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Abstract

This thesis generalizes theorems from [8] about the existence of linear and
continuous operators without nontrivial closed invariant subspaces on some
non-Archimedean Koéthe spaces. The methods from the paper are extended
to essentially more non-Archimedean Kothe spaces that have matrices with
coefficients not necessarily growing.

In particular the following theorems are true:

Theorem 3.11. Let A(A), where A = (aﬁ’;)kneN, be a non-Archimedean
Kdthe space.
Assume that:

(1) For every m € N there exists a sequence (b)'),cy C R of positive
numbers such that:

(a) For every k,i € N there exists j € N such that
ap O > ag bt
forn >j.
(b) For everyl € N there exists n € N, n > 1 such that
a;"bi" < ap'byt < aj'b}
for1 <i<n<j.
(2) There exists a sequence (cn), ey C R of positive numbers such that:

(a) For every k,i € N there ezists j € N such that

k+1

an

k
Cn 2 QpyiCnti

forn > j.



(b) For every l,k,i € N there exists m € N, m > 1, m > i such
that
alcn, < alflen,
for1<j<k m-—i<n<m.
(c)
inf ajc, > 0.
neN

Then there exists a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Theorem 3.15. Let A(A), where A = (aﬁ)kneN, be a non-Archimedean
Kothe space. 7
Assume that:

(1) For every k,m,i € N there exists j € N such that

k+1 m
an ap

k = ., m
Ay Anti

forn>j.

(2) For every k,i € N there exists j € N, j > i such that

k+1 1
a, > a,
ak - (Ll

n—i n—i

forn >j.
Then there exists a linear and continuous operator
T: A(A) = A(A)

that has no nontrivial invariant subspaces.
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Preface

This dissertation is written to further investigate the existence of linear
and continuous operators on non-Archimedean Kothe spaces that have no
nontrivial closed invariant subspaces. In the first chapter, we formulate and
prove the General Theorem. The General Theorem is not one theorem,
but a scheme of many theorems. In the second chapter, we define and
prove two specific schemes, which are consequences of the General Theorem.
These schemes are easily proved for the function f = 0, and then are easily
generalized for any function f. And in the third chapter, we show that non-
Archimedean Kothe spaces fulfilling certain properties are isomorphic with
the schemes from the second part.

In comparison with [8], we use the following facilities: using the function
f with real values, duality and algebraization. The function f: N — R
plays a key role. By means of this function, we define a linear operator
To: Ao(A) — Ap(A) on a dense subspace Ag(A) = Lin{ey, eg, ...} of a non-
Archimedean Kéthe space A(A). In [8], the function f is defined with integer
values. Now the function f is used with real values. To directly define
the operator Ty we use the function f: N — Z, n — [f(n)]. This gives
large advantages. Among other things, it allows to create a duality. The
duality means that the function f can be replaced with any other function,
but the matrix coefficients of a given non-Archimedean Kéthe space must
change accordingly. Using the function f = 0 we get a simple form of
the operator Ty, and using the function f other than zero it can be easier
to use geometric properties of a considered non-Archimedean Kothe space.
Algebraization is based on the fact that in one aspect the operator Ty can be
defined completely arbitrarily and the correctness of Lemma 1.6 is obtained
automatically.

In the first paragraph of the first chapter, we formulate the assumptions
of the General Theorem. This theorem says that 1f for a given function f :

N — R a linear operator Tp: Ag(A) — Ao(4), a e, — S Emaf( e +



al (”H)enﬂ is defined that fulfills these assumptions, then Tj is continuous
and extends to a linear and continuous operator T': A(A) — A(A) that has
no nontrivial closed invariant subspaces. These assumptions are defined so
that the duality can be used.

In the second paragraph we assume that f = 0 and prove a few lemmas
needed to prove Theorem 1.9 in the third paragraph, which is a special case
of the General Theorem for f = 0.

By using Theorem 1.11, we create the duality. This theorem says how an
operator Tp: Ag(A) — Ag(A) defined by a function f can be replaced with
an operator Ry: Ag(B) — Ao(B) defined by any other function g, with the
spaces A(A) and A(B) being isomorphic. From Theorem 1.9 and Theorem
1.11 we derive the General Theorem, i.e. Theorem 1.12. With the assertion
proved for f = 0 and the fact that f can be replaced with any other function,
we get the General Theorem.

In the first paragraph of the second chapter, we create and prove the
first specific scheme for f = 0, which then generalize for any f in the second
paragraph. In the third paragraph, we introduce the second specific scheme
and its generalization.

In the first paragraph of the third chapter, we prove the basic theorem
proved in [8], using the first specific scheme for f = 0. In the second
paragraph, we use the generalized first specific scheme and we do not assume
that the matrixes coefficients of non-Archimedean Kéthe spaces are bounded
from below.

In the further part of the chapter, we assume that the coefficients of
matrixes of non-Archimedean Kothe spaces are limited from below, so we
can use the second specific scheme. The division of non-Archimedean Koéthe
spaces due to the type of the coeflicients is not strict and depends to a large
extent on the function f.

From Theorem 3.6, we get successively theorems 3.9, 3.10 and 3.11.
Theorem 3.11 generalizes Theorem 3.8 from [8]. And from Theorem 3.11
we obtain successively theorems 3.14, 3.15, 3.16 and 3.17. Theorem 3.15
generalizes Theorem 4.1 from [8] for nuclear non-Archimedean Kothe spaces
[7]. And Theorem 3.17 generalizes the results for non-Archimedean analytic
functions proved in [8].

When Diara [3] in 1979 studied p-adic representations, the problem arose
of existence continuous operators on infinitely dimensional non-Archimedean
Banach spaces without nontrivial closed invariant subspaces. If there were
such operators on infinitely dimensional non-Archimedean K-Banach spaces,
where Q, C K, that would mean that there exist p-adic irreducible repre-



sentations in an infinitely dimensional non-Archimedean Banach spaces.
Let K be a nontrivial complete non-Archimedean field, C' an algebraic
closure of K and I' a spherical completion of C.
Let a € T', a # 0 and let b € C be such that

|b—a| < |al.

Let b = by,bo,...,b, be all conjugates of b over K and let

vo-(-5) (-2 5)

Then W(x) € Kz], |[W(a)| <1 and

1

1= GQ(G)TW(G)

=aQ(a) (1+ W(a) + W?(a) + ),

where Q(a) = 1_‘2/(‘1).
Thus « is invertible in the K-Banach algebra generated by a.
Hence the K-Banach algebra K(a) is a field.

If a € T'\ C, then a is transcendental over K, and the operator
7: K(a) > K(a), 7: x — ax

has no nontrivial closed invariant subspaces.

Therefore p-adic irreducible representations in an infinitely dimensional
non-Archimedean Banach spaces exist since C,, is not spherically complete.

In classical analysis the problem of invariant subspaces was first solved
by Enflo [4] and Read [12, 13, 14] for some Banach spaces.

In 1992 van Rooij and Schikhof [16] stated the problem for infinitely
dimensional algebraically closed and spherically complete non-Archimedean
Banach spaces. The problem was solved by Sliwa [18] in 2008 for all infinitely
dimensional non-Archimedean Banach spaces. Sliwa [19] also gave a simple
explicit example of an operator without invariant subspaces in Banach
space £1.

Atzmon [1] was the first who proved the existence of operators without
invariant subspaces on Fréchet space that is not a Banach space.

Golinski [5, 6] constructed operators without invariant subspace on some
Ko6the spaces whose norms are the #1 norms.



