( n* refers to clicks of four
out of eight detectors— see Table 111.3). Moreover, the factor 1/8 is just equal to N2 _in Eq. (I11.17).
So far, it has been presented the transformations of states by assuming perfect sources of
the ancilla states and no dark counts of detectors, both for Schemes | and Il. Here, in contrast,
| have used a numerical method assuming non-perfect sources of ancillae and input states, and
dark counts. Let me analyze an imperfection introduced to the scheme by efficiency of detectors,
mean dark count rate v. The positive-operator-valued measure (POVM) elements associated with
distinguishing vacuum (I1,) and the presence of at least one photon (IT;) can be written as

My = > e ’(1—mn)"m)ml,
m=0
m = 1-T, (111.20)
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where v = 70 Raark 1S given in terms of the dark count rate, Rga..x, and the detector resolution
time, 7.5 [170]. The EPR states as resource can be generated via spontaneous parametric down-
conversion (SPDC). Approximated EPR-like states can be obtained as the output state of a type-II
SPDC crystal or two type-1 SPDC crystals sandwiched together and can be written in the form
(see, e.g., Refs. [171, 172]):

[Yepr) = (1 =~%)712[0)[0) +~(|HH) + [VV))] + O(). (I1.21)

Parameter v is given by the product of interaction time of the pump field and the crystal, their
coupling constant, and a complex amplitude of the pump field. It differs from the EPR state |®)
as it contains both additional vacuum and higher order states. Parameter 2 is usually of the order
10~*/pulse [170] and it describes the rate of single-photon pair generation per pulse of the pump
field. Therefore, vacuum appears in superposition with high probability and it cannot be neglected
when action of the gate is considered.

Each line in Schemes | and Il can carry an arbitrary number of photons in H and V polar-
izations. In a dual-line notation it is possible to express qubits as |H) = |1)g|0)y = |1g,0v),
[V) =10)u|1)v, and |0) = |0)x|0)y. After the action of U’, performing measurement of photons
by the detectors D.y, D.v, D:g, and Dy, p’ has the form of

P =N Tre [Hggmngj,v)nsfmnfjv)U'pin(U')T , (I11.22)

where Tre; = Treg.cvig v, Pin = |Pin) (Win|, N is @ renormalization constant, and the POVM
elements are given by Eq. (111.20); m,m/,n, and n’ are equal to 1 or 0, and refer to clicks or
no clicks of the detectors according to Table 111.3.A. The state p” = U’p/(U%)' is obtained by
performing conditional operations U7 = (022))j with j = 0, 1, defined in Table II.3.A. The state p”
is sent through the Hadamard gates at lines 2 and 3 (U"” = UI({2V)VPU1({3§)VP) and then by the detectors
Dsm, Doy, D3, and Dsy . After that one obtains

n’

p" = N Tras HgH)Hg}/)Hng)H(BV)U//p//(U//)T} : (11.23)

where Tros = Trap ov,sm,3v, While m,n,m’, and n’ correspond to clicks or no clicks of the detec-
tors according to Table 111.3.B.

It is worth noting that the PBSs operations applied before measurement just convert polar-
ization qubits into dual-line qubits. One can see that they can be omitted in a dual-line notation
consistently in our numerical approach. To obtain the final output state one needs to apply the
conditional gates

VE = (oD)k @ (o)

(k,1 = 0,1) according to Table I11.3.B. After this p” is transformed into p.., = V¥ p"(VF)T. For
simplicity, in our numerical calculations it has been reserved three-dimensional Hilbert space
for each mode. Thus it has been set |0)y = [1;0;0], 1) = [0;1;0], and |2}y = [0;0;1], and
analogously for V' polarization. This is valid by assuming dark count rates and ~ parameter to be
relatively low. Otherwise, the higher-dimensional Hilbert spaces should be set.

To estimate the numerically realistic fidelity of a setup one needs to assume realistic values
of conventional detectors [173] (see also Refs. [170, 174]): the detector efficiency to be n = 0.7,
the dark count rate Ry, = 100 s~1, the detector resolution time 7,.s=10 ns. For convenience, it
has been assumed that all detectors are the same. The rate of single-photon pair generation per
pulse of the pump field is set to be v? = 10~*/pulse [170]. Only the first cases in Table 1.3 have
been considered, to omit the necessity of performing the conditional operations. For simplicity
and experimental verification of Scheme ll, it is convenient to assume that SPDC was also used
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to generate the input state |¢i,) given by Eq. (I11.21). The fidelity which has been obtained under
these assumptions is relatively high and equal to F' =~ 0.97.

As it has been shown in Section 1ll.1 the universal gate CNOT, CS and iSWAP are equivalent
under unitary transformations. Thus, the iISWAP gate can be expressed in terms of the CNOT or
CS gates as it can be seen in Fig. Ill.1. Recently, Wang et al. [169] has proposed the linear-optical
scheme for performing the iISWAP operation. Wang used the two EPR states as ancillae, classical
feedforward and conventional detectors. The proposal of Wang is based also on the idea of the
quantum encoder firstly proposed by Zou et al. [143]. However, the probability of success of this
iISWAP implementation is surprisingly low and accounts for n*/32. According to decomposition
of the iISWAP gate presented in Fig. 1ll.1 one can see that probability of success, in fact, can
be reduced to probability of the CNOT or CS gates (as the other gates in decomposition can be
implemented deterministically using the half-wave plates or quarter-wave plates). Evoking both
the list of gates presented in Table Ill.1 and the Schemes | and 1l proposed by me in the last two
subsections it is possible, to implement the iISWAP gate with probability of success even eight
times higher than in the proposal of Wang (when the GHZ states are assumed as a resource) or
four times higher assuming the same resources.
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3 Possibility of usage an nonlinear medium
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After a proposal of Knill, Laflamme and Milburn [129], which showed that photodetection can
introduce nonlinearity to an optical computation, there was a big concern regarding the usage of a
linear optics to provide the linear-optical quantum gates (as has been presented in Section 111.2).
Single photons proved to be good carriers for quantum information and linear optical schemes
are experimentally available and easy to build with simple devices (like half-wave plates or beam-
splitters). Nevertheless, one can not accomplish an entangling operation on qubits (e.g. the
use linear optics to design arbitrary quantum circuits having one of the entangling operations
and some other deterministic gates (e.g. Hadamard gate, X,Y,Z gates), it can only occur with a
success probability lower than 100%, with an agreement with a no-go Bell theorem.

After realizing that the CNOT/CPHASE gate requires a nonlinear interaction between sin-
gle photons, the attention of researchers has moved to nonlinear materials. Chuang and Ya-
mamoto [175] have presented that a cross-Kerr effect can be used to perform the CNOT gate.
They relied on a strong nonlinearity interaction between two single photons in a cross-Kerr medium.
The usage of the nonlinear media gives hope for an implementation of entangling gates in a deter-
ministic way. It would allow one to overcome problems connected with the probabilistic operation
based on linear optics. A few proposals of using a cross-Kerr medium to implement entangling
gates have appeared [176, 177]. Experimentally, the Kerr nonlinearity was achieved by Matsuda
et al [178] who reported a small conditional phase shift (10~"rad) for single photons in an optical
fiber. Also another proposal has been put forward [179] according to which obtaining entangle-
ment between the photon number in one mode and the optical phase in another one using a
spontaneous parametric down conversion and quantum interferometry is achievable. Also Resh
et al [179] reported an enhancement of the introduced nonlinearity.

In the subsections below | would like to present a schemes which can be helpful for enhancing
nonlinearity in the cross-Kerr media. The results are based on theoretical analyses using prop-
erties arising from a group theory. It can be experimentally approximated by a unitary operation,
which can be implemented in a deterministic way in opposition to the linear-optical ones. Due
to the general theoretical background of a group theory this proposal is valid for every kind of
implementation of quadrature squeezing and cross-Kerr modulation. Two setups have been ana-
lyzed which can be implemented for both: single-mode and two-mode squeezing, relativity of the
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availability of the resources, and reviewing experimental features for realizing them.
The Hamiltonian for a single frequency cross-Kerr medium with modes a and b can be written
as
H = xigin, (111.24)

where y denotes the interaction strength, 7, = a'a, n, = bib are photon numbers operators
for modes a and b . Using an appropriate strong cross-Kerr interaction it is possible to perform
the CPHASE operation on two single qubits in such a way, that states |00), |01), |10) will stay un-
touched and the two single-photon state will gain an additional phase |11) — ¢°|11). In particular,
for 6 = = one obtains the CS gate, which under unitary transformation is equivalent to the CNOT
gate.

The quantum gate, which entangles photons (qubits) using its internal nonlinearity emerged
from the features of the medium, as an idea, is much simpler then building of the complicated
schemes even with using very simple devices. It provides to a possibility of getting determinis-
tic implementations of gates, in opposite to a linear optical one, not limited by a no-go theorem.
Unfortunately, Shapiro et al [180, 181] proved, that the phase-noise in the cross-Kerr modulation
would be significant and preclude the effective implementation of the CPHASE gate. Neverthe-
less, as mentioned before, the small conditional phase shift induced by Kerr nonlinearity was
successfully measured by Matsudaet al [178].

3.1 Scheme for the Kerr nonlinearity amplification with one-mode squeezing

It has been presented the scheme for amplifying conditional phase-shift induced by the Kerr
effect using one-mode squeezing operation. Describing the quantum computation process as the
CPHASE gate one can restrict ourselves to qubits and define the states with photon numbers 0
and 1 as |0) and a'|0), respectively. It means that we have to restrict ourselves only to a subspace
of the total photon-number space in terms of a certain experimental method. Therefore, in the
subspace used for quantum computation one can introduce an operator 7, = 2n, — 1, which has
eigenvalues only 1 and —1 so that Z2? = 1. Such defined operator is later used to construct one
of the generators of the SU(1, 1) group I's, which would approximate (with some additional phase
shift operation on qubits in both modes) the quantum Kerr effect described by Eq. (111.24):

. 1 . 1
Py = 52+ 120 = 5(4 fuhy +200 — 20 — 1), (111.25)
Kerr effect

To preserve the bosonic commutation rules for the generators of SU(1,1)

[[1,15) = —i2l's,
[T, T3] = i20,
[[3,T] = 20, (111.26)

it is possible to compose the remaining generators in the following manner

1 an aier a
byo= S0b+ b Z,,
By = (- b, (111.27)
where b and b fulfil the bosonic commutation relations.

Using the vector coherent state theory we find a configuration of the operations which needs
to be performed on qubits to amplify a conditional phase-shift induced by the cross-Kerr mod-
ulation. The vector coherent state theory is based on the fact that the structural constants are
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dependent only on the commutation relations of generators, but independent of the dimensions of
the representations of those generators, for example in the group SU(1, 1) true is below equality

ez‘afi ei,@f‘j _ e(i9f1+i¢f2+iwf‘3). (|||.28)

The structural constants 6, ¢, ¢ are independent of the dimension of generators I';. The generators
in the group SU(1,1), which is noncompact and does not have any finite unitary representation,
can, however, be written in simple two-dimensional non-Hermitian representation as

A . 0 1

't = i092= l 1 0 ] ;

- 0 —2

F = —101 =
2 101 [ i 0 ‘|7

. 1 0

Ta = &a= . 111.29
3 &3 l 0 1 ] (111.29)

According to Eq. (111.29) it is possible to design a setup for enhancing the Kerr nonlinearity (the
coefficients are introduced to the angle definitions)

01002 5515 jigl (i Ts Hi0Ts _ el (111.30)
where

= arctanh(— cosd tanh 26),
= arctan(tan d cosh 20). (11.31)

The proof of Eq. (111.30) can be written in the following method

is is
7o I S I O BV R B A (111.32)
0 e z 1 e 2 0 y*

Bl 0
where
Vo cosh(f) sinh(0)
- sinh(f) cosh(g) |’
1
w = )
\/1 — cos? § tanh? 26
r = —cosdtanh 26,
cos 0 + i cosh 20 sin §

_ . (111.33)
cosh(26)v/1 — cos? § tanh? 26

Despite the lack of a finite unitary representation of the group, results have been checked numer-
ically for spaces with big dimensions.

An enhancement of a phase shift versus a squeeze parameter is plotted in Fig. IIl.5 for (a)
achievable experimental parameter reported by Matsuda et al [178]( 6 = 10~7) and arbitrarily
chosen § = 7/512. b) in experimental regime around 10dB of squeezing for § = 10~7. As can be
seen in Figs. 111.5, it is possible to obtain a significant and strong improvement of nonlinear effect.
As it turns out, when an appropriate squeezed light goes through two Kerr crystals (and phase
shifters PS), the Kerr nonlinearity can be amplified (e.g. for # = 5 the Kerr nonlinearity can be
enhanced about 74 times).