Introduction

By K, we denote a nontrivial complete non-Archimedean field, i.e. a field
K with a function
|-]: K —[0,00)

called a valuation that satisfies the conditions:
(1) |A\| =0if and only if A =0,
(2) Pul = |Allgel,
(3) A+ pl <max (A, [u])

for A\, 4 € K. And we assume that the topology generated by the valuation
is complete and nontrivial, i.e. there exists A € K, A # 0 and |\| # 1.
A norm on a K-vector space E is a map

|11+ E = [0,00)
such that:
(1) ||z|| = 0 if and only if 2 = 0,
2) 1Azl = [Alll=l],
3) llz +yll < max (=[], lyll)

for N\ e K, z,y € E.

A K-vector space E with a norm is called a K-normed space. If the
topology generated by the norm is complete, it is called a K-Banach space.
If a K-normed space E contains a countable set that forms a linear hull
dense in E, we say that it is of countable type. In some cases, we drop the
prefix ” K-7.

If || - || is @ norm on a K-vector space E, z,y € E and ||z|| > ||y||, then

2 +yll = ll=]]-

10



The space
A(b) = {(AI,AQ,...) e KN lim |Anlby = 0},
n—oo
where b = (by,)nen is a sequence of positive numbers, with the norm

|All = max | Ap|br
neN

for A € A(b), A = (A1, Ag,...) is a Banach space. In particular,
co={(\;h,...) € K+ lim [An] =0},

where ||A|| = maxpen [An], A= (A1, A2,...) € ¢, is a Banach space.

Each infinitely dimensional Banach space of countable type is isomorphic
to ¢p.

A non-Archimedean Kothe space [11] is a K-vector locally convex space

A(B), where B = (bﬁ)kneN, ie.

A(B) = {()\1,/\2...) € K™ lim [Au|b =0 for k eN},

where 0¥ € R, b > 0 for k,n € N, and the topology is generated by the
collection of norms

P:{pk:kEN},

where
k
pr(A) = max A |b,
for k e N, Ae A(A), A= (A, A2,...).
We assume for non-Archimedean Koéthe spaces A(B), where
B = (bﬁ)k’n@\]7 that bf < bE*! for k,n € N, unless otherwise stated.
Non-Archimedean Kothe spaces are complete.
We can treat the Banach spaces A((by)nen) as non-Archimedean Kothe
spaces A((b%)k nen), where bf = b, for k,n € N.
Each non-Archimedean Kéthe space A(B) is metrizable by an invariant
ultrametric, such as by

d(\, i) = max min(py (A — p),27%)
keN

and

lim z, =z
n—oo

11



for x,,x € A(B), n € N if and only if

lim pg (z, — ) =
n—oo
for k € N.

Every linear and continuous operator Ty : Ag — A(B), where Ag is a
dense linear subspace of the non-Archimedean Kothe space A(B), extends
uniquely to a linear and continuous operator 17" : A(B) — A(B).

If f: N— R, than by f we denote the function such that f: N — Z and
f(n) =[f(n)] for n € N.

The symbols e, always mean (d,_;)jen and if A = (A,)nen, then we also
write A(n) instead of A, n € N.

By [n,m],[n,m), (n,m) for n,m € N, n < m, we denote the sets {i €
N:n<i<m}, {i e N:n<i<m}, {i € N: n <i<m} respectively.

We say that an operator ¢ : ® — ® of a linear topological space ® has an
invariant subspace ¥ C @ if (V) C ¥ and ¥ is closed, and it is nontrivial
if ¥ # {0} and ¥ # .

For more details from non-Archimedean functional analysis, the reader
is refered to [2], [10], [11], [15], and [17].

12



Chapter 1

The General Scheme

Let K be a non-Archimedean field and let @ € K, |a|] > 1 be a fixed element.
By K we denote the smallest ring contained in K to which 1 belongs. All
non-Archimedean Kd&the spaces A(A) are over K. By Ag(A) we denote
Lin{el, €9, ... } C A(A)

1.1 The Assumptions

From this point until Theorem 1.9, the following assumptions are applied.

Assumption 1.1.

(1) Let A(A), where A = (]a\aﬁ)k N af € R for k,n € N, be a
,neE
non-Archimedean Kéthe space.

(2) Assume that
a1 <okt

for k,n € N.

(3) Let
pw:N—N

be a function that takes any natural number infinitely many times.

13



(4) Let the functions

:N— N,
N —= N,
N — N,
:N—= N,
:N—= N,
:N— N

€ & x ve 8

be defined such that
w(k) < x(k) < x(k) + (k) < y(k) <o(k) < z(k) < x(k+1),
p(k) = z(k) +y(k) -1
for k € N.

(5) Let
N>R

and let
To: Ao(A) — Ao(A)

be a linear operator such that

n
Tya! Me,, = an,iaf(i)ei +al e,
i=1
for n € N, where e, ; EKfornGN, 1<i<n.
Lemma 1.2. Let A(C) be a non-Archimedean Kdthe space and let
T: Ag(C) — Ao(C)
be a linear operator such that
— r, n T r,
Ta!Me,, = Z el Wep + e, (1.1)
=1

forn € N, where f: N = Z ande‘nvlefffornEN, 1<i<n.
Then there exist &, ;; € K fori,j € N, 1 <1 < i+ j such that

_ ity _
Tiaf(’)ej = Zé¢7j7laf(l)el, (1.2)
=1

where &; j;v; =1 fori,j € N, and the & ;; are independent of f.

14



Proof. By (1.1), equality (1.2) is true when ¢ = 1 and j € N.
Suppose that (1.2) is true for some ¢ € N and every j € N. Let k € N,
then

_ i+k
THlaf/We, = TTig/* TZ&Z kna! Me,
i+k
1
_Z 5zknzenla €l+5k af(+)en+1
i+k i+k i+k
—Zzﬁzkn%za 61+Z€zkl 1ol
=1 n=Il
+§i,k,i+kaf(l+k+ )ei+k+1
itk ) itk itk )
_ _ 1 _ _ _ 1
= Z&',k,nfml ol We, + Z ZEi,k,nén,l + Eikl-1 al Ve,
n=1 =2 \n=Il
flit+k+1
+al e .

Therefore, by induction, (1.2) is true for i, j € N and the &; ;; are inde-
pendent of f. O

Lemma 1.3. Let A(C) be a non-Archimedean Kdthe space and let
T: A(C) — Ao(C)

be a linear operator such that

Taf(n)e Z En, la Dey + af(n+1)€n+1

forn € N, where f: N — Z andémlef(fornEN, 1<l<n.
Then for every m € N

Taf(m)em =_T (Tm_laf(l)q — af(m)€m> + af(m+1)em+1 (1.3)

if and only if B )
Tl Mey = af(m+1)em+1. (1.4)

Proof. The equalities (1.3) and (1.4) are equivalent since
_T (Tmflaf(l)el _ af(m)em) _ gl e, 4 Tafme,

for m € N. O

15



Assumption 1.4.

(1) Now, by induction, we redefine the operator Ty, i.e. we define some
of the ey ;.
Let i X
Toa!Me,, = of 1)

for1<n< 7/}(1)7 n 7& y(l);

€n+1

Tyaf W, ) = af0We, 1 1 0l ey,

Toa! e, Zama e; +al ™ e, 1y

for (1) <n < z(1). If we have defined Toe,, for 1 < n < z(1), then
we define Toe,(1) as follows

Tya! W,y = —T (T 21 f(), af(z(l))ez(1)>

Ll GO

Let k € N, k > 2. Suppose that we have defined Tpe, for 1 < n <
z(k — 1), then we define Tye,, for z(k—1) <n < z(k).

Let X R
Tya!Me,, = of 1)

for z(k—1) <n <(k), n#y(k);

o WOe 4 af W

€n+1

Toaf O ) =

Toaf( Zsma e +a f(n e,

for (k) < n < z(k). Assume that we have defined Toe, for
z(k—1) <n < z(k), then

Toaf(z(k))ez(k) - _T (T()z(k)flaf(l)el _ af(z(k))ez(k)>
+al CEe o

(2) Let

16



(a) for every k € N and z(k) < n < x(k) + (k)
o™ + f(n) <0
(b) for every k € N and x(k) < n < y(k)
a4 f(n) 2 0;
(c) for every k € N

Al 4+ Fly(k) +1) <0

and
a0+ 4 f(n) > oM f(n 4 1)

if y(k) <n < (k).
(3) Lete;j € K fori,jeN, 1<1<i+j be such that

i+7
Tea 1G) ej = Zewla

fori,j € N. Assume that

_ o pR)E2 e (k)
1§l§ﬁj< o f7) + o —i—f(l)) <0
€4,,170

fork e N, j > (k) and 1 <i < (k).

1.2 Some more Lemmas

From now on to the Theorem 1.9, we assume that f = 0.

Lemma 1.5. For every n € N there exist &, ; € K for 0 <1i < n such that

Z Ther. (1.5)

=0

Proof. We have e; = Tgel, er = —5171T(())61 + Toe1. Let m € N, m > 2.
Suppose that (1.5) is true for 1 <n < m. Then

m m—1 m -1
em1=Toem — Y _emaer =T0 Y _ émiToer — > emi Y E1iTier
=1 i=0 =1 =0

17



m m—1 m
A i A i
= E Emi—11per — § E emililpel
i=1

i=0 l=i+1
m m—1 m
= <— Z€m,lél,o> Toer + Z <ém,i—1 - Z €m,zél,z‘> Toer + Emm—11y" e
=1 i=1 I=i+1
Therefore, by induction, (1.5) is true for n € N. O
Lemma 1.6. The equalities
z(k)+n
k
TOI( )en = Z Ex(k),n, 1€l (16)
I=z(k)+1

are true for k € N, 1 <n < z(k).
Proof. If k=1, n =1, then

Tg(l)el = €x(1)+1.

Let k € N, k> 2, n=1. Then, by Assumption 1.4 (1) and Lemma 1.3,

k:—l)61 x(k)—z(k—1)

z(k z(k)—z(k—
TO( )61 = To( )==(k=1) = To( C2(k—1)+1 = €x(k)+1

T

Assume that £ € N, 2 < n < z(k). Then, by Lemma 1.5, there exist
€ni € K for 0 <7 <n — 1 such that

n—1

E :A i
€n = E,M'Toel.

=0

Hence
17 We,, = T3¢ ZsmToel ZEMTO 77 We
n—1
= Z En ZToeac(lc +1 = Z En Ji— 16 (k)+i-
=0
Therefore (1.6) is true. O

Lemma 1.7. The inequalities

u(k)

™% puay (Toe;) <1

are true for k € N, 7 > y(k) and 0 <i < ¢(k).

18



Proof. Let k € N, j > y(k) and 0 <1i < (k).
If ¢ =0, then
_ P R+2 w(k)+2 w(k)

lal ™ Py (Toeg) = lal ™ ol < 1.

Assume that ¢ > 1 and j < ¢(k). Then, by Assumption 1.4 (2)(c),

_a}:b(k>+2

. _ H(k)+2
lal™% " puy (Toeg) = la|™

Pue) (To ' ej41)

_ ‘L,L(k)+2 -
S ‘CL| ®jr1 pU(k) (TOZ 1€j+1) .

Hence, by induction, we may assume that j > ¢ (k) and 1 < i < (k).
By Assumption 1.4 (3), we have
A i+j
Toej =Y cigae
=1

and

max (—oﬂ(k)+2 + a;‘(k)) <0.
1<I<i+j J
€170

Therefore

i+7
_ H(k)+2 . _ ;.L(k)+2
al™ puy (Toeg) = lal™ pu <Z€z‘,j,zel>
=1

n(k)

k)+2
T ol < 1.

< max |a|™%
1<1<i+j
€i,j,170

O]

Lemma 1.8. The operator Ty is continuous and extends uniquely to a con-
tinuous operator
T: A(A) — A(A).

Proof. Let n € N. By Lemma 1.7, there exists m € N such that
ant?
Pn (Toe;) < la|% = ppya(e;)
for ¢ > m. Hence there exists M,, > 0 such that

pn (Toei) < Mypnia(e;)

19



for i € N. '
Let A\=>"1_  Nej, M€K, i=1,2,...,j, j € N. We have

J
_ e | < ) )
Pn (TO)\) Pn (TO Z_; )\zez> > 112?3)3 ’)\z’pn (Toez)

< My, max [Ai[ppia(ei) = Mnpni2(A).
1<i<;
Therefore Tj is continuous. Since Ag(A) is dense in A(A) and A(A) is a
non-Archimedean Kothe space, there exists a unique linear and continuous
extension T of Ty to A(A). O

1.3 The Fundamental Theorems

Theorem 1.9. The operator Ty extends to a linear and continuous operator
T: A(A) = A(A4)
that has no nontrivial invariant subspaces.

Proof. By Lemma 1.8, the operator Ty extends uniquely to a linear and
continuous operator T: A(A) — A(A). Now we show that the operator T
has no nontrivial invariant subspaces.

Let £ € A(A), £ # 0 and let X be the smallest invariant subspace of T
such that £ € X.

It is sufficient to show that there exists a sequence (E")n ey ©X such
that

lim py (5_11 - 61) =0

n—oo

for every k € N, i.e. lim, 00 &, = €1. Since then e; € X, and if
Lin{ej,e,...,e,} C X, then Lin{ey, ea,...,ent1} C X for epp1 = Tep + p,
where p € Lin{ej, eg,...,e,}. Thus it follows, by induction, that
Lin{ej,ez,...} C X. Hence A(A) = cl Lin{ey,ez,...} C X, so X = A(A).
And this means that every non-null invariant subspace of T is equal to A(A).
Therefore we obtain that 1" does not have nontrivial invariant subspaces.

In order to prove this, we show that there exists a sequence (En)n en © X
such that

Pn (fn - 61) <1 (1.7)
for n € N. Then

pr (En —e1) = max (&0 — e1) (m)] |a|om

20



= max | (&, — e1) (m)] |a|***|a|~*[a|*»

< pn (&0 — €1) sup |a| = || < sup |a| " Fom < o] T
meN meN

for n > k. Hence -
lim pg (gn - 61) =0

n—oo

for k € N.
Let n € N and let £ € N be such that: u(k) = n; £(I) # 0 for some
L€ N, 1< x(k); [&2(m)] < 1 for x(k) < m < y(k), where & = ghsé; and

(k)+2
€1 (m)] < |a]~om

for m > y(k).
Such k € N exists by the facts that the set {k € N: u(k) = n} is

infinite, & # 0, lim, 00 |a]0‘7n(k)+1§1(m) = limy,—00 ]a\a%k)mﬁl(m) = 0 and

by Assumption 1.4 (2)(b).
Let v € K be such that

lv| = | max [£1(m)|

and let & = v~=1&. Then

—1.
| max o (m)|

Since maxy <<y (k) [€1(m)| = [&(D)] =1, v~ < 1.
Thus
[E2(m)| < [€1(m)] < 1

for x(k) < m < y(k) and
|§2(m)| < [a[~*™ (1.8)

for m > y(k).
Let r be the largest integer such that

1 <r<x(k)

and

[€a(r)] = 1.

21



Hence

|€2(m)| < 1 fl<m<r,
|€2(T)) ) (19)

|&2(m)| <1 if r <m <y(k).