65



Kerr
Kerr

b{S, P S P S,

Figure 111.4: Scheme Il for an phase shift amplification irogéd in a cross-Kerr medium for two modes.
Key:S;- a one-mode squeezing operation= 0, ¢) with the squeeze parameters from e}l.30), CP-
controlled phase gate implemented via the Kerr nonlinga?is-phase shifter (implemented by a quarter-
wave plate)[Bartkowiak2012].

According to Eq. (111.30) it is possible to design a scheme for an amplification of the Kerr
nonlinearity as follows

squeezing Kerr+PS squeezing Kerr+PS squeezing
— A

Sb(e) 611(271,17”,—111,) Sb(¢) 612(271,1111,—111,) Sb(e)
= 3= I(2haits—f) (111.34)

~——
amplified Kerr+PS

Scheme lll is depicted in Fig. lll.4. The unitary operation, which in the Scheme lll is labelled by S;
(connected with exponent of I's from Eq. (111.27) with i = 6, ¢) can be written as (for 6 € R) :

Sy(0) = exp [g(z}z}—iﬁé*)] (111.35)
and can transform the bosonic operator in the following manner
. AP 0\ -
_0) = 2Vh — s 2Nt
Sy(0)bSy(—0) cosh(z)b 51nh(2)b. (111.36)

The above introduced operator is called squeezing operator and can be approximated by a real
physical process. The process of squeezing the states is in fact lowering one of the variances
of the quadrature (for single-mode phase-rotated quadratures are defined as &(¢) = aexp(i¢) +
a' exp(—ig)). In order to clarify the mathematical description of squeezing one can recall the well
known definition of the squeeze states as a group of the states with the minimum uncertainty. It is
possible to decrease the noise in one of the two quadratures by obeying an uncertainty relation.
In general, the squeeze parameter (¢ in Eq. (111.35)) is a complex number which can be written as
0 = rsexp (i2¢), where r, is a degree of squeezing and ¢ an orientation of the squeezing axis. By
manipulating the squeeze parameter one is able to decrease the minimum variance and increase
the maximum one. Squeezed states are characterized by asymmetric distribution function, which
is in agreement with lowering of the noise below the quantum limit in the one of variances (while
obeying the uncertainty principle).

However, the process which is governed by operation from Eg. (I11.35) cannot be found di-
rectly. Although, the form of the operator S, can suggest what kind of phenomena can be used
to approximate squeezing operation in experimental reality. Because the squeezing operator is
expected to decrease the noise of the optical field and, therefore, squeeze the state of light, the
phenomena of nonlinear interaction between light and medium are needed. Nonlinear process is
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necessary to achieve correlation between quadratures. It is possible to distinguish two classes of
interactions which are governed by the following Hamiltonians

H=ih(axPa? — axPa't?), (111.37)
H=ih(e®x®a? — a?x®al?), (111.38)
where the y(?) and x(®) are the second and the third susceptibilities of the medium, and « is the

amplitude of the pump field (with the assumption it is a strong classical light). Another type of
interaction which can cause the squeezing effect is the one described by the Hamiltonian

H = ihxP (b'alay — bayald), (111.39)

which converts photons in the mode b into photons in the modes a; and as introducing a correlation
between quadratures for different modes (e.g. the second harmonic generation process). A list of
the most popular methods of squeezing can be found in Table 111.4.
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Table 111.1: A list of the main types of linear-optical impfentations of the CS/CNOT gates. Kely—

the total probability of success, E (T)—experimental (fie¢ioal) implementation|y)—the Gottesman-
Chuang state equivalent to a four-qubit cluster stafd]] “—measurement of both the control and target
bits used for postselectiob—assuming perfect efficiency) & 1) of detectors [Bartkowiak2010b].

Authors E/T Comments P Feedforward Entangled Destructive Conventional
ancillae detectors
I. UNENTANGLED ANCILLAE

1 KLM [129 T = no 0 no no
2 Ralphet al.[14§ T simplified #1 = no 0 no no
3 Knill [ 149 T improved #1 Z no 0 no no
4 Pittmanet al.[150 E 1 no 0 yes no
5 ditto T modified #4 1 yes 0 yes no
6 Giorgiet al.[15]] T modified #16 % yes 0 no no
7 Baoet al.[157 E modified #13 % yes 0 no no

II. ENTANGLED ANCILLAE

8 KLM [129 T 1 yes EPR no no

KYI[130 T i yes EPR no no

10 ditto T modified #9 %b yes 3xEPR no no
11 ditto T modified #9 1 yes 5xEPR no no

12 Pittmaret al.[146 T i no EPR no no

13 ditto T modified #12 1 yes EPR no no
14 Gasparonet al.[144] E realization of #12 1—16 no EPR yes$ yes
15 Zhaoet al.[14H E realization of #12 % no EPR ye$ yes

16 Giorgiet al.[15]] T related to #12 i yes EPR no no

17 Zouetal.[143 T related to #12 é yes 2xEPR no yes
18 Gottesman,Chuan@47 T yes [x) no —
19 Pittmaret al.[146] T based on #18 i yes [x) no no

[l. WITHOUT ANCILLAE

20 Pittmanret al.[146 T 3 no 0 yes no

21 ditto T modified #20 3 yes 0 yes no
22 Pittmaret al.[153 E realization of #20 i no 0 yes no
23 Giorgiet al.[15]] T related to #20 i no 0 yes no

24 ditto T modified #23 z yes 0 yes no
25 Hofmann, Takeuchilb4 T % no 0 yesg' no
26 Ralphet al.[155 T equivalent to #25 % no 0 yes$ no
27 O’Brien [156 E realization of #25, #26 % no 0 yes$ no
28 Okamoteet al.[157] E realization of #25, #26 % no 0 yes$ no
29 Kieselet al.[159 E simplified #25, #26 % no 0 yes' no
30 Langfordet al.[159 E equivalent to #29 % no 0 yes$ no
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Table I11.2: Required conditional operatiof§ andV* for Scheme | for an appropriate clicks configura-
tion of ideal detector®); [Bartkowiak2010b].

Dsg  D3zy  Dsg Dy Ui
1 0 1 0 I
0 1 0 1 I
1 0 0 1 6P gs?
0 1 1 0 Vw69

Dcg Doy Dig Diw Dy Devy Dig Dy vkt
1 0 1 0 1 0 1 I
I
I
I

)
)
)
)

)
)

52
52
52
52
5
5
5
&

)
5% ® 5
6% @6l
6% @6l
5 ® 5

OO0OFrREFr OOFR PR OOFR PEFLR OO R
P P OO PRPRRFPROO PP OO L FrO
OO0OR R P ERLPLOO RPRPR OO OO0
P P OO OOFR PR OOFR PFR L RELO
OPrP OFr OFLPOFr OFRP OFrR OFr O
R OFRP O P OFRP O PRFPRORO L O R
P OPFRP O P OFRPR O OFP OFR OFr O
Or OFr OFRPROFR PORFRO FROLPRO

Table 111.3: Same as Tabl#.2.A. but for Scheme Il [Bartkowiak2010b].
Doy Doy Dsy Dy U

1 0 1 0o I
0 1 0 1 I
1 0 0 1 &2
0 1 1 0o &P
D.y Dey Dig Dy VK
1 0 1 0 I
0 1 1 0 5D
1 0 0 1 &M
0 1 0 1 sMes®
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T.

Table 111.4: A list of the most popular methods of the lightisgzing, based o203; Key: H-type of Hamiltonian from Eqgsli{.37,111.38, 111.39); PS- possibility of the
pulse squeezing usage to enhance nonlinearity.

TYPE OF | PHYSICAL H PS DESCRIPTION
MEDIUM | PROCESS
x OPA [182 183 184 185 186 (3) | yes 187,189 | - one of the most successful results

in the early stage of research;

- the most popular medium—-LiNbQO

- the most characteristic feature

of the squeezed light has been shown, like

noise suppression, preservation of uncertainty rule,
enhancement in the opposite quadrature

SHG [189 190, 191, 192 3) yes [L87] - the most reliable and effective for amplitude squeezing;
x® 4WM [193 ) - the first experiment;
Kerr media - a problem with extra sources of noise;
-aneed of high¢®), interaction length and high pump intensity;
1. Optical fiber yes [194 195 | - ¥ possibility to use long (several hundred of meters)
- the pioneering experimentt 94§ media, and strong pulses instead of high;
- usage of solitonsl97, 198 199 - popular for photon-number squeezing;

-problem: Brillouin scattering (can be avoided
using solitons or pulse squeezing);

2. Resonator media - x®) enhanced several orders of magnitude
by operating close to atomic resonance;

3. Cascade of(?) [20Q 201, 202 - simultaneous OPA or SGH;




Following the Ref. [203] we can distinguish a few most important types of experimental realiza-
tions of the squeezing process (Table 111.4). The first squeezed light was experimentally realized
by nondegenerate four-wave mixing (4WM) via the usage of sodium atoms in a cavity as a non-
linear medium [193]. Although, with a view of obtaining large squeezing this method has been
reported to be not stable enough to achieve 10dB. The second group consist of optical parametric
processes (OPA), the usage of which was reported for the first time by Wu et al [182]. Nonlinearity
was enhanced by placing the x(2 medium in a cavity. The most popular medium used in such
experiments is LiNbO3. One of the best results was achieved by Pereira et al [183] (—7.1dB).

The most reliable and effective method to decrease the noise is the second harmonic genera-
tion (SHG). Using this method it is possible to obtain a consistent noise reduction for many hours.
Large squeezing was obtained by Kirz et al [192]. Referring to the Eq. (111.38) it can be seen
that approximation of a squeezing operation can also be obtained by the Kerr effect. There are a
few main methods of obtaining squeezing via x(*) media, like: i) via the usage of optical fibres, ii)
via nonresonant media inside a cavity, iii) via resonant media with enhanced x®), or iv) using a
cascade of y(2).

A big advantage of an optical fiber to perform squeezing is a possibility of the usage of the
length of the medium to increase nonlinearity. Nevertheless, because of Brillouin scattering driven
by a thermal mode, it is very hard to obtain large squeezing [196]. There appeared attempts to
avoid this problem via cooling of the medium [204, 205].

Some of the best results of squeezing were achieved in the experiments which used pulsed
squeezing with high intensities of the pump and nonlinearity [206]. For instantaneous response
this technique can improve the experiments using SHG, OPA or Kerr effect. Another idea is to
use solitons, which are the robust against a variety of perturbations after an interaction (they
preserve the temporal shape of pulse, energy and momentum) [197, 198, 199]. The usage of
these two techniques (pulse squeezing and solitons) is expected to make it possible to achieve
large squeezing. For more details go to [203].

The CP in Scheme lIl is the CPHASE gate which was deterministically implemented by the
Kerr nonlinearity via a cross-phase modulation. As mentioned before a small phase shift for a
two single-photon state is achievable. Matsuda et al [178] used the Sagnac interferometry to
measure the phase shift in a photonic crystal fiber. The last part of our scheme is a phase shifter,
which can be implemented by a quarter -wave plane.

3.2 Scheme for the Kerr nonlinearity amplification with two-mode squeezing

In analogy to the case described earlier it will be shown Scheme IV for a three-modes case
to adapt our setup also for the usage of two-mode squeezing operation (e.g. using the process
approximated by Hamiltonian similar to Eq. (111.39) which is defined as follows

Spe(6) = exp [9(5&—6*@* )], (111.40)

and satisfying the Bogolubov transformations

gbc(G)f)Sbc(—G) = bcoshf — ¢l sinho,
Spe(0)éSpe(—0) = écoshd — b sinh 6, (11.41)
analogous to Eq. (111.36) for the single-mode case. In this case one is able to improve the double

Kerr effect on two modes separately. The generators of the SU(1,1) group can be written in
analogy to Egs. (111.25)-(111.27) as
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Figure 111.6: Scheme IV for an phase shift amplification indd in a cross-Kerr medium for three modes
(with a two-mode squeezing operation). A notation is sintitethat in Fig.lll.4 [Bartkowiak2012].