Let
T1: A(A) — A(A)

be a linear operator such that

0 y(k)*l
T (Z )\mem> =T ( Z )\mem) + )\y(k)el
m=1 m=1

for A € A(A), A=, Anen, and let
T, =T-T.
Then
T, (Z )\mem> = Aoyl + T Z Amém
m=1 m=y(k)+1

for A€ A(A), A=>"""1 Amem.
We show that

{ (T1&)(m)] <1 if 1 <m <y(k), i€ NU{0},
(Ti&)(r+d)| =1 ifr <r+i<y(k), (1.10)
(Ti&)(m)| < 1 ifr <r+i<m<uyk).

If : = 0, then (1.10) is true by (1.9). Let i € NU{0}. By the definition
of T, we have

T =T Z(Tffz)(m)e
m=1

y(k)-1 [ m
Z (ZEW’L,] (T1&)(m)e; + (Tf§2)(m)€m+1> + (T1&2)(y(k))er.

m=1
Hence
y(k)—1
(Ti6) (1) = Y ema(Tiée)(m) + (Ti&) (y(k)),
m=1

22



(T17&) () = (T1&) (G — 1) + Z emj (Ti€2)(m)
if 1 < j < y(k) and

(T77&) (y(k)) = (Ti&) (y(k) —1).

Suppose that .
(Ti&)(m)| <1
for 1 <m < y(k).
Then

y(k)—1

(1 &2)( em,1(T162)(m) + (T1&)(y(k))

;_-

m=

gmax<l<max el | (Ti2)( >»,|<Tf£2><y<k>>)s1,

y(k)—1
T1§2 .7_1 + Z Em,j T1§2

m:]

}(TZ—H ‘ _

< max (\(T;&)(j —1)], max |enl !(Tffz)(m)\) <1

j<m<y(k)
if 1 <j<vy(k),
(T &) (y(K))| = [(Tig2) (y(k) — 1) < 1.

Thus ‘
|(T11&) (m)] <1

for 1 <m < y(k).
Now assume that r < r 417 < y(k),

(T1&)(r +4)| =1

and .
|(T1&2)(m)] < 1
if r+i<m <y(k).
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If r+i¢+1<y(k), then

y(k)—1

(T G)r+i+ D] = (T + D)+ Y emprint (Ti)(m)| =1
m=r+i+1
|(T1&)(r +4)| =1
and

(T < 1.
rrit1<mey(k) emreier(T362)(m)

If r+i+4+1=y(k), then

(T &) (y(k)] = |(Ti) (y(k) — 1)| = [(T1&) (r +4)| = 1.
Thus '
(T (r+i+ 1) =1.
Ifr+i+1<j<y(k), then

y(k)—1

(&) ()] = [(Tie) (G~ + Y emj(Ti&)(m)| < 1

m=j

since '
(Tié) (G — 1) < 1

and

- < 1.
jggzlgg}/((k) |5 il 152)("0}

Ifr+i+1<j=y(k), then

(TT &) (y(k)| = [(Tige) (y(k) — D] = [(Tig2) (5 - 1| < 1.

Thus
[(TiH)(5)] < 1
ifr+i+1<j<y(k).
Therefore (1.10) is true by induction.
Let s = x(k) —r, t =y(k) — x(k).
Let
M = (aij)i<ij<t
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be the matrix with entries a;; = (T5 &) (x(k) + 7). 4,5 = 1,2,...,t,

u=y(k)—x(k)+1,
and let

p=(p1,p2,---,pt)
be such that p; = 0 when j # u — x(k) and p,_\ ) = 1.

By (1.10) we get

|aij| <1 when 1 < j,

la;j| =1 when i=j,

|aij| <1 when > j.
Hence

t t
|det M| = > " e(0) [ [ aoiys| = |]] @is| = 1-

o 7=1 j=1
Therefore by the Cramer’s rule

(a1,az2,...,a;)M = p, (1.11)

det My,

where a,, = g7 and the matrix M, = (a%‘)lSi’Kt for 1 < m < tis
created from M by replacing the m-th row by instead of entering p, while

am| <1 (1.12)

for 1 < m < t since

t
| det Myn| = Y e(o) [[aniy| < T]1=1

a 7j=1 7j=1

for1<m<t.
Let

t
53 — Tx(k) Z aiTs—i-ng.
i=1

Then &3 € X.
We show that (1.7) is true with &, = &.
We use the equality

m—1
T =T+ Y T 'DT, meN.
j=0
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The equality is true for m = 1. Assume that this equality is true for
some m € N.

Then
m—1 ‘ ) m—1 . .
T =TI+ Y T T) = T+ BT+ Y T T
j=0 3=0

m
=Tyt 4y T
§=0

Thus, by induction, the equality is true for every m € N.

‘We have .
g =T Z a;T**'&
y(k)
_ Z a; Tz (k)+s+t Z 52 em + Z 52
m=y(k
y(k) t
_ Z a;T* (k)+s+i Z 52 em + Z aiTa:(k)Jreri Z 52
i=1 m=y(k
z(k)+s+i—1 1\ y(k)
_ Z k)+s+z + Z T:c(k)+s+z‘—j_1T2Tf Z £(m)e
7=0 m=1
+ Z a; Tm(k +s+1 Z 52
i=1 m=y(k)+1
t yk)
=17 ON N T ) (m)en
=1 m=1

t x(k)+s+i—1

T Z Z aiTx(k)+s+i_j_lT2(Tf§2)(y(k))ey(k)

t o]
£ a3 gm)e

i=1 m=y(k)+1
B y(k) 7t
08 (St e
m=1



t x(k)+st+i—1

DR M

+ZaiTx(k:)+s+i Z &o(m

i=1 m=y(k)+1
By (1.11), we obtain

y(k) t
93 (Setre) e

m=1

(:12(:1 (Z a,TSJ”gg) m)em + eu>

x(k) t ®
Z (Z aszJrZEz) m)em + 11 €y —w(k)+1

m=1

x(k ¢
= (k) Z (Z ainHgQ) (m)em, + €.
m=1 \i=1

Thus
§3—e1 =& + &+ &,
where
x (k) t
& = T:C(k Z <Z asz+l§2> m ema
m=1
t x(k)+st+i—1 o ‘
=Y. > @l WTEINTG) (y(k))eym 1,
i=1 =0

t 00
&6 = ZaiTx(kHSH Z & (m)e
=1

m=y(k)+1

We still need to prove that p, ) (§m) < 1 for m = 4,5,6.
By (1.10) and (1.12), we get

s+i z(k)
(k) (&) = 1<m3§(k:) 1H<la§t|al| ‘ (T7&)( )‘p"“(k) (T e’”)

< (e, ) .
= 1<mex () 1R (T em)
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e If 1 <m < z(k), then by Lemma 1.6 and Assumption 1.4 (2)(a),

z(k)+m
Pu(k) (Tx(k)em) = Du(k) ( Z €x(k),m,¢6i)

i=z(k)+1

= a2y P ) = ) B oy P ()
(k)
= max la|* < 1.
x(k)<i<x(k)+x(k)

o If (k) < m < x(k), then by Assumption 1.4 (2)(a),

au(k)
Puk) (Tz(k)em) = Due) (€afry+m) = la| =@+ < 1.

Hence
(k) (&a) < 1.
By (1.10), (1.12), Assumpt1on 1.4 (2)(c) and Lemma 1.7, we have
< i T? ‘
(&) < max _max -l [(Ti€2)(y(k)
Pyuth) (Tx(k)“”_j _1€y<k)+1)
< T! < T
< e pu) (Teyg) < max, gy (Teyw+1)
oM k)+2 .
< max ]a\ y(k)‘Hp (k) (Tley(k)_;'_l) <1

— 0<i<p(k)
since
x(k)+s+t—1=x(k)+ x(k) —r+ylk) — x(k) — 1 < @(k).
Finally, by (1.8), (1.12) and Lemma 1.7,

z(k)+s+i
Pu(k)(€6) < 1285 H>12X |ax] |&2(m)| Pp(k) (T (k)+s+ em)

p(k)+2 ;
< max sup la|” " pLey (Them) < 1.
2 (W) <i<p(k) oy (k) uty (T'em)
Hence for every n € N there exists k € N such that p(k) = n and there
exists &, C X such that

Du(k) (§n—e1) < 1.
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Therefore the claim (1.7) is satisfied and

lim &, =ej.
n—oo

O

Lemma 1.10. Let A(B), where B = (bﬁ)kneN’ be a non-Archimedean

Kéthe space and it is not assumed that b < bF+1 for k,n € N.
(1) Let (Cﬁ)neN CR fork €N, ck >0 for k,n € N. If the inequalities

0 < inf & <supc® < o0 (1.13)
neN neN

are satisfied for k € N, then the identity
I: A(B) = AC), A=A,

where C' = (ckbk

n n)knEN’ s an isomorphism.
)

(2) Let (vn),eny C K* and let ¢, = |vp| for n € N. Then the map

[e¢)
}::An
—€n,
Un

n=1

7: A(B) = A(C), > Anen >
n=1

where C' = (cnbfl) 18 an isomorphism.

kneN’

(3) Let (cn)peny C R, ¢ > 0 for n € N. Then the spaces A(B) and
A(C), where C = (C"bﬁ)kneN’ are isomorphic.

Proof. (1) Suppose that (1.13) is satisfied. We have

A(B) = {(Al,AQ...) € KN lim [\|bf =0 for k € N}

- {()\1,)\2 ) €KY tim |Aafchbl =0 for k€ N} — A(O).

The identity
I: A(B) = AC), A=A

is an isomorphism since for any sequence (Am),,cn = (()‘?)nEN)m N

C A(B)

lim max |\™[bE =0
m—00 neN
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if and only if

lim max [\™|cEbF =0

for k € N, i.e.
lim A, =0
m—o0
if and only if
lim 7 (\y)=0.
m—r0o0

(2) Since
lim |A,|0E =0
n—oo

if and only if

lim
n—oo

ﬁl%ﬁzo

Un

and

sup | Ap|bF = sup | = An cnbk

neN neN

for (An),en € KN, k €N, the map 7 is a linear bijection such that

Pe(A) = pr(T(N))

for A€ A(B), ke N.

Therefore 7 is an isomorphism.
(3) Let ¢, = |a|™, v, € R for n € N. The spaces A ((b )kn€N> and
A <(|a|7"_[7"]bfl)k nEN) are isomorphic by (1) and the spaces

A <(|a|7"_[7"]bfl)k’neN) and A <(|a|7"bfl)k7n€N) are isomorphic by (2).

Therefore the spaces A(B) and A(C) are isomorphic.
O

Theorem 1.11. Suppose that a non-Archimedean Kothe space A(A), where
A= <\a|0‘ﬁ>k N functions w,z,y,z, X, ¥, @, f and an operator

,;ne
To: Ao(A) — Ao(A) such that

Toa Zema e;+a fn +1)€n+1
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for n € N, where e,,; € K forn e N, 1 <i<n, satisfy Assumptions 1.1
and 1.4 (1), (2).
Let A(B), where B = (|a\ﬂ5>k N be a non-Archimedean Kdithe space

,ne
and let g: N — R.
Assume that

af + f(n) = B+ g(n) (1.14)

for k,n € N.
Then the non-Archimedean Kdéthe space A(B), the functions p,x,y, z, X,
¥, @, g and the operator Ry: Ao(B) — Ao(B) such that

Road™e,, = Z 5n,iag(i)ei + a9t e,
i=1
for n € N satisfy Assumptions 1.1 and 1.4 (1), (2).
If the non-Archimedean Kéthe space A(A), the functions u,x,y,z, X, ¥,
o, [ and the operator Ty: Ao(A) — Ag(A) satisfy Assumptions 1.1 and 1.4,

then the non-Archimedean Kdthe space A(B), the functions p, x,y, z, X, ¥,
@, g and the operator Ry satisfy Assumptions 1.1 and 1.4.

Proof. A(B), the functions u,x,y, 2, x, ¥, p,g and the operator Ry satisfy
Assumption 1.1. Let
. s /L+J r
Téaf(J)ej = 25i7j71af(l)el (1.15)
=1

for i,j € N, where ¢; j; € K fori,j € N, 1 <1 <4+ j. Then, by
Lemma 1.2,

i+j
Réag(j)ej = 261’73'71(1@([)6[ (1.16)
=1
for i,5 € N.
By Lemma 1.3,

Toz(k’)af(l)el =af B e 40y
for k € N since
Toaf(z(k))ez(k) - T (Toz(k)_laf(l)el _ af(z(k))ez(k)) + af(z(k)+1)ez(k)+1

for k € N.
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Thus

Rg(k)ag(l)e — 9GFR)+1)

1 2(k)+1

for k € N. And, by Lemma 1.3,
Toag(z(k))ez(k) =T (Tg(k)_lag(l)el _ aé(Z(k))ez(k)) + as?‘(Z(k)Jrl)ez(k)Jrl

for k € N.

Hence A(B), the functions u, x,y, 2, x, ¥, ¢, g and the operator Ry satisfy
Assumption 1.4 (1).

Moreover, they satisfy Assumption 1.4 (2) by (1.14).

Therefore A(B), the functions u,z,y, z, x, ¥, ¢, g and the operator Ry
satisfy Assumptions 1.1 and 1.4 (1), (2).

If A(A), the functions pu, z,y, z, x, ¥, ¢, f and the operator Ty satisfy As-
sumption 1.1 and 1.4, then, by the above, A(B), the functions u,z,y, z, X,
1, ¢, g and the operator Ry satisfy Assumptions 1.1 and 1.4 (1), (2). And
they satisfy Assumption 1.4 (3) by (1.14)-(1.16). Therefore A(B), the func-
tions w,,y, 2, X, ¥, v,g and the operator Ry satisfy Assumptions 1.1 and
1.4. O

Theorem 1.12. Let a non-Archimedean Kéthe space A(A), where A =
(]a|0‘5b>lg W functions w,z,y, 2z, X, ¥, @, f and an operator Ty satisfy As-
ne

sumptz'oﬁs 1.1 and 1.4.
Then Ty extends to a linear and continuous operator

T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. Let B = (]a|65) , C = (|a\7’li) , where »Bﬁ = afz + f(n) —
k,neN k,neN

f(n), v5 =ak + f(n) for k,n € N, and let Tp: Ag(A) — Ag(A),
Ry: Ao(C) — Ap(C) be such that

n
Toa! e, = Z enial De; +af e,
i=1

fornEN,whereEmGKfornEN, 1<¢<n,and

n
Roe,, = E €n,i€i + €ny1
i=1
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for n € N.
Since

af + f(n) =7F +g(n)

for k,n € N, where g: N — R, g =0, by Theorem 1.11, A(C), the functions
1, T, Y, 2, X, ¥, o, g and the operator Ry satisfy Assumptions 1.1 and 1.4.
Hence, by Theorem 1.9, Ry extends to a linear and continuous operator

R: A(C) — A(C)

that has no nontrivial invariant subspaces.
By Lemma 1.10,
7: A(A) — A(C)

is an isomorphism, where 7 =71, I: A(4) = A(B), A — A, and
T A(B) - A(C)v Zzozl Anen Z’:,o:]_ )\na_f(”)en.
We have

n n
i=1 i=1

= TﬁlRoen = TﬁlROTaf(”)en = TﬁlRTaf(")en

for n € N.
Therefore Ty extends to a linear and continuous operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]
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Chapter 2

The Specific Schemes

Now we prove some specific schemes. We assume that the schemes satisfy
Assumptions 1.1 and 1.4 (1), (2) and have some additional properties. Next
we prove that from these assumptions and the additional properties follows
Assumption 1.4 (3). In this way, we prove the truth of the schemes.