[ = (be+b'eh)Z,,
Iy = —i(be—bieh),
T, = (p+ne+1)Z, (111.42)

with the same commutation relations for SU(1,1) group from Eqg. (111.26). Relying on Eq. (111.30)
we can derive the following equality

squeezing Kerr,,+PS Kerr,.+PS squeezing

S, (0 i3 (2hafty—iy) i3 (2fafic—Tc) ’S \
be(0) € € be(®) -
Kerr,,+PS Kerr,.+PS

squeezing

) —~N =
el%(Qnam, p) 12(211,111r fe) She (9)

_Pi('y §)(27q—1) 'y(2nanb fp) 17(2nanp—np) (|”43)

PS amplified Kerr4+PS

As can be seen in the Fig. IIl.6 Scheme IV consists of the Kerr effect applied simultaneously in
two modes on the squeezed light. The enhancement is analogical with the two-mode case.

3.3 Experimental feasibilities of the schemes

The most experimentally challenging part of our schemes is an implementation of the squeez-
ing operation which would be as strong as possible. In the recent years, many proposals con-
nected with different kind of squeezing have appeared (as one can see in Table IIl.4). Itis possible
to implement a squeezing operation via microstructure fibers [207] as well as organic polymers
or semiconducting materials [208, 209, 210]. To my knowledge the strongest squeezing reaches
the value of about 10dB ([dB] = 1;12(01% where 6 is squeezing parameter), what corresponds to
0 ~ 1.15. In the region that is experimentally available dependency is shown in Fig. 111.5(b).
As far as squeezing is taken into account the biggest losses are present during detection of the
squeezed light. According to Valbruch et al [211], it is possible to obtain the quadrature squeezing
of about 10dB via the | degenerate parametric optical oscillation with probability of success about
97%. Corney et al [212] achieved the polarization squeezing in an optical fiber with probability of
about 98%.

The small Kerr nonlinearity in the ultrafast response regime was obtained and shown by Mat-
suda et al Ref. [178] for single photons. The losses they obtained equal approximately 50%.
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Using the experimental data given above we can roughly estimate effectiveness of our scheme.
In proposal presented in Subsections I11.3.1 and 111.3.2 three squeezing devices and other two
that should produce the Kerr nonlinearity are used. Taking into account experimental results it is
possible to obtain approximately 20% of success in Schemes Ill and IV.

3.4 A spectral effect in the non-instantaneous response ihé cross-Kerr medium

In this subsection it have been described how spectral effects can affect fidelity of the cross-
Kerr effect for a general input state. Further, it will be shown that even when spectral effects are
taken into account applying squeezing operation on an input state before sending it through the
Kerr effect presented before, corrects fidelity of the gate. At first, | will shortly review the results
obtained by Leung [213] to further generalize them. It is important to emphasize that consideration
presented below does not include a phase-shift noise. Obviously, taking into account also this kind
of noise one needs to expect a deterioration of results.

A response of the Kerr medium depends on the frequency of an input states. Thus, it is crucial
to understand what kind of influence the spectral response effect has on spectral profile of the
photonic input state, and further, fidelity of quantum gate. Hamiltonian for the cross-Kerr medium
(for instantaneous response and no self-Kerr effect) can be expressed as [213]:

H(t) =xPeo /v dr3 (EPT(r, t)E,(r,t) ( /000 dTg(T)EST(P,t — 7)Eq(r,t — 7) 4 ki (T, 7“))

—|—(/OOO dTg(T/)EpT(I',t —7VE,(r,t —7') 4 king (7, r))EST(r, t)Ey(r, 2‘)) (11.44)

Evolution of the states will be considered in an interaction picture. Thus, following Leung [213],

as the time-commutable interaction Hamiltonian is considered, one can write unitary evolution of

state as
t1

U(t1, to)[) = exp (T{ - % ﬁ(t)dt}) 1) (111.45)

and expand it using the Taylor series (and neglect 7). The electric field operator of mode ; for
one spatial mode is defined as

to

Bl(ot) = Ay [ duydy!(wy)eistnen, (I1.46)

where A; as slowly varying amplitude can be factored outside of integral and written in the form
of
hw;

A= Ag(w;) =iy |—
J i) =1 dmeeon’ (wo)S’

where S — the cross section area of the beam and n;(w;)— the refractive index for mode j. It is
assumed that the effects connected with a fast non-instantaneous regime dominate the dispersion
effects (in such a case k; becomes a constant). In an interaction Hamiltonian given by Eq. (11.44)
m(T, z) refers to a noise operator. Its choice is ruled by a condition that it has to preserve the
commutation of the filed operators in non-instantaneous response regime [213]. In the case
considered in this thesis, that is the cross-phase modulation, the noise operator can be defined

as
(T, z) = /Oo dwi/ @Jl(z)eim + h.c., (11.47)
0

and can be interpreted as a set of localized and independent harmonic oscillators (G(w) =
[ drsin(wT)g(7)). For simplicity it is assumed (following Ref. [213]) that for fast response regime |
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can approximate g(7) in the following manner
M
9(r) ~ exp(—M>7?).

In such a case Hamiltonian from Eq. (l1.44) can be rewritten to form

I;T(t) ~ X(g)L<//OO dwp,, dwy, &L+€Lp_ei(7w"++w”—)t//oo dw,, dw,_
X /OO dTg(T)ELZ+ Gyl TWsptws Nt mi(mway Fwa )T
0
—oo 0
x e i mwsy tws )7’ / / h dw5+dw37&L&Lei(_“’w*‘“’sfﬁ). (111.48)

After integration over 7 and with assumed large M parameter the Hamiltonian above can be
transformed into

N L o0
H(t) 'f::% //// dwpy dwy_ dwsy dws_
(wpy —wp_)? (wsy —ws_)?

&L(prr)dp(wp,)&l(wH)&s(ws,)exp(—iAwt)) <e_ anrz +eT T o > , (111.49)

Aw = wpt —wp— +wet —ws— is the frequency detuning, L is the length of the medium and x— the
interaction strength (including some constants from an electric field). Dispersion can be omitted
as the sum of the wavenumbers is zero.

Unfortunately this Hamiltonian does not commute for different times. However, Leung et
al. [213] showed that similar spectral effects can appear while using both the Taylor and the
Dyson series. Thus, for simplicity the Dyson series can be replaced with the Taylor series in the
presented consideration. After integrating Hamiltonian from Eq. (111.50) over time (with bounds
from —oo to oo for far fields) one can write

a— / Ayt = v / / i, deop deesl(wp, V(W )l (Wa, )a(Wpy — Wp. + Wy )B(wpy» Wp_ ),

(11.50)
where
(Wpy —wp_)?
Hwp, ,wp_) = exp (—% .
A single-photon state with a Gaussian spectral profile can be expressed as
1) = / dw a'(w) f(w)]0), (11.51)

where

f() = \/O_:\}% o (-1 ).

and v; = w; — p and p is the mean frequency. Thus, an arbitrary spectrally separable input state
with modes p and s can be written as

|, y) = /Oo dwyd’ws (@} (wp))” (@l (ws))! (f (wp)” (£ (ws))"]0). (11.52)

— 00
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A unitary action on an arbitrary -number photon state |z, y) has the form of

. oo s n o0 0_2 ')
Ulz,y) = ZO% (%) |z, y) = Zoﬁ/oo dwpd w2 (wp, ws) (@) (wp)) " (@ (ws))?]0). (111.53)

In general case f?¥(w,,ws) can be expressed by

hi(vy 4 vg)% + ho(xv? + 1/82 + 402 M3v,v,
FEY (wp,ws) = YV @H0/4 75 exp (‘ ) Skl — ], (l.54)

47 o2
where
Y =2y7Mazy, V =202,
Z=2M*n—1)(x+y—2)+M?>0*((n—1)(x+y)+2)+ 0%
hi = ]V[Q((n — Dy (2M? +0%) = M?*(z +y)] — 02),
and

hy = 2M?6?% + o2,

Leung et al. [213] and Shapiro [214] showed that the cross-Kerr medium induces a little phase
shift onto a two single-photon state. Using Eqgs. (111.53) and (lll.54) it is possible to check the
existence of a phase shift onto multi-photon states. It can be found for particular states computing
argument from (z, y|U|z, y).

As can be seen in the Figs. llIl.7 it is possible to obtain a little phase shift for an arbitrary
input state (when phase-noise is not considered). Figs. Ill.7 present dependency of a phase
shift for five different input states introduced to Kerr medium from the length of medium in which
spectral response appears. In X variable is hidden dependence on susceptibility and length of
the medium.

3.5 An analysis of spectral effects in a setup combining sgeeing operation and
cross-Kerr effect

As has been shown in Subsections 111.3.1 and I11.3.2 it is possible to enhance the nonlinear
Kerr effect via the usage of a squeezed light using e.g. parametric down conversion in x(?) crystal.
One can describe spectral properties of this process analogically to the Kerr effect. The interaction
Hamiltonian for x(?) crystal can be written as [215]:

H(t) = xL /// dwpdwsdwi&;(wp)&s(ws)&i(Wi)SinC (LTM> e"Tt et L p e (111.55)

where
Ak = ky(wp) — ks(ws) — Ki(w;)

is the phase mismatch and Aw = w, — ws; — w; is the frequency detuning; x like previously refers
to the interaction strength (incorporated with some constants from the electric field expressions).
The phase mismatch is expanded in Taylor series the way Grice and Walmsley [216] and Leung et
al. [215] did it. Following Leung et al. [215] the assumption, that the higher orders can be omitted
and crucial become the terms up to first order, will be kept. In this case

Ak~ AR + K v, — kK,

/
Vs — kv,
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Figure 111.7: An induced phase-shift in Kerr medium in a casevhich spectral effects are taken into
account with increasing length of the medium. Key:= 2Y™XEM for 5 — 109 and M = 10'!. Figures
present a phase shift gained for the different input statgld ) and (b)21), |22), |32), and|33).
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where v; = w; — p; and p; is the centre frequency of the photon in the mode j, and p, = 1y = p
and p, = 2u. Parameter k; links to the derivative of wavenumber k; with respect to w; and
evaluated at ;. Due to the conservation of momentum at the zeroth order term

AKO = kp(pp) — ks(ps) — ki(pi) =0
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and thus
Ak = kv — kv — kiv;.

2

To perform a squeezing operation the type Il parametric conversion is necessary, So one needs
to assume k., — k; # 0. According to [215], strong nonlinearity can be obtained from many thin
slices each with weak interaction. Therefore, one can impart a bulk x(2 with length N x L to N
slices of length L [215]. In such a case a unitary operator has the following form

o0 Zh‘ t1—AT Zh t1—2AT Zh‘ to

. 1 t1 R 1 t1—AT R 1 to+AT R
Uﬁhm):§m1(L+— H@MQ 1+ Hydt) ... (14— Ht)dt |,

(111.56)

where AT = (t; — to)/N. For the slices which are time separated (that the wave packet exits one
slice before entering another) the unitary operator can be expressed as a Taylor series

U:1+%/_Zﬁ(t)dt+% (% /_Zﬁ(t)dt)2+---:eXp (% /_O;ﬁ(t)dt). (11.57)

After integration over time one can write [215]:
ﬁ:/ H(t)dt

=xL // dwpdwsdwid};(wp)&s(ws)&i(wi)

X sinc <LTM) exp <ZL2Ak> §(Aw) +he.=H_ +H_, (111.58)
where
H, =xL / / / duwpdwsdw;al (wp)as (ws) i (w )0 (ws, wi)5(Aw), (111.59)
A =L / / sy oy deosiiy (w0p )il (ws)at! (@i )0 (s 00)5 (Do), (111.60)
and
ws, w;) = sinc (LTM> exp (ZLﬁk) . (111.61)

For simplicity, it is possible to approximate Eq. (ll.61) using sinc ~ /Cmexp (—(x?) where
¢ = 0.193... [213]. Using Egs. (I1.57) to (I11.61), and assuming |tout) = U[t)0) = [theven) — i|tboda),
Leung et al. [215] obtained an expression for an even and an odd part of states after passing
through x? medium. The odd and the even parts of the output states correspond to an up-
conversion of two photons from signal and idler modes into a photon in the pump mode, and two
photons from signal and idler modes remain in the two modes, respectively. For me the most
interesting is the last case, which one can use as a new input state to the cross-Kerr medium.
The even part of state has the form of

2
|weven>:cos(%ﬁ> |¢0>:(1—%<|X|;_LVL) / oo (02)} (w10 (e, 100) o -+ ) [0)
(111.62)

78



where
Joi— / oo () f (ws + w; — w)O(w; ws + wi — w),

and f(w) is defined in Subsection I11.3.4.