2.1 The first Specific Scheme

Theorem 2.1. Suppose that a non-Archimedean Kdéthe space A(A), where
A= (\a\aﬁ)k N functions u,x,y, z, x, %, @, f and an operator Ty satisfy
ne

)

Assumptions 1.1, 1.4 (1), (2) and the following additional conditions:
(1)

~
Il
o

(2)

Toen = ent1
for ke N, (k) <n < z(k).

(3)
"
forke N, n>¢(k), 1 <i<qpk).
(4)
a2 > o)
fork e N, n>y(k), 1 <i<(k)ifn+i=uy(r) for somer >k

(G
orn+1i=z(s) for some s > k.
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(% () ()+1
124V 14w}
oS g

forkeN, k>2,1<j<k, 1<i<e(j).
(6)

w(d) w(g)+1
O S Oy
forkeN 1<j<k 1<i<z(k).

Then the non-Archimedean Kdéthe space A(A), the functions p,x,y, z, X,
¥, @, f and the operator Ty satisfy Assumptions 1.1, 1.4 and Ty extends to
a linear and continuous operator

T: A(A) = A(A)
that has no nontrivial invariant subspaces.
Proof. Let ;5 € K fori,j €N, 1<1<i+j be such that

i+j
i
Toej; = Z&',ggz@l
=1

for i,57 € N.
We shall prove that Assumption 1.4 (3) is true, i.e.

_ A HR)+2 uk)\
lgnllgz?—{l—j< o + o )_0
€4,5,170

for k € N, j > (k) and 1 <i < o(k).

Let k€ N, j > (k) and 1 < i < o(k).

o If y(m) & [j,7+1i) for m >k and z(m) & [, + i) for m > k, then

Téej = €jtj.
Thus

(k)+2 (k)\ _ (k)+2 (k)
jb +off )——a; —I—a’fﬂ < 0.

max (—Oz
1<1<i+j
€4,5,170

o If y(m) € [j,7 + i) for some m > k and z(r) & [j,j + 1) for r > k,
then

(k)
Téej = Z €i,5,1€1 + €j+i-
=1

Hence
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k)+2 k
(k) —|—a;‘( ))

max (-Oé]

1<i<i+j
€i,5,170
)42 | () w42 k)
< max (1§rln§%p)%k) <_a] + a; ) 5 _OZj + aj+i )

(k)+2 (k)+1 (k)+2 (k)
< max (—a? + a’;(m) , —a? + O‘gﬂ' ) <0.

o If z(m) € [j,j + i) for some m > k, then

max (—oc?(k)+2 + a;‘(k)>

1<1<i+j
€i,5,170
< max [ max (—oﬂ(k)‘k2 + a;‘(k)> . max (_al%(k’)'ir? + a;lUf))
1<i<z(m) J z2(m)<I<j+i J

< max <_a7(k)+2 _'_au((k))—f—l’ ax (_Oﬂ(k)—ﬂ +@;L(k)>) <.
zlm 2(m)<I<i+j J

Thus Assumption 1.4 (3) is satisfied.
Hence the non-Archimedean Kéthe space A(A), the functions u, x, v,
zZ, X, ¥, @, f and the operator Ty satisfy Assumptions 1.1, 1.4.
And therefore, by Theorem 1.9, Ty extends to a linear and continuous
operator
T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]

2.2 The more general setting for the first Specific
Scheme

Theorem 2.2. Suppose that a non-Archimedean Kothe space A(A), where
A= <\a|“ﬁ)k N functions p,x,y, z, x, ¥, @, f and an operator Ty satisfy
,ne
Assumptions 1.1, 1.4 (1), (2) and the following additional conditions:
(1) ) )
Toa! ™e,, = af(nJrl)enJrl
fork e N, (k) <n < z(k).
(2) "
a2 4 f(n) > o®) 4 f(n 4 1)
for k €N, n > k), 1<i< (k).
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(3)
b2 4+ f(n) > o + F(n + i)
fork e N, n>¢(k), 1 <i<(k)ifn+i=uy(r) for somer >k
orn+1i=z(s) for some s > k.

(4)

forkeN, k>2 1<j5j<k, 1

(5)

IN

i < 9(j)-

oVt f(i) < o+ f(2(h))

forkeN 1<j<k 1<i<z(k).
Then Ty extends to a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. Let A(B), where B = (|a\ﬁ§) . BE = ak + f(n) for k,n € N, be
€

k.n R A
a non-Archimedean Kéthe space, Tpa! (n) en = Z?:l 5m~af (i)ei +af( en+1
for n € N, and let Ry: Ag(B) — Ag(B) be such that Roe, = Y ;" | eni€i +
ent+1 for n € N. We have

n+1)

of + f(n) = B+ g(n)

for k,n € N, where g: N—> R, g =0.

A(A), the functions u,x,y, 2, x, ¥, ¢, f and the operator Ty satisfy As-
sumptions 1.1 and 1.4 (1), (2). Then, by Theorem 1.11, A(B), the functions
1y T, Y, 2, X, ¥, ¢, g and the operator Ry satisfy Assumptions 1.1 and 1.4 (1),
(2). Since A(B), the functions u, z,y, z, x, ¥, ¢, g and the operator Ry satisfy
conditions (1)-(6) of Theorem 2.1, they satisfy Assumptions 1.1 and 1.4.

Hence, by Theorem 1.11, A(A), the functions p, x,y, z, x, ¥, ¢, f and the
operator Ty satisfy Assumptions 1.1 and 1.4.

Therefore, by Theorem 1.12, Ty extends to a linear and continuous op-
erator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]
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Remark 2.3. The function f can be expressed literally, i.e. the Assumptions
1.4 (2), (3) can be written such that:

o Let

— for every k € N and z(k) <n < x(k) + z(k)
f(n) < —ah®;

9

— for every k € N and x(k) <n < y(k)

f(n) = —ah®F

— for every k € N

and o
Fn+1) = f(n) < —ahi* — (—ap+2)

if y(k) <n < (k).
o If & ;; # 0, then
; (k) (k)+2
1) = £G) < —af® = (—a®*?)
for k€N, j>4(k), 1<i< k), L<I<j+i.
And the conditions (2)-(5) of Theorem 2.2 can be written such that:

Fn+i) = f(n) < —abl) — (—at®+2)
for k €N, n>(k), 1 <i< (k).

Fn+i) = f(n) < =)™ = (—at®+2)

for ke N, n>y(k), 1 <i<p(k)if n+i=y(r) for some r > k or
n+1i = z(s) for some s > k.

. w(d) p(i)+1
1) = J k) < a9 — (~al )
forkeN, k>2 1<j<k, 1<i<p(y).

1) = F(2(0)) < =t — (=akD*)
forkeN, 1<j<k, 1<i<z(k).

38



2.3 The second Specific Scheme and the general-
ization

Theorem 2.4. Suppose that a non-Archimedean Kothe space A(A), where
A= <\a\°‘ﬁ)k N functions u,x,y, 2z, x, %, @, f and an operator Ty satisfy
ne

)

Assumptions 1.1, 1.4 (1), (2) and the following additional conditions:

(1) There exist function v, sets Xy, for k € N\ {1} and functions vy, for
ke N\ {1} such that

v: N\ {1} = N\ {1};

v(k)y(k) < (v(k) + Dy(k) < z(k),

(k): my(k) < z(k),m =0 (mod v(k)) or
m=1 (mod v(k))},

(k) <

Xp={m>v

v Xk = N m— my(k)
for k e N\ {1}.