The extended phase matching condition &/, = % and the condition L?vo? (k} — k) (k, — k}) =
; are fulfilled for some choice of parameters, e.g. for a reasonable set £, = 5.6 x 107%(s/m),
ki = 5.2 x 1079(s/m), and o = 10°(Hz) [215]. Due to this choice of parameters the second term

of the Taylor series is proportional to |1y) and spectrally separable. Thus, it is possible to write

V" (ws, wi)Js,i = Rf (ws) f(wi),

where
2(m3
_ _ 2 _ _
R, = /dw|<1>(w,wp w)|® = 0k )
Thus, one can write
NL —~
|¢even> = COs (% R) |¢0> (|”63)

The state given by Eq. (l11.63) after going through the cross-Kerr crystal will gain enhancement
of a phase shift proportional to cosine. In the Figs.lIl.8 it is possible to see, how adding a squeez-
ing of the input state can improve fidelity of the gate performed on the Kerr medium. Fig.lll.8(a)
reconstructed the results obtained also by Leung et al. [213]. As it can be seen in Fig.ll1.8(b)
sending the input state previously through a bulk x(?) significantly improves fidelity of the gate
(about three order of magnitude). Thus, Schemes Ill and IV presented in Subsections 111.3.1 and
I11.3.2 can be helpful to perform the effective CPHASE even if the spectral effects are taken into
account. Especially, that meaningful enhancement of the phase-shift can be seen already after
adding one squeezing operation.
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Figure 111.8: A dependence of the quantum gate fidelity basedhe Kerr medium on the length of the
medium. Figure (a) refers to a case when the two single-phofmt was introduced to the Kerr medium,
Figure (b) when the squeezing operation accountingl foiB was performed on the input state before
sending it to the Kerr gate. The notation is in agreement thi¢hone in Figll.7.
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Chapter IV

Concluding remarks and main results

The results presented in this thesis are based on analyzing and generalizing an operational
criterion of nonclassicality for multi-mode radiation fields of Vogel [58], which is a generalized
version of the Shchukin-Richter-Vogel nonclassicality criterion [7, 8] for single-mode fields and the
Shchukin-Vogel entanglement criterion [9, 57]. | was seeking an effective experimental method to
test nonclassicality by linking the operational Shchukin-Richter-Vogel criteria and wide knowledge
of optical implementations using the commonly available resources.

1 A detailed list of the obtained results

Concluding remarks are presented in the order of appearance in the thesis.

In Section II.2 classical inequalities for multimode bosonic fields which can be treated as nonclas-
sicality criteria, as they are violated only by nonclassical fields, were derived. Criteria presented
in the thesis are based on the generalized version of the Vogel criterion [58], which is a general-
ization of the analogous criteria for single-mode fields of Agarwal and Tara [6] and, more directly,
of Shchukin, Richter, and Vogel [7, 8].

e In Subsection I11.2.1 a generalization of the Vogel criterion was proposed for arbitrary multi-
mode fields, which was based on polynomial functions of creation and operators, contrary
to the original Vogel's criterion based on monomial functions.

e In Subsection I1.2.2 it was shown how, in general, some nonclassicality criteria for one-
mode fields based on moments can be reduced to the violation of the Cauchy-Schwarz
inequality [14].

e Subsection 11.2.3 contains examples of bringing nonclassicality criteria to multimode quadra-
ture squeezing [5] and its generalizations.

e There were also presented (Subsection 11.2.3) some criteria linked with the sum and differ-
ence squeezings defined by Hillery [68], An and Tinh [69, 70], as well the principal squeezing
connected with the Schrédinger-Robertson indeterminacy relation [67] (defined by LuksS et
al. [66]).

e Examples of the criteria based on the violation of single-time photon-number correlations of
the two modes are shown in the Subsection 11.2.4. In particular:
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— It was analyzed how it is possible to use the previously introduced nonclassicality cri-
teria to obtain criteria connected with violations of conditions for squeezing of the sum
and difference of photon numbers (which refers to the photon-number sum/difference
sub-Poisson photon-number statistics) [74].

— It was also presented how to link the nonclassicality criteria with violations of the
Cauchy-Schwarz inequality [14] and violations of the Muirhead inequality [81, 73] (a
generalization of the arithmetic-geometric mean inequality).

— The usage of the introduced criteria in order to obtain the condition for the two-time
photon-number correlations of single modes including photon antibunching [5, 14,
76] and photon hyperbunching [77, 78] for stationary and nonstationary fields was
demonstrated.

e In the Subsection 11.2.5 a few inequalities derived from the nonclassicality criteria were
shown, which, as long as my knowledge is considered, have not yet been characterized in
the literature.

e Subsection 11.2.6 demonstrates a recipe for a construction of a infinite number of nonclas-
sicality withesses based on moments of the annihilation and creation operators.

In Section I1.3 it was presented how entanglement criteria based on the Shchukin-Vogel entan-
glement criterion [9, 57] can be connected with the known condition for detecting entanglement
and linked with nonclassicality criteria.

e In Subsection 11.3.2 a connection between the entanglement criteria introduced previously
and the Cauchy-Schwarz inequality was shown.

e The known entanglement conditions (e.g., of Duan et al. [44], and Hillery and Zubairy [45])
which can be also obtained from nonclassicality criteria are shown in Subsection 11.3.3.

¢ In the thesis a general method for expressing inequalities derived from the Shchukin-Vogel
entanglement criterion [9, 57] as a sum of nonclassicality conditions is demonstrated. In
particular it was shown how the Simon entanglement inequality [46] can be expressed in
terms of sums of nonclassicality inequalities (Subsection 11.3.3).

e With the help of the entanglement criteria entanglement witnesses were constructed, which
can be applied to analyze properties of different systems (Subsection 11.3.4).

An application of the nonclassicality and entanglement witnesses constructed based on matrices
of moments of annihilation and creation operators to analyze sudden vanishing and rebirth of
quantum correlations in optical systems was shown in Section I.4. The concluding remarks from
this part of the thesis are following:

e Both entanglement and nonclassicality (defined as violation of the classical inequalities)
demonstrate sudden vanishing in a dissipative system [5, 83] (Subsection 11.4.2).

e It was shown that the sudden vanishings can be observed also when dissipation is not con-
sidered in both bipartite or multipartite (multimode) interacting or noninteracting systems
(Subsection 11.4.2), in a single-qubit and single-mode systems (Subsection 11.4.3). Those
conclusions are given after analyzing single-mode squeezing of a photon number, squeez-
ing of quadrature operators [5], and violations of other classical inequalities [83].
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e Periodic sudden vanishings of quantum correlations can be observed even for non-dissipative
systems which are initially in pure states. As an example, a quadrature squeezing of light in
the Kerr medium is considered. It was shown that squeezing, treated as witness of nonclas-
sicality, in such system exhibits periodic sudden vanishings for some finite periods of time.
However, to obtain proper finite-time sudden decays (in terms of original sudden decays of
entanglement [43]) the dissipation needs to be introduced to the system by coupling such
systems to the environment. Taking into account damping, results in irregularity and the
loss of periodicity of the evolution of the nonclassicality withesses. Moreover, one can sum-
marize that the introduced decoherence cannot be considered as a necessary condition for
appearance of the sudden vanishings. However, there is a need to stress that decoherence
can accelerate the occurrence of the first sudden vanishings (Subsection 11.4.3).

In Section IIl.1 it was demonstrated how the iISWAP gate can be decomposed into the CS/CNOT
gate and deterministic gates including the SWAP, phase or Hadamard gates. Thus, the probability
of success of the ISWAP gate can be reduced to the probability of the CNOT or, equivalently, the
CS gate. In such a manner it is possible to use both proposals of linear-optical implementations
presented in Subsections 111.2.1 and 111.2.2. Therefore, using the presented Schemes | and Il to
implement the ISWAP gate one can obtain the probabilities eight (for the CNOT gate when the
Gottesman-Chuang [147] state |x) is given) or four (for the CS gate when the EPR states are
given) times higher than in the Wang et al. [169] proposal.

Section Ill.2 contains analyses of possibilities of implementation of universal linear-optical quan-
tum gates. Two experimentally-friendly proposals of implementation of quantum gates with the
usage of conventional detectors and feedforward operation, were presented.

e Also a possibility of the usage of conventional detectors in implementations of nondestruc-
tive gates originally designed for single-photon detectors were studied. In particular the
scheme of Pittman et al. [146] was considered, that is a proposal of an implementation of
the nondestructive CNOT gate. It was shown that conventional detectors can be used in
this setup achieving the probability of success equal to n*/4.The assumption that needs to
be added is such that the Gottesman-Chuang four-qubit entangled state [147] is given. If
the pair of ancillae in the GHZ state is considered as a resource, the probability of success
accounts for n°/8 (Subsection 111.2.1).

e In Subsection 111.2.2 one can find my second Scheme Il described as a modified version of
the scheme by Zou et al. [143], which is a proposal of an implementation of the CS gates
with ancillae in the EPR or EPR-like states. The probability of success in an ideal case is
equal to n*/8. Then analyses of experimental feasibility of this scheme were performed.
Under consideration was also the influence of an assumption of realistic sources of ancilla
and input states, and detector imperfections to include dark counts, finite efficiency and no
photon-number resolution on fidelity of a quantum gate. The obtained fidelity of proposed
gate under realistic assumption is relatively high and accounts for 97% (Subsection 111.2.2).

The results concerning improving nonlinear quantum gates are presented in the Section II1.3.

e A vector coherent state theory has been applied to design the schemes for an amplifica-
tion of the conditional phase-shift which can lead to a deterministic implementation of the
CPHASE gate. Two types of the possible squeezing operations were taken into account: a
one-mode (Subsection I11.3.1) and two-mode (Subsection 111.3.2) squeezings.
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e The possible experimental implementations of the proposed setups were analyzed and their
effectiveness, which has value of approximately 20% (as the cross-Kerr modulation is a
process with a multiple amount of an additional noise), was estimated (Subsection 111.3.3).

e Based on the results of Refs. [213, 215], spectral properties of cross-Kerr (Subsection 1113.4)
and x(® media (Subsection 111.3.5) were analyzed.

e It was shown that even when spectral properties of pump and media are considered, a
squeezing operation can improve fidelity of quantum gates designed using the Kerr nonlin-
earity x® (Subsection 111.3.5).

2 The most important results of the thesis

The most important results of my thesis have been published or will be submitted for further pub-
lication [Bartkowiak2010a,Bartkowiak2010b,Bartkowiak2011,Bartkowiak2012]. As detailed list of
results was presented in the previous subsections, here | would like to rather focus on meaning of
obtained results.

2.1 Unifying derivation of classical inequalities [Bartkaviak2010a]

Some methods for creating operational criteria to test quantumness of multimode bosonic
fields (or multiparty bosonic systems) have been analyzed. The procedure applied in the thesis
allows one to unify derivation of many known inequalities and to propose new ones. My research
is based on a criterion relying on analyses of the positivity of the multimode P-functions or, equiv-
alently, the positivity of matrices of expectation values of, e.g., creation and annihilation operators.
Under consideration there were not only monomials, but also polynomial functions of such mo-
ments. It is important to emphasize that the usage of polynomial functions sometimes enables
simpler derivations of physically relevant inequalities, contrary to the Shchukin-Richter-Vogel non-
classicality criterion [7, 8.

It was demonstrated how nonclassicality criteria easily reduce to the well-known inequali-
ties (see, e.g., textbooks [5, 13, 14, 74], reviews [63, 65, 75, 217], and Refs. [62, 64, 66, 68,
69, 70, 71,72,73,76, 77, 78, 80, 218, 219, 220, 221]) describing various multimode nonclassical
effects. Various examples are summarized in Tables 1.1 and I1.2.

Some general relations between the nonclassicality and entanglement criteria were obtained.
In particular, | have analyzed relations resulting from the Cauchy-Schwarz inequality.

It was shown how some known entanglement inequalities can be derived as nonclassicality
inequalities with the usage of introduced formalism. On the other hand, also some other known
entanglement inequalities that can be seen as sums of more than one inequality derived from the
nonclassicality criterion were studied.