(2)

~
Il
o

(3)

Toen = ent1
if ke N, (k) <n<z(k) and n # vg(m) form e Xy if k> 2;
Toe, = —e1 + ept1
if n = vg(m) for some m € Xi, k>2 and m =0 (mod v(k));
Toen, = €1+ ent1
if n =wvg(m) for some m € Xi, k>2 and m =1 (mod v(k)).

(4)

k)+2 w(k)
kB2 > Cpti

for k€N, n>1p(k), 1<i< k).
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(5)
az(k)w > auf)ﬂ

for k € N, n > k), 1 <i < o) ifn+i= y(r) for some
r>korn+i=z(s) for some s >k orn+i=uvy(m) for some
t>k t>2 meX,.

(6)

for 1 <i< z(1).

(7)

forkeN, k>2 1<j<k, 1<i<o(j).
(8)

p) o )1
= Tk (m)

forkeN, k>2 me Xy, 1<j<k 1<i<p@).
(9)

forkeN, k>2,1<j<k, 1<i<e(j).
(10)

forkeN, k>2 1<j<k, z(k)— (v(k)— Dy(k) <i<z(k).

Then the non-Archimedean Kothe space A(A), the functions u,x,y, z, X,
U, p, f and the operator Ty satisfy Assumptions 1.1, 1.4 and Ty extends to
a linear and continuous operator

T: A(A) — A(A)
that has no nontrivial invariant subspaces.
Proof. Let ¢, € K fori,j € N, 1 <1 <4+ j be such that
i+j

i
Toej; = Z €i,j,1€l
=1
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for i,5 € N.
By Theorem 1.9, it is enough to prove that Assumption 1.4 (3) is satis-
fied, i.e.

max (—oﬂ(k)Jr2 + af(k)> <0
1<I<i+j J
€4,5,170

for k€N, j>(k) and 1 <i < (k).
Let k € N, k> 2. We have

TYM ey = e

(k—1

since TOZ )61 = e;(k—1)+1 and Toe, = eyq1 for 2(k — 1) <n < y(k). Thus

Téj(k)el = €y(k)+1 + eq.

Since Tpe,, = ept1 for y(k) < n < v(k)y(k), by induction,

v(k)
T(’)/(k)y(k)—lel _ Z (i)

m=1
Hence, using induction again, we have

v(k)
v(k)y(k)—14n
TO( Jy(k)—1+ el = Z Emy (k)

m=1
for 1 <n < z(k) — v(k)y(k) since
Toey(k) = eyk)+1 + €1,

Toeu(kyy(k) = Cv(k)y(k)+1 — €15
Toevk(m) = Cyp(m)+1 — €1

if m € X and m = 0 (mod v(k)),

Toevk(m) = Cup(m)+1 +e

if m € X and m =1 (mod v(k)) and
Toen = ent1

if y(k) <n < z(k) and n # vg(m) for m € Xj.
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In particular,

v(k)
z(k)—1
T er = 37 v toutosmy)
m=1

m=1

v(k)—1
= Z €z(k)—v(k)y(k)+my(k) | 1 €x(k)-

The operator T is defined such that

Toz(k)el = €;(k)+1-
Therefore if z(k) = 0 (mod v(k)y(k)), then

v(k)—1
Toez(k) = —€1 — Z €2(k)—v(k)y(k)+my(k)+1 T €z(k)+13

m=1
if z(k) = y(k) (mod v(k)y(k)), then

v(k)—1
Toez(k) =e€1— Z €2(k)—v(k)y(k)+my(k)+1 T €z(k)+1}

m=1
and if z(k) # 0 (mod v(k)y(k)) and z(k) # y(k) (mod v(k)y(k)), then

v(k)—1
Toe k) = — Z €2 (k) —v(k)y(k)+my(k)+1 T €z (k)+1-

m=1

Now we show that Assumption 1.4 (3) is satisfied.
Let k €N, j > 1(k), 1 <i< (k).

e Suppose that z(s) & [j, 7 + ) for s > k.

— If y(r) & [j,j + 1) for r > k and v(m) & [j,5 + 1) for t > k,
t>2, me X, then

Tgej €itj
Thus
u(k)"l‘Q ,u(k) o N(k)+2 M(k)
12140 <_aj T ) =5 Faiy <0
Ezj:#()
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— If y(r) € [j,j + i) for some r > k, then

e
Téej = Z €i,jl€1 T €itj-
=1

Hence
max (—oﬂ(k)Jr2 + a“(k))
1<i<itj \ 7 !
€i,5,170
p(k)+2 p(k) u(k)+2 n(k)
< max <1<Iln<eg%k) (—aj + o ) y O + gy >

w(k)+2 p(k)+1 w(k)+2 w(k)
< max (—aj + Quiry o O + Ay ) <0.

— If vs(m) € [j,7 + 1) for some s >k, s > 2, m € Xy, then

(k)
Téej = Z €ijl€l T Eitj.
=1

Hence

k)+2 k
max (—a“( )+ —i—af( )>
1<I<i+j J

€4,,170

< _ A HR)+2 wk))  _ w(k)+2 (k)
< max (Krlngfi%k) ( a; + o ) y T + Gy

< e (e 4 5, ) <0

e Now suppose that z(s) € [j,j + i) for some s > k.

— Let s =1. Then £ =1 and we have

1)+2 1
max (—a’.‘( )+ +ozf( )>
1<I<i+j J

€i,5,170

< _ A H(1)+2 w(1) _ A H)+2 (1)
= (131?2%1)( aG A ) ’ z(l)nsl?gm'( @ A )

_u(1)+2 pw(1)+1 _ ()42 w(1)
< max( o —l—az(l) , z(1)H§I?§i+j( o + o )> <0.
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— Assume that s > 2.
Then
e(k) < z(s) = (v(s) =1 y(s) +1

2(s) = (v(s) =D yls) + 1 — (k) > (v(s) + 1) y(s)

—(w(s) =D y(s) — 2y(k) = 2y(s) — 2y(k) > 0.

Thus
i+j

(k)
Tie; = > cijier+ Y cijaer,
=1 l=m

where m = z(s) — (v(s) — 1)y(s) + 1.

And we get
max (—ay(k)—|r2 + a“(k))
1<I<i+j J !
€i,5,170
< max | max (—oﬂ(k)Jr2 + Ozl“(k)) , max <_ak‘(’€)+2 4 af(k)) ’
1<1<p(k) J m<1<z(s) J

max (—a’-‘UgHz + a“(k)>>

2(s)<I<i+j J !

< max <—a;(k)+2 + 045((5))“, —Ozy(k)Jr2 + 045((5))“7

o2 uk))Y <
(e el @) <0

Thus Assumption 1.4 (3) is satisfied.
Hence the non-Archimedean Kothe space A(A), the functions u,z,y,

zZ,X, ¥, ¢, f and the operator Ty satisfy Assumptions 1.1, 1.4.
And therefore, by Theorem 1.9, Ty extends to a linear and continuous
operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces.

Theorem 2.5. Suppose that a non-Archimedean Kdéthe space A(A), where

ok
A= (‘a| n)knGN

Assumptions 71.1, 1.4 (1), (2) and the following additional conditions:
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(1) There exist function v, sets Xy, for k € N\ {1} and functions vy, for
ke N\ {1} such that

v: N\ {1} = N\ {1}
(k) <wv(k)y(k) < (v(k) + Dy(k) < z(k),
Xy = {m > v(k): my(k) < z(k),m = 0 (mod v(k)) or
m =1 (mod v(k))},
vk X = N, m— my(k)

for ke N\ {1}.