It seems that the quantum-information community more or less ignores nonclassicality as
something closely related to quantum entanglement. This thesis stresses a useful approach for
analyzing both types of phenomena. It may be seen that by the usage of the introduced non-
classicality criteria based on matrices of moments one is able to find an effective way to derive
specific inequalities. Such ability can be useful in verification of nonclassicality of particular states
generated in experiments.
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2.2 General occurrence of sudden vanishing and sudden reaparance of nonclas-
sicality and entanglement witnesses [Bartkowiak2011]

The standard approach to study the sudden vanishing/sudden reappearance of quantum en-
tanglement is based on the analysis of the time evolution of entanglement measures, e.g., the
concurrence or, equivalently, the negativity or the relative entropy of entanglement [38]. A general
operational recipe for construction of nonclassicality withesses was presented, which emphasizes
the fact that the most interesting parameters are the ones, which correspond to classical inequal-
ities that can be violated for some nonclassical fields. Using introduced nonclassicality withesses
it was possible to reconstruct the results of Zyczkowski and Horodecki [99], as well as Yu and
Eberly [43] for dissipative systems and to analyze various finite-time decays (for dissipative sys-
tems) and analogous periodic vanishings (for unitary systems).

The analyses in this thesis dealt with various finite-time decays (for dissipative systems) and
analogous periodic vanishings (for unitary systems) of nonclassical correlations as described by
violations of classical inequalities and the corresponding nonclassicality withesses, which are not
necessarily entanglement witnesses. It has been shown that sudden vanishings are universal
phenomena and can be observed for two- or multi-mode and for single-mode nonclassical fields.

There is a need to stress the fact that sudden vanishings of nonclassicality occur not solely
for dissipative systems, and at evolution times which are usually different from those of sudden
vanishings and reappearances of quantum entanglement.

These observations deepen an analysis of sudden vanishing and sudden reappearance of
various nonclassicality witnesses in specific models and might serve as a motivation for further
analyzes in experimental scenarios.

2.3 Alinear-optical implementation of the CS and CNOT gateswith the usage of
conventional detectors [Bartkowiak2010b]

Linear-optical implementations of two-qubit universal gates including the iSWAP, CS and CNOT
gates were studied. As shown in Table 11I.1, the majority of these realizations of nondestructive
gates are based on single-photon detectors, even though a progress in constructing single-photon
detectors (see Refs. [222, 223] and references therein) can be seen. One of the disadvantages
of the usage of single-photon detectors is that they have dark count rates much higher than
the conventional detectors [223]. Very attractive but experimentally underdeveloped proposals
of multiple-photon resolving detectors including cascade arrays of conventional detectors (con-
nected with beam splitters or with high-speed low-loss optical switches [224]) and fiber-loop detec-
tors [225] are also available. Taking into account experimental accessibility two implementations,
which are nondestructive (i.e., destroying only ancilla states) and work with conventional detec-
tors (i.e., those which do not resolve number of photons), were proposed. | analysed schemes of
the nondestructive universal gates using conventional detectors and entangled ancillae in a clus-
ter state, Greenberger—Horne—Zeilinger states and Bell's states giving the success probability of
n*/4, n°/8 (for the CNOT gate), and n*/8 (for the CS gate), respectively. Deterioration of fidelity
of the CS quantum gate in the case of detector imperfections (dark counts in addition to finite
efficiency and no photon-number resolution) and imperfect sources of ancilla states were taken
into account. It was demonstrated that the iISWAP gate can be implemented by the CNOT gate
(or equivalently by the CS gate) with additional deterministic gates. Moreover, | have analyzed
recently proposed linear-optical implementation of the iISWAP gate of Wang et al.[169] which
probability of success accounts for n*/32. | have presented, that using the same resources as
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Wang et al. (the same ancillae, classical feedforward and even smaller number of conventional
detectors) the ISWAP gate can be designed with success probability of 7*/8.

2.4 Schemes for the Kerr nonlinearity amplification [Bartkowiak2012]

Limitations of linear optics while building deterministic entangling quantum gates move the
attention to nonlinear media as good resources for preforming necessary interaction between
photons. Shapiro [180] showed that although there exists a small conditional phase-shift in cross-
Kerr effect, the phase noise in x(®) media precludes from the effective usage of it as a conditional
phase-shift gate. However, Matsuda et al. [178] showed experimentally that it is possible to induce
and measure effectively conditional phase-shift induced by cross-Kerr modulation even for a few
photons. Two schemes were proposed to enhance this phase-shift using i) one-mode squeezing
and ii) two-mode squeezing operations. Vector coherent state theory has been applied to design
the schemes for an amplification of the conditional phase-shift which can lead to a deterministic
implementation of the CPHASE gate with efficiency that accounts for 20%. It has been demon-
strated, that it is possible to improve the phase-shift obtained for two single-photon state in the
cross-Kerr interaction. Such result gives the hope for using the Kerr medium as a deterministic,
measurement- independent universal two-qubit entangling gate like the CPHASE or the CNOT.
Presented schemes are based on properties of a group theory and as such can be adopted into
arbitrary implementation, which operations can be described using SU(1, 1).
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Streszczenie — Summary of the thesis
In Polish

1 Wprowadzenie

Stany kwantowe, ktére wcgaiej traktowano jako kurioza fizyki, takie jak makroskomosuperpozycje
kwantowe (koty Schrédingera) czy stany splatane (npysBaila), obecnie odgrywaja kluczowa role w
przetwarzaniu informacji kwantowej. Pytanie o nliwoSt opisu stanu kwantowego przyyciu teorii za-
czerpnietych z fizyki klasycznej stato sie w tym korgele jednym z fundamentalnych problemoéw wszyst-
kich dziedzin teorii kwantowej (od kwantowej optyki, popzznanonauki, fizyke fazy skondensowanej,
na kwantowej biologii kdczac [5,11-17]). Rozgraniczenie pomiedzy klasy&nie a nieklasyczritia
mozna jednake ustanowi biorac pod uwage mhe aspektgwiata kwantowego. Na stronach tej rozprawy
nieklasycznét, jako przejaw wystepowania w uktadzie korelacji kwanyoty, definiowana jest w oparciu o
analogie pomiedzy opisem stanu w fizyce statystycznepirkawe]. Naley zaznacz§, ze wszystkie stany,

o ktérych mowa, sa stanami kwantowymi, jedrakvydaje sieze niektérym stanom kidgj jest do swoich
klasycznych odpowiednikéw (np. stany koherentne nazyvsarstanami klasycznymi mima sa kwanto-
we). Stany klasyczne w niniejszej rozprawie oznaczajamagtany, ktére mmna opisé, podobnie jak sta-
ny w fizyce statystycznej, przyzyciu standardowo zdefiniowanych funkcji rozktadu pranaldpbigstwa.
Przyktadowo, takimi stanami beda stany koherentne, gikay zwiazane z oscylatorem harmonicznym.
Wykorzystujac wtasngci stanéw koherentnych dowoldy -modowy stan bozonowy nzoa przedstaveiw
nastepujacy sposoéb [11,12]:

p = / Lo Pla, o)) {al, 1)

gdzie P jest funkcja Glaubera-Sudarshana. Funkij&téra wswiecie klasycznym odgrywataby role roz-
ktadu prawdopodobigstwa, w rgimie kwantowym mae okaza sie ujemna lub bardzo osobliwa. Z uwagi
na niestandardowe zachowanie, funkjéavraz z funkcja Wignera i Husimiego) ol§na zostata mianem
funkcji quasiprawdopodobiestwa i ustanowita podstawe do sformutowania kryteriugklasycznéci.

Stanemnieklasycznym nazywamy stan, dla ktérego funkcjad Glaubera-Sudarshan zachowuje sie
w niekonwencjonalny sposéb (w stosunku do klasycznychtanldkv prawdopodobigstwa) tj. przyjmu-
je wartdsci ujemne lub jest bardziej osobliwaznilelta Diraca [5]. Warto zwréciuwage na zakres tak
zdefiniowanej nieklasyczisoi. Mianowicie, zgodnie z ta definicja niezdy stan nieklasyczny jest niese-
parowalny, tj. splatany. Kryterium sformutowane w opareaifunkcje? moze wykryt kwantowe korelacje
inne niz splatanie kwantowe.

Bazujac na whasr&ziach funkcjiP, Agarwal i Tara [6] oraz Shchukin, Richter i Vogel (SRV) [V #&-
proponowali kryteria nieklasycz§oi w oparciu 0 macierze skonstruowane z momentéw operataencii
i anihilacji. Analogicznie do kryteriow nieklasyczadi, ale poprzez wprowadzenie dodatkowostzgwej
transpozycji, zdefiniowane zostato rownikryterium splatania [9]. Z uwagi na metode badaomen-
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tow zaproponowana przez Vogla i Shchukina [10], wybor ériytm Shchukina, Richtera i Vogla do bada
przedstawionych w tej rozprawie wydaje siechyzasadniony, szczegélniez@i celem jest powiazanie
kryteriéw nieklasyczngci z przyjaznymi eksperymentalnie metodami ich rozstanya.

2 Cele i ukiad pracy

Rozwaania przedstawione w rozprawie skupiaja sie na trzeghkdach analizy kwantowych korelacii:

e na odnajdywaniu fundamentalnych klasycznych nieréendtore bytyby tamane w obliczu kwan-
towych korelacji, w szczegolsai w obecnéci splatania kwantowegfBartkowiak20104]

e nabadaniu czasowej ewolucji odpowiednio zdefiniowarsyetadk6w nieklasyczrixi oraz splatania
w uktadach optycznych (zaréwno dysypatywnych, jak i umyah) [Bartkowiak2011]

e na szukaniu efektywnych i najprostszyctsdaadczalnie uktadéw optycznych (liniowych i nielinio-
wych) do generacji i weryfikacji nieklasyczec [Bartkowiak2010b,Bartkowiak2012].

Celem mojej rozprawy jest powiazanie kryteriéw nieklagyasci, ktére przy swoim wyprowadzeniu
opieraja sie na teoretycznych klasycznych nier6gaiach, takich jak nieréwrss Cauchy’ego-Schwarza, z
technologiczna eksperymentalna prostota (w porownammnymi metodami) oferowana przez implemen-
tacje optyczne.

Rozprawa podzielona zostata na dwie gtéwnesczg¢poza wprowadzeniem, ktére mma znalez w
Rozdziale 1). Pierwsza c&g, zawarta w Rozdziale Il, wprowadza definicje nieklasy&onw oparciu o
funkcje P Glaubera-Sudarshana, daje przepis na konstruovganalkéw zaréwno nieklasyczgoi jak i
splatania, rozumianego poprzez pojecie separovalrgiandéw oraz przedstawia przyktady zastosowania
ich p6zniej w celu analizy wtasisai uktadéw fizycznych.

Czest druga (Rozdziat 111) skupia sie na metodach generacjirkawaych korelaciji przy wykorzysty-
waniu liniowej i nieliniowej optyki. Sposéb powiazania geba poszczegoélnych rozdziatdw zostat zilustro-
wany na Rys1.

Rozprawa rozpoczyna sie wprowadzeniem (Rozdziat I), wkitmazna znalez uzasadnienie przepro-
wadzonych badg zataone cele oraz sposoéb ich realizacji. Sekcja 11.1 ma na cplowadzenie formali-
zmu do opisu stanéw w analogiczny sposoéb, jak ma to miejsceywedistatystycznej (przyzyciu rozkta-
dow prawdopodobigstwa). W tej czgci zostaje wprowadzona definicja stanéw koherentnych (Raw),
jako stanéw witasnych operatora anihilacji oraz przedsnigiich wiasnsci, ktére umaliwiaja opisa do-
wolny stan kwantowy przyzyciu funkcji quasiprawdopodobistwa (Réw. (1)). Rozdziat 1.1 przedstawia
uzasadnienie wyboru funkcji Glaubera-Sudarshanargpipozostatych funkcji quasiprawdopoddisigva,
jako dobrej podstawy do budowania kryteriéw nieklasyd&aio
Najwazniejsze pojecia poruszone w pracy i relacje miedzy napizedstawione na Ry2.

3 Kryteria nieklasycznosci i splatania a famanie klasycznych nie-
rOwnosci

Rozdziat II.2 zawiera operacyjne kryteria nieklasyc@ri@definiowane w oparciu o0 macierze momentéw
operatorow kreacji i anihilacji. Definicje nieklasycAmmazna napisaformalnie w postaci [11,12]:
Kryterium 1. Wielomodowy bozonowy starjest nieklasyczny, zeli jego funkcja Glaubera-Sudarshana
P nie mae byt rozpatrywana jako klasyczna gestosc prawdadpiedstwa, tj. jest ujemna lub bardziej
osobliwa nk delta Diraca. Zatem stan nazywamy klasycznyrelien@na go opisac za pomoca klasyczne;j
gestosci prawdopodobienstwa.
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[ KWANTOWE KORELACIE ]

Metody przyjazne ekspewmemmie\

Quasiprawdopodobienstwa

1.3.
Kryteria

\ splatania

Kryteria
nieklasycznosci

1.2.
Bramki liniowe

.4.
Ewolucja I.3.
nieklsycznosei i Bramki nieliniowe

splatania

Rysunek 1: Diagram przedstawiajacy strukture rozpravgparciu o relacje pomiedzy rozdziatami.

KORELACJE
KWANTOWE
(QC)

splagtanie

_—
bramki A 4# Swiadkowie
liniowe splagtania
. $wiadkowie
bramki nieklasycznosci

nielini(w

N

DETEKCJA
QcC

GENERACJA
QC

T
Sciskanie
Swiatta

TEUMIENIE

Rysunek 2: Diagram przedstawiajacy relacje pomiedzwaajiejszymi pojeciami, zywanymi na stro-

nach rozprawy.
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Wykorzystujac funkcje”, mazna zdefiniowa nastepujaca normalnie uporzadkowanednia funkcji
operatorow (Row. (11.17)):

CFiiy = / Lo | f(ea)P(a, a”), @)

gdzie f sa funkcjamil/-modowych operatoréw kreacii i anihilacii, ktére w szczigsci moga mié po-
stet jednomian6w lub wielomiandw (w przeciwistwie do kryterium Shchukina, Richtera i Vogla [7,8], w
ktorym zaktada sie zycie wytacznie jednomiandéw). Powgj sformutowan&rednia pozwala na przedefi-
niowanie Kryterium 1 w nastepujacy sposob:
Obserwacja 1: Jezeli funkcjaP danego stanu jest klasyczna gestoscia prawdopodshi&, wowczas
(: f1f:) > 0 dla dowolnej funkcjif. W przeciwnym przypadku, jedlif f :) < 0 dla pewnychf, wéwczas
funkcjaP nie jest klasyczna gestoscia prawdopodobiehstwa.

Normalnie uporzadkowane momen{tyf*f :) moga by zgrupowane w macierzy przedstawionej w
Row. (11.22):

My = | T ERRE T R ©
CIf GV o AN

gdzie f = Efv ¢ f; dla dowolnych liczb zespolonyah. Kryterium nieklasyczngci mazna zapisa osta-
tecznie jako [Bartkowiak2010a]:

Kryterium 3: Wielomodowy stan bozonowlyjest nieklasyczny, zeli istnieje takief, ze wyznacznik
det[Mf(P) (p)] jest ujemny.

Kolejne czéci Rozdziatu 11.2 maja na celu pokazanie zastososf@armutowanych kryteriow do wy-
prowadzania fundamentalnych nieréveigo W szczegdlngci, w Rozdziale 11.2.2 zostalo pokazane, jak
kryteria nieklasyczngci dla jednomodowych pél moga byredukowane do nieréwgoi Cauchy’ego-
Schwarza [14]- Réw. (11.28).

Zdefiniowane przeze mnie kryteria zostaty wykorzystane gprawadzenia warunkéw na wystepo-
wanie znanych efektow kwantowych, jak rgziskanie kwadraturowe. Rozdziat I1.2.3 jest egzempldja
tego, jak mana powiaza nieklasyczn&t z warunkami na mnego typisciskanieswiatta:

e na wielomodowesciskanie kwadraturowe— Row. (11.31), (11.34);

e dwumodowe fundamentalseiskanie (ang. principal squeezing), zwiazane z ralaigQkrélondsci
Schrddingera-Robertsona[67] (zdefiniowane przez Luks4§66] i Loudonai in.[63])— Row. (11.35)—
(11.38);

e dwumodowesciskanie sumy i rinicy liczby fotonéw zdefiniowane przez Hillery’ego [68] ¢hi
uogolnienia przedstawione przez Anai Tinha [69,70]- R6wiQ),(11.43),(11.44),(11.48),(11.49),(11.55),
(11.56),(11.62) i (11.64).

Przyktady zastosowekryteriow nieklasyczngci do pokazania tamania jednoczasowych korelaciji licz-
by fotonéw dwoch modoéw zostaty pokazane w Rozdziale 11.2/4ym celu zostata wprowadzona uogol-
niona definicja funkcjiP, ktéra z uwagi na zalmast czasowa jest nie tylko normalnie, ale rown@&asowo
uporzadkowana (Row. (11.68)). W szczegd&heoprzeanalizowano:

e jak mazna uzyska warunki nasciskanie sumy i rnicy liczby fotonéw, co mana powiaza z sub-
poissonowska statystyka fotonéw [74]—- Row. (11.69),71).
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e jak mazna powiaza kryteria nieklasyczrici z famaniem nieréwriei Cauchy’ego-Schwarza [14]
oraz nieréwnécia Muirheada [73,81]- Row.(11.84) i (11.86)—(11.88);

e W jaki sposdb mena uzyska z kryteriéw nieklasyczrici warunki na dwuczasowe korelacje liczby
fotonoéw dla pojedynczego modu, wkaczajac antygrupoeéamg. antibunching) [5,14,76]- Réw. (11.73),
(11.76) i nadgrupowanie fotondw (ang. hyperbunching) F81;- Row. (11.76),(11.82) i (11.83).

W kolejnym Rozdziale 11.2.5 zostaty przedstawione nier6@gi uzyskane z kryteriow nieklasyczsm,
ktére zgodnie z moja wiedza nie byly prezentowane do tey politeraturze— Row. (11.92)—(11.95). Przy-
ktady zastosowakryteriow do wyprowadzania znanych warunkéw na efekty ikowe oraz klasycznych
nieréwndci sa przedstawione réwniev Tabelil.

Nastepnie kryteria zostaty zastosowane do konstrifkejadkéw nieklasyczrixi, ktére dalej moga
byt wykorzystywane do detekcji nieklasyc&wb uktadu. Rozdziat 11.2.6 zawiera przepis na konstruowa-
nie Swiadkéw nieklasyczrizi w sposob, ktéry sprowadza je do postaci analogicznej @do splatania
(Réw. (11.100) i (11.101)). W tej czgci przedstawione zostaly rowaidefinicje kilkuswiadkéw, ktére zo-
staty wyte do analizowania wtasBoi pél optycznych— Réw.(11.103), (11.105), (11.106), (108) i (11.110).

Z uwagi na znaczenie splatania, jako specyficznego rodaregmtowej korelacji, zostat gviecony te-
mu zagadnieniu osobny Rozdziat I1.3. Wprowadzono w nimesiyim Shchukina-Vogla [9,57] rozstrzyga-
jace o separowalrézi stanéw, w oparciu o ktéra definiowane jest splatani@ldgicznie jak w przypadku
nieklasycznéci, rownig w tym przypadku mana zdefiniowa macierz momentéw operatoréw kreaciji i
anihilacji, z ta r@nica,ze aby wykryg separowaln& stanu, wprowadza sie cagowa transpozycje

My = | S (4)
(FLEOT (T o (FL )T

gdzie(f! ;)T = tr(f] ;") natomiasl” oznacza cZgiowa transpozycje. Kryterium splatania Shchukina-
Vogla [9,57] m&na zapisajako:

Kryterium 4: Dwuczastkowy staf maze zostac niedodatnio czesciowo transponowany (NREwittylko
wtedy, gdy istnieje takig, iedet[Mf(ﬁF)] jest ujemne.

W powyzszym Kryterium 4 NPT jest rownowae z nieseparowal§oia stanu. W dalszych cggiach te-
go rozdzialu zostaly pokazane przyktady zastosowaniagfiyin 4 do otrzymania znanych warunkéw na
wykrywanie splatania i przeanalizowana ich relacji z kriami nieklasyczngci.

Rozdziat I1.3.2 przedstawia relacje pomigdzy kryterisphatania i nieréwngcia Cauchy’ego-Schwarza.
Kolejny Rozdziat 11.3.3 prezentuje takie warunki na defelaplatania, jak np. kryterium Duanan. [44]—
Row. (11.136)—(11.138), albo Hillery’ego-Zubairy’ego $— Row.(11.122),(11.125),(11.129)—(11.131),(11.123)
(1.124),(11.126) i (11.127), ktére mana réwnie wyprowadzt z przedstawionych kryteriéw nieklasyczno-
Sci.
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Tabela 1: Kryteria nieklasycz8oi dla efektow jednoczasowych dla dwumodowych (DM) i wietilowych (WM) pdl oraz dwuczasowe efekty dla jednomodowych
(IM) pdl [Bartkowiak2010a].

Efekt nieklasyczny Kryterium Réwnanie
WM &ciskanie kwadraturowe d™(1,X4) <0 (11.31), (11.34)
DM &ciskanie fundamentalne Lukgia. [66] d™(Aaly, Adys) = d n)(1 aly,d12) <0 (11.35)—(11.38)
DM &ciskanie sumy Hillery’ego [68] d®(1,V Vy) < (11.40), (11.43)
WM S&ciskanie sumy Ana-Tinha [69] d™(1, V¢) <0 (11.44), (11.48)
DM &ciskanie ranicy Hillery’ego [68] d™ (1, Wy) < —1 min (A1), (R2)) (11.49), (11.55), (11.56)
WM &ciskanie rénicy Ana-Tinha [70] d™(1,W,) < =1 ’| — (D) (11.61), (11.64)
WM subpoissonowskie korelacje liczby fotondéw d™ (1,71 £75) <0 (11.69), (11.71)
naruszanie nieréwrézi Cauchy’ego-Schwarza d™(f1, f2) <0 (11.27), (11.28)
DM tamanie nieréwnéci Cauchy’ego-Schwarza poprzez test Agarwala [72] d™ (fuy, ) <0 (11.84), (11.86)
DM tamanie nieréwnéci Muirheada poprzez test Lee [73] d®™ (A —ng) <0 (11.87), (11.88)
JM antygrupowanie fotonéw d™[at),n(t+7)] <0 (11.73), (11.76)
JM nadgrupowanie fotonéw d™[AR(t), ARt + 7)] (11.76), (11.82), (11.83)
= dW[1,a(t), At + 1) <0
Inne DM nieklasyczne efekty [Bartkowiak2010a] d™ (1, ayao, aia;) <0 (11.92)
d™ (1,414}, alas) <0 (11.93)
d™ (1,0, +ab,al +a) <0 (1.94)
d™ (1,41 + ag,al +ab) <0 (11.95)

d™(1,a1,a1,al,a2) < 0 (11.96)
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Tabela 2: Kryteria splatania versus kryteria nieklasy&zn[Bartkowiak2010a].

Referencja Kryteria splatania Rownowazne kryteria nieklasyczndsci Roéwnanie
Duani in. [44] d"(Ady, Adg) = d"(1,ay,a2) < 0 d™ (Ady, Adad) = d™(1,a,,a1) <0 (1.136)—(11.138)
Simon [46] dU(1,ay,al, ag,al) <0 d™(1,a1,a%,ab, ag) +d™ (1, a1, al) (11.140)

Mancinii in. [93]
Hillery & Zubairy [45]
ditto

ditto

ditto

Miranowiczi in. [61]

dU(1,a1 + ag,a! +ab) <0
d"(1,a1a2) <0
d-(1,a7a%) < 0
d"(ay,az2) <0
d' (1, ara0as) <

dr(dl, dgdg) <0

Inne testy na obeci$o splatania [Bartkowiak2010a] d-(1,akakar) <0

+d™(1,a1,a0,ab) + d™ (1, 41,4l a2) < 0
d™ (1,41 + ab,al + ag) +2d™ (1,01 +ab) +1 <0
d™(1,a148) <0
d®(1,a7"(@3)") <0
d™ (ay,al) <0
d™(1,alazas) < 0
d™ (al, asas) < 0
d™ (1, (al)*abay) <0

(11.146), (1.147)
(11.122), (11.125)
(11.129)—(11.131)
(11.123), (11.126)
(11.124), (1.127)
(11.128)
(11.132), (11.133)
(11.134), (11.135)
(11.142), (11.143)
(11.144), (11.145)
(11.147), (11.148)




Jednake taka zalendst nie jest ogolna, z tego wzgledu zostata opracowana metada/raanie wa-
runkéw splatania poprzez sumy kryteriéw nieklasydarioPrzyktadowo nieréwrid Simona [46]-

Row. (11.140), lub Manciniega in. [93]- Row. (11.146) i (11.147), zostaly wyprowadzone w opar
o kryteria splatania i wyrzone za pomoca sumy kryteriéow nieklasyc&cio Ostatnia c&€ tego rozdziatu
(Rozdziat I1.3.4) analogicznie, jak w przypadku tej dotgcej nieklasyczriri, podaje przyktady skonstru-
owanychswiadkéw splatania— Réw. (11.150), (11.151) i (11.152).