(2)

Tyaf e, = al e, |

if k€N, (k) <n<z(k) and n # vg(m) form e Xy if k > 2;
Toa!™e, = —afWe, + af(n+1)€n+1
if n =wvg(m) for some m € Xi, k>2 and m =0 (mod v(k));

Toal ™e, = af ey + of O+, |

if n = vg(m) for some m € X, k>2 and m =1 (mod v(k)).
(3) .
P42 1 f(n) > o) 4 f(n i)
for k €N, n>1(k), 1<i< k).
(4) -
B2 4 f(n) 2 o+ f(n+ )

for k € Ny n > ¢(k), 1 < i < o) if n+1i = y(r) for some
r >k orn+i=z(s) for somes >k orn+i=uv(m) for some
t>k t>2 meX;.

(5)
oW+ (i) < o+ £(2(1))

for 1 <i< z(1).
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(6) | |
oV 4 fi) < ol + Fly(h))

forkeN, k>2 1<j<k, 1<i<o().

(7)

forkeN, k>2 meX, 1<j<k, 1

(8) | |
%+ £(0) < )T + (=)

forkeN, k>2 1<j<k, 1<i<ep(j).

(9) , .
oV + (i) < oD+ F(2(h))

)

forkeN, k>2 1<j<k, z(k)— (v(k)—1Dy(k) <i<z(k).

Then Ty extends to a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. Let A(B), where B = (|a\55> . BEF = ak + f(n) for k,n € N, be

k,ne ) .
a non-Archimedean Kothe space, Toa,f (n) en = Z?:l 5n,iaf (i)ei +af( en+1
for n € N, and let Ry: Ag(B) — Ag(B) be such that Roe, = Y ;" | eni€i +
en+1 for n € N. We have

n+1)

af + f(n) = 8% + g(n)

for k,n € N, where g: N—> R, g =0.

A(A), the functions p,x,y, 2z, x, ¥, ¢, f and the operator Ty satisfy As-
sumptions 1.1 and 1.4 (1), (2), then, by Theorem 1.11, A(B), the functions
Wy T, Y, 2, X, ¥, @, g and the operator Ry satisfy Assumptions 1.1 and 1.4 (1),
(2). Since A(B), the functions u,z,vy, 2, x, ¥, ¢, g and the operator Ry sat-
isfy conditions (1)-(10) of Theorem 2.4, they satisfy Assumptions 1.1 and
1.4.

Hence, by Theorem 1.11, A(A), the functions u, x,y, 2z, x, ¥, ¢, f and the
operator Ty satisfy Assumptions 1.1 and 1.4.
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Therefore, by Theorem 1.12, Ty extends to a linear and continuous op-
erator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. O
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Chapter 3

Operators on
non-Archimedean Kothe
spaces without invariant
subspaces

3.1 Non-decreasing coefficients

Theorem 3.1 ([8, 9]). Let A(A), where A = (|a]0‘5>k N be a non-
,ne

Archimedean Kdéthe space.
Assume that:

(1) For every k,i € N there exists j € N such that

k+1 k
(7% Z an-‘ri
forn>j.
(2) .
O S i1
for k.n € N.

Then there exists a linear and continuous operator
T: A(A) = A(4)

that has no nontrivial invariant subspaces.
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Proof. Let h: N — N, h(n) =m for n,m € N, 2m~1 <n < 2™,

The function h has the properties: h(n) < h(n + 1) for n € N; for every
i € N there exists j € N such that h(n) +1 > h(n + i) for n > j; and
lim;, 00 h(n) = 0.

Let A(B) be a non-Archimedean Kothe space such that
B = (|a|f35)k o where 8% = af + k + h(n) for k,n € N.

)

‘We have
BEr1=af +k+1+n(n) <+ k+1+h(n) =gttt (3.1)

for k,n € N; by (1) and the properties of h, for every k,i € N there exists
j € N such that

W= ol k14 h(n) > apy + ko R(n i) = Bl
for n > j; for every k,n € N

By =ay +k+h(n) < ap g +k+h(n+1) < By

: 1_ 1 1 _
nl;ngo B, = nh~>nolo (o, + 1+ h(n)) = oo. (3.2)
Hence (8%) pnen Satisfies condition (3.1), assumptions (1), (2) and the

additional condition (3.2).
Since the non-Archimedean Kothe space A(B) is isomorphic to A(A), we
can assume that
of 11 <okt
for k,n € N; conditions (1) and (2) are satisfied; and that the condition
(3)
lim ol = co.

n—oo

is satisfied.
Now we define a non-Archimedean Kothe space A(C'), where

C = <|a\%’3>k . Y=ok + &, for k,n €N, (&),eny C R, isomorphic to
nE

A(A), functions p, z,y, z, x, ¥, ¢, f and an operator Ty that satisfy assump-
tions of Theorem 2.1.
The sequence (§,),,c is defined such that

fn Z fn—l—l

for n € N.
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Let
/

0,

and let
pw:N— N

be a function that takes any natural number infinitely many times.

The sequence (&,),,cn, the functions z,y, 2, x, 1, ¢ and the operator Tj
are defined by induction.

By (3), there exist z(1) and x(1) such that

z(1) < x(1),
aﬁ(l) <0
if z(1) <n < x(1) and
(1)
Ay =0
Let
y(1) = x(1) + (1)
Let
§(n) =0
for 1 <n < x(1) and
£(n) = —ats)
for x(1) <n < x(1) + z(1).
Then
7 <0

for (1) < n < x(1) + z(1) and
75(1)4—1 Z 0
for x(1) <n < y(1).
Let
p(1) = 2(1) + y(1) — 1.
By (1), there exists (1), (1) > y(1) such that

1)+2 p(1)+1
ahD+? > Qpi



for y(1) < n < (1).
Then (142
+
Y <0

and

1)+2
2 > )

if y(1) <n < (1).
By (3), there exists z(1), z(1) > (1) such that

7’5(1) = z((l) +§1/1

for 1 <n <(1).

Let
€n = Ey(1)
for (1) <n < 2(1).
Then
77,$(1) < ,yg((ll))-i-l
for n < z(1).

Let k € N, k > 2. Suppose that we have defined x(m), y(m), z(m), x(m),
(m),p(m) for 1 < m < k and &, for 1 < n < z(k —1). Then we define

w(k), y(k), z(k), x(k), ¥ (k), p(k) and &; for z(k — 1) <i < 2(k).
By (3), there exist z(k) and y(k) such that
z(k—1) < z(k) < x(k),
al® +&,51) <0
if x(k) <n < x(k) and

(k)
O‘i(k)—i—l + & k1) 2 0.

Let
En = Ek-1)

if z(k—1) <n < x(k) and
§n = _O‘Z(k)

for x(k) <n < x(k) + x(k).
By (3), there exists y(k), y(k) > x(k) + (k) such that

WO < @+ Gy e
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for 1 <j<k, 1<i<ep(y).
Let
En = Ex(k)+a(k)

if x(k) +z(k) <n <y(k).
Then
" <0

for z(k) <n < x(k) + z(k),

for x(k) < n <y(k) and

for 1 <j<k, 1<i<ep(j).
Let
(k) = 2(k) + (k) — 1.

By (1), there exists ¢ (k), ¥(k) > y(k) such that

ag(k)-&-Q > MR+

= “'n41
for n > (k), 1 <i< (k). Let
gn _ —aﬁ(k)w
for y(k) < n < (k).
Then .
+
Vythyi1 <O
and

k)+2
042 > )

if y(k) <n < (k).
By (3), there exists z(k), z(k) > ¢ (k) such that

PO < ol g

for 1 <j <k, 1<i<y(k).
Let
En = Sy (k)

for (k) <n < z(k).
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Then

for 1 <j<k, 1<i<z(k).
Now we define the operator Tj.
Let

Toe, = €n+1

for 1 <n < z(1), n#y(1);

Toey(r) = ey(+1 + €1

If we have defined Tpe, for 1 <mn < z(1), then let

Toe 1)y = —