4 Nagte zaniki i odrodzenia nieklasycznsci w uktadach optycznych
[Bartkowiak2011]

W kazdym przypadku, zaréwno kryteriéw nieklasyczobjak i splatania, w ostatnich rozdziatach zdefinio-
wanoswiadkéw nieklasyczrizi i splatania wzorujac sie na znanych definicjach mpéaitania. Logiczna
kontynuacja zdefiniowania takowyé&kwiadkow, wydaje sie zastosowanie ich do konkretnych riéidgcz-
nych w celu testowania nieklasycAud oraz splatania. Rozwania dotyczace analizy zachdwadefinio-
wanychswiadkéw zostaty przedstawione w Rozdziale 11.4. Zostatg @aainspirowane charakterystyczna
wrazliwoscia kwantowych korelacji na wprowadzona dekoherencjeldadu i faktemze jest ona jedna

z gtéwnych przeszkdd zapobiegajacych manipulacji infacja kwantowa. Pierwszy raz, nietypowe w po-
réwnaniu do innych zmiennych charakteryzujacych uktaathowanie splatania zostato przedstawione w
pracachZyczkowskiego i Horodeckich [99] oraz Yu and Eberly’ego [4Bokazali oni,ze korelacje te-
go typu zanikaja w skiiczonym czasie. Do tego zjawiska przylgneta bardzo dnaceat nazwamierci
splatania (na stronach tej rozprawy bedzigwane pojecie nagtego zaniku). Po przeanalizowanitegzer
Swiadkow splatania i nieklasyczéc oraz poréwnaniuich do miar splatania dlamgch modeli fizycznych
pokazanoze nagly zanik nieklasyczioi jest zjawiskiem powszechnym w uktadach dysypatywnymik i
dotyczy tylko splatania.

W Rozdziale 11.4.2 rozpatrzony zostat przyktad uktadu divaeoddziatujacych bezgeednio modow.
W zatazeniu moga oddziatywaone tylko za pomoca swoich niezatgch rezerwuaréw. Rozwania pro-
wadzone byly dla dwéch mmych stanéw wéciowych: stanu Wernera i jego modyfikacjizyivajac rowna-
nia master przedstawionego w Réw. (11.153) w przgétiiu Markowa, wyprowadzone zostaty analityczne
formuty na poszczegoélnydwiadkéw nieklasyczriei, splatania i miar splatania— Row. (11.156)— (11.159)
(11.165)—(11.167). Rysunk8i 4 przedstawiaja oczekiwane zatesciSwiadkéw splatania i nieklasyczsci
oraz miar splatania od czasu. Wadaa nich wyraznieze po skdéiczonych, aczkolwiek inych czasach,
kazdy z nich spada do zera.

W dalszej czgci pracy pokazane zostaly rownienodele, w ktérych mimo braku dyssypaciji ama
zaobserwowanagte zaniki nieklasyczisai i splatania. W Rozdziale 11.4.2 rozaany byt parametryczny
konwerter czesferi, ktérego hamiltonian jest opisany Réw. (11.171). Odjama on sytuacji dwéch liniowo
sprzgonych wahadet. Model ten przeanalizowany zostat dla @adipw o dwdéch ranych stanach wej-
Sciowych: stanie czystym oraz mieszanym. Zostato pokazaneagte zaniki i odrodzenia nieklasycsao
moga pojawia sie periodycznie zarowno, kiedy na poczatku uktad jestamie czystym (ktory jest nie-
klasyczny, ale separowalny), jak i w stanie mieszanym (wistaiemaksymalnie splatanym). Periodyczne
zachowani&wiadkow nieklasyczr&zi i splatania jest widoczne na R{s.

Okazuije sieze nagte zaniki moga ltyobserwowane w uktadach rzadzonych unitarna ewoludaw
réwno dwuczastkowym jak i wieloczastkowych uktadachs diodéw oddziatujacych jak i nieoddziatu-
jacych ze soba (Rozdziat 11.4.2). Po przeanalizowdtiskania kwadraturowego wsmdku kerrowskim
zostato réwnie pokazaneze nagte zaniki i odrodzenia nieklasycsgomoga zostatakze zaobserwowane
w uktadzie jednomodowym (Rozdziat 11.4.3).
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Rysunek 3: Ewolucja czasowawiadkéw nieklasyczrizi z widocznymi nagtymi zanikami dla dwéch
nieoddziatujacych modéw, opisana modelem z Rozdziadulll.Stanem poczatkowym jest stan podobny
do stanu Wernerg, zp = 0.8 dany Réw. 11.154. KluczC— zgodn@&t (ang. concurrencel3— nielokalndét

B, SdlasS, = 0.03 orazD dlaD, = 0.1- dwie ostatnie wielksci opisuja korelacje inicy liczby fotonéw

i sa dane odpowiednio Réw. (11.103) oraz (11.105) [Bartkak®?011].

) o o
N [e2] o]

swiadkowie nieklasycznosci
o
o

Rysunek 4: Rysunek dotyczy tego samego modelu co Ryale przy zataeniu stanu poczatkowege
danego Row. 11.154. [Bartkowiak2011].
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Rysunek 5: Przyktady naglych zanikéw i odrodZsviadkéw nieklasyczrizi dla dwodch oddziatujacych
modow. Ewolucja unitarna modow zaktada (a) stan poczaglijaio |01) oraz (b) stan poczatkowy jako
stan mieszany dany Réw. (11.182)z= 0.8. Klucz: C' — zgodn&t (ang. concurrenceB— nielokalndg;
H — swiadek splatania dany Réw. (11.150), zwiazany z narni&xa pierwszej nieréwrizi Hillery’ego-
Zubairy'ego;S dla Sy = 1/21i D dla D, = 1- swiadkowie nieklasyczrszi opisujacy korelacje hicy
liczby fotonéw dane Réw. (11.103) oraz (11.105)[Bartkow2011].
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5 Liniowo-optyczne implementacje bramek CS and CNOT z wyko-
rzystaniem konwencjonalnych detektorow [Bartkowiak201 @]

Jak zostato wspomniane wddej, splatanie, jako emanacja kwant@eioi zrodio r&nych interpretacii,
stato sie bardzo vanym elementem wspomagajacym protokotgyinierii kwantowej. CzgC druga pracy
zostata pédwiecona implementacjom schematéw do generacji kwartbwgrelacji, w szczegolrsei naj-
bardziej popularnej z nich- splatania. Jednym ze sposd@iowarlzania do uktadu kwantowych korelacji
jest zastosowanie placzacych bramek kwantowych. Pogtagsie analogia pomied&wiatem klasycz-
nym i kwantowym, bramki kwantowe moga bynterpretowane jako urzadzenia dokonujace operacji na
kubitach. Zaréwno w przypadku klasycznym jak i kwantowymnmyado czynienia z prostymi operacja-
mi, ktére mana implementow@na pojedynczych bitach/ kubitach. Najbardziej fundamleietokazuja sie
jednak bramki, ktére potrafia dokony@aietrywialnych operacji na bitach /kubitach. W przypadhia-

ta klasycznego mamy do czynienia z np. bramka NAND, ktosa geodwracalna bramka uniwersalna.
Majac dostepna te bramke i jednobitowe operacjezmazaimplementoviskazda inna operacje logiczna.
Okazala sie ona inspirujaca do stworzenia analogiczaejki w Swiecie kwantowym, zwanej bramka kon-
trolowanej negacji (CNOT). Naky jednak zaznaczy ze z uwagi na wiasriei fizyki kwantowej, bramki
kwantowe posiadaja znaczacan& wigciwasci od tych klasycznych, przyktadowo sa odwracalne (ma-
tematycznie sa macierzami unitarnymi) oraz potrafia wadz& kwantowe korelacje, w szczegobm
splatanie pomiedzy kubitami. Bramka CNOT, podobnie jpkiSWAP czy bramka kontrolowanej zmiany
znaku (CS), sa bramkami uniwersalnymi. Oznaczaeazywajac jednej z nich i bramek jednokubitowych
mozna zbudowa dowolny uktad. Bramki te sa rownowae ze wzgledu na unitarne transformacje. Sposéb
w jaki mozna wyrazt bramke iISWAP za pomoca bramki CNOT lub CS i innych braneekpkubitowych
zostat przedstawiony na Rys.IIl.1.

W tej czesci pracy zostaty zaprezentowane dwa pédej do konstruowania bramek kwantowych. Po-
niewa metody liniowo-optyczne sa znane od bardzo dawnaSoozetrzebnych operacji np. bramki jedno-
kubitowe mana zaimplementoviauzywajac potfaldéwekewiercfalowek, czy dzielnikéw wiazki, zostaty
zaproponowane przeze mnie dwa schematy bramek liniowgenpych. W Rozdziale 111.2 przedstawiona
i omdwiona zostata réwniglista najwaniejszych implementacji liniowo-optycznych bramek kiwamych
(Tabela I11.1). Jak sie okazuje wiekssooimplementacji, jako teoretyczne projekty, nie bierze pagge
eksperymentalnych natiwosci realizacji bramek. Z wyjatkiem propozyciji Zain. [143], wszystkie po-
zostate przedstawione w Tabeli 111.1 albo zaktadagaie trudno dostepnych detektordw, ktére rozpoznaja
iloSt rejestrowanych fotonéw albo/i niszcza stany $gjpwe, czyniac tym samym bramke beyteczna do
dalszego mycia. Z tego wzgledu zaprojektowano dwa schematy brameintowych, ktére bytyby niede-
strukcyjne (nieniszczace stanéw wgjowych) i zaktadatyby zycie konwencjonalnych detektoréw, ktére
sa powszechniejsze vizyciu w grupach eksperymentalnych.

W Rozdziale 111.2 zostaly przedstawione dwa schematy bkaentowych: bramka CNOT (Rozdziat
I11.2.1)— Rys.6, oraz bramka CS (Rozdziat I1.2.2)— Ryg. obie nieniszczace i zaktadajaceyaie naj-
prostszych detektoréw. Pierwsza z nich, nazwana Schemateamuje na propozycji Pittmarian. [146]
dostosowanej doaycia konwencjonalnych detektoréw bez atamia prawdopodobiestwa bramki, ktore
wynosin*/4, gdzien jest sprawnécia detektorow. Prawdopodohi&won?* /4 oznaczaze w 1/4 przy-
padkéw schemat dziata jak bramka CNOT (przy zeluiu, ze czterosplatany stan Gottesmana-Chuanga
[147] jest dany). Warto jednak zazna€zye sytuacje, w ktérych bramka dziata wzamlany sposob, sa
jednoznacznie oki&tone przez odpowiednie konfiguracje detektoréw, przedstee w Tabeli I1.2. Na Ry-
sunkub6 czest wewnetrzna schematu generuje stan Gottesmana-Chuzakd@gajacy bardziej popularne
stany Greenbergera-Horne’a-Zeilingera jako stany poimeaenDla obu potaczonych schemat6w catkowite
prawdopodobistwo sukcesu wynosf /8.
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Rysunek 6: Schemat |- propozycja implementacji bramki CN@/korzystujacej konwencjonalne de-
tektory i kubity pomocnicze w stanie Greenbergera-Horxgdingera (GHZ) danymvguz). Klucz:
HWP = Ugwp(7/8)-bramka Hadamardd; U7 i V¥ sa warunkowymi operacjami unitarnymi przed-
stawionymi w Tabeli 111.2, gdzier, moze byt zrealizowana jaké@/ywp (0); Dy 0znaczaja fotodetektory;
PBS sa polaryzacyjnymi dzielnikami wiazki w bazi¢V [Bartkowiak2010b].

Drugi Schemat Il zostat przedstawiony na Ryisopisany doktadnie w Rozdziale [11.2.2. Jest to sche-
mat do implementaciji bramki CS przy zakniu,ze stanami pomocniczymi sa stany EPR. Inspiracje dla
tego schematu stanowit uktad zaproponowany przezidou[143]. Jest to rownie bramka zaktadajaca
uzycie konwencjonalnych detektoréw i nieniszczaca stagjswiowe. Prawdopodohistwo sukcesu dla
tego uktadu wynosi* /8 i moze byt rozumiane podobnie jak poprzednio. Sekwencje detektméwy-
mujace o udanych zdarzeniach przedstawione sa w Tahé&li W przypadku tej bramki zostaly rowrie
przeprowadzone rozveania biorace pod uwage realne zrédta generacji fotongtanéw pomocniczych,
niedoskonatsci detektorow, wkacznie z ciemnymi zliczeniami oraz fskmona efektywngcia i ich wplyw
na wiern&t bramki (wyniosta ona oR7%).

Ostatnio Wang in. [169] zaproponowat liniowo-optyczna implementacjerbkaiSWAP, ktéra jak wy-
nika z dekompozycji przedstawionej na Rys.lIl.1,7a@osta zastapiona bramka CNOT lub CS. Prawdo-
podobigistwo ktére uzyskat Wanign. wynioston* /32. Wykorzystujac dowolny z dwéch przedstawionych
przez ze mnie schematéw mma uzyska prawdopodobigstwo przynajmniej czterokrotnie wigksze, przy
zatazeniu tych samych zasobéw.

6 Schematy wzmacniajace nieliniowst w asrodkach kerrowskich [Bart-
kowiak2012]

Wiekszat bramek kwantowych wykorzystujacych liniowa optykstjprobabilistyczna. Alternatywna me-
toda realizacji bramek dwufotonowych jest wykorzystasieodka nieliniowego, w ktérym fotony oddzia-
luja ze soba. W szczegdlaei, Chuang i Yamamoto [175] pokazale do tego celu nie zosté uzyty efekt
Kerra. Zastosowaniesnodkéw Kerra daje nadzieje na deterministyczne implaew® bramek uniwer-
salnych. W tym celu zaproponowatam, aby skorzgstavewnetrznej nieliniow&ci niektérych grodkoéw,
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Rysunek 7: Schemat II- propozycja implementacji bramki G&avzystujacej konwencjonalne detektory
i kubity pomocnicze w dwdch idealnych lub nieidealnych siem EPR|gpr). Notacja jest w zgodzie
z ta na Rys.6. W tym przypadkuHWP = Upwp(7/8) reprezentuje bramke Hadamarda W tekScie

mozna znalez definicje stanéw operaciji unitarny€t, U”, U7, orazV'*! (przedstawionych w Tabeli 111.3)
[Bartkowiak2010b].

charakteryzowanych wspotczynnikiem zatamania
NKerr = N0 + X<3)E27 (5)

gdzieng jest wspotczynnikiem zatamansaviatta, E2— natgeniem pola elektrycznego padajacégsatta,
) jest stata Kerra proporcjonalna do poddicianagnetycznej&odka trzeciego rzedu.8Bodki takiego
typu nazywane saspodkami kerrowskimi i wptywaja na wiazke przechodzaczez krysztat poprzez wpro-
wadzanie dodatkowego przesunigcia fazowego, propaatjego do intensywrsei wiazki. W przypadku
osrodka umaliwiajacego sprzeenie kerrowskie dwu wiazek (tj.soodek typu cross-Kerr), przesuniecie
fazowe zaley od drugiej wiazki i mae by uzyte do zaimplementowania bramki CS. Hamiltonian dla
oSrodka typu cross-Kerr, dla moddw s, mazna zapisajako

H = ra,tayastas, (6)

gdziex oznacza parametr oddziatywania, natomidt:) operatory kreacji (anihilacji). Jednak mimota
metoda implementacji bramek wydaje sigtthardziej naturalna, gdynie wymaga wprowadzania dodat-
kowych pomiaréw do ukfadu, okazuje sie trudniejsza w eedlji. Eksperymentalnie dostepne sa jedynie
osrodki o stabej nieliniowst (y*) ~ 10-22m?2V 2 [131]), na tyle matej, by inne efekty zdotaty ja zdomi-
nowet i zapobiec skutecznej implementacji bramki CS. Ostatdiataisie jednak pokazaze mana eks-
perymentalnie zmierdywyindukowane w srodku kerrowskim przesunigcie fazowe. Matsudo [178]
przedstawit wyniki eksperymentu, w ktérym udato sie uzagskate, warunkowe przesuniecie fazowe (rze-
du 10~ "rad) indukowane przez pojedyncze fotony w optycznym wiékni

W Rozdziale 111.3 przedstawione zostaly ogélne scheméatyekprzy pomocy wprowadzonej dodat-
kowo operacjisciskaniaSwiatta moga polepszyuzyskane przesunigcie fazowe: zawierajace odpowied-
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Rysunek 8: Schemat Ill- propozycja uktadu urliwiajacego wzmocnienie przesunigcia fazowego wywo-
lanego &rodkiem typu cross-Kerr dla dwoch modoéw. Klucz:j@dnomodowa operacgiskania{ = 0, ¢)

z parametramsciskania z Réw. (111.30), CP- bramka kontrolowanej fazimgalementowana poprze&m-
dek Kerra, PS- operacja przesuwania fazy [Bartkowiak2012]

5 5 5 5
X X X X
i B —{(PS[— —PS—{ -
S S, S
°- PSI PSHH |-

Rysunek 9: Schemat IV—propozycja uktadu wzmacniajacegesuniecie fazowe wywotaneg&rodkiem
typu cross-Kerr dla dwéch modow. Notacja podobna do tejgstaavionej na Rys8 [Bartkowiak2012].

nio operacjeciskania jednomodowego (Rozdziat 111.3.1)— R§soraz dwumodowego (Rozdziat 111.3.2)—
Rys.9.

Do uzasadnienia tych schematéw zostatyte wiasnéci grupy SU(1,1) oraz teoria stanu koherentnego.
Zatem schematy te sa ogdlne i mog& agimplementowane dowolnymi fizycznymi procesami, ktéozm
na przyblzy¢c generatorami te grupy. Rozdziat zawiera révzra@alize maliwych implementacji operacji
Sciskania, ktérej najwaniejsze rodzaje zostaty przedstawione w Tabeli 11.4.tZl@sréwnig oszacowana
przyblizona efektywnst bramki, w przypadku kiedy poszczegdlne procesy bylty bpmteuwage (wynosi
ona ok.20%). Obnienie efektywnéci schematu spowodowane jest bardzays poziomem szumu w
osrodku kerrowskim. Z uwagi na spektralne efekty, ktérezn@zaobserwoviazaréwno w &rodku Ker-
ra, jak i w csrodkachsciskajacych, przeanalizowany zostat wptyw tych efekt@awviern&t bramki CS.
Na Rysunkach 111.7 mena zauwayc, ze nawet w przypadku wprowadzenie do uktadu jedriigniecia,
wiernast bramki zostaje znacznie poprawiona.

7 Podsumowanie

Oto najwaniejsze wyniki przedstawione w rozprawie zostaty opuiMikne [Bartkowiak2010a, Bartko-
wiak2010b, Bartkowiak2011] lub wystane do publikacji [Beowiak2012]:

e W pracy zostaly wyprowadzone klasyczne nierégeialla wielomodowych bozonowych pol, ktore
moga by naruszone tylko przez pola nieklasyczne. Kryteria ngkdanéci sformutowano w opar-
ciu o macierze momentdéw kreaciji i anihilacji, ktére w is@uiiaza sie z analiza dodatrsioi funkcji
P Glaubera-Sudarshana. Do utworzenia odpowiednich macieamentéw zostaty zyte zaréwno
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jednomianowe jak i wielomianowe funkcje momentoéw w przeenstwie do podéjcia Shchukina-
Vogla-Richtera [7,8], ktérzy wykorzystali jedynie jedn@ny. Zastosowane przeze mnie pcubeg
umazliwito mi otrzymanie fizycznie istotnych nieréwsoi w prostszy i bardziej intuicyjny sposéb
[Bartkowiak2010a].

Rozprawa zawiera réwnieprzepis na to, jak nma sprowadzi kryteria nieklasyczngci do zna-
nych warunkéw np. opisujacych wielomodowe efekty niejktase, czy powiazaje z nierbwng&cia
Cauchy’ego-Schwarza. Uzyskana zostata réwoigdlina metoda na wyzanie nieréwnsci uzyska-
nych z kryterium splatania Shchukina-Vogla [59,60] p&arasume warunkéw na nieklasyczioZ
kryteriéw nieklasyczngci wyprowadzone zostaty rowrdianowe nieréwnéci wykrywajace niekla-
syczn&e i splatanie [Bartkowiak2010a].

Wyprowadzone przeze mnie nieroviwd wykrywajace nieklasyczi$o i splatanie zostaly wykorzy-
stane do skonstruowan&viadkéw splatania i nieklasyczea. Zastosowany zostat koncept nagtej
Smierci miar splatania do analizy zachowania rowgiwiadkéw splatania i nieklasyczéci. Zostato
zademonstrowanege nagte zaniki pojawiaja sie w przypadku zaréwno wieldowych oddziatuja-
cych i nieoddziatujacych uktadéw, jak i w przypadkach jedrodowych (jednokubitowych) syste-
mow. Nagte zaniki mena réwnig zaobserwowaw przypadku uktadow niedysypatywnych, ktére
byly poczatkowo take w stanie czystym [Bartkowiak2011].

Przedstawiono dwie propozycje implementaciji liniowoyazinych bramek kwantowych CS i CNOT
wykorzystujacych postselekcje, mechanizm sperga zwrotnego (ang. feedforward) oraz konwen-
cjonalne detektory. Uwidocznione zostake, schemat Pittmarian. [146] zaprojektowany poczat-
kowo jako bramka CNOT z selektywnymi detektorami,zady¢ zrealizowana réwnieprzy zy-

ciu konwencjonalnych detektoréw, zachowujac przy tymwatrapodobi@stwo sukcesu rowng* /4
(zaktadajacze stan Gottesmana-Chuanga jest dany). Zaproponowarsmazpsteze mnie bramka
CNOT opierajaca sie na idei bramki Pittmana jednak zaajéea dodatkowo schemat do kreacji sta-
nu Gottesmana-Chuanga. Prawdopodobsi@o catego schematu wynogi/8 [Bartkowiak2010b].

Drugi schemat zaproponowany przez mnie w rozprawie, jegiquycja implementacji bramki CS i
zostat zainspirowany uktadem Zoin.[4]. Uktad zakiada stany EPR jako stany pomocnicze. Bramka
dziata z prawdopodobiestweny)* /8. Zweryfikowane zostaty rownieeksperymentalne nzbwosci
implementacji uktadu zwiazane z olaehiem wiernéci bramki poprzez wziecie pod uwage realnych
zrédet, ciemnych zlicagczy efektywn@ci detektoréw [Bartkowiak2010b].

Przeanalizowany zostat uktad Waniga. [169] implementujacy bramke iSWAP z prawdopoddbie
stwemn?/32. Zostato zademonstrowanee bramke iISWAP miana zrekonstruowaprzy pomocy
dowolnej bramki CNOT lub CS i deterministycznych brameknjeklubitowych. Zgodnie z tym, nie

na ja zaimplementoviaz prawdopodobigstwem réwnym temu odpowiadajacemu bramce CNOT lub
CS. Przy ayciu zaprezentowanych przeze mnie bramekmazatem zaprojektowdramke iSWAP,
ktora bedzie dziataz prawdopodobigstwem przynajmniej* /8, tj. czterokrotnie wiekszym aiw
przypadku bramki Wanga, przy zakeniu tych samych stanéw pomocniczych i mniejszej liczlgie d
tektoréw [Bartkowiak2010b].

Zaproponowane zostaly uktady wzmacniajace nielinisaww osrodkach kerrowskich, ktére urnld-
wityby uzycie ich jako deterministycznych bramek CS (lub CNOT) yRizyciu teorii grup zostato
pokazaneze nawet w przypadku matego przesuniecia fazowego uzgsjoan Grodku kerrowskim,
dla pojedynczych fotonéw, jest mliwe zwigkszenie wierngi takiej bramki, poprzez wprowadzenie
dodatkowegdaciskania w uktadzie. Zostaly zaproponowane dwa uktadyonzgstujace jednomodo-
we i dwumodowsesciskanie [Bartkowiak2012].
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Wyniki przedstawione w pracy pozwalaja zrozumielacje miedzy wymienianymi rodzajami kwan-
towych korelacji oraz uniwiaja zbadanie fizycznych wiasgoi uktadéw, w ktérych moga one wyste-
powet. Przedstawione badania maja charakter fundamentadiyy, dotykaja podstaw i odzwierciedlaja
esencje teorii kwantowej. Z uwagi nazjw tej chwili bogaty potencjat wykorzystania zaréwno kwant
wych korelacji, jak i kwantowych pol optycznych, znalezerafektywnych metod rozstrzygania i badania
whasndci nieklasyczngci i splatania staje sie kluczowe.
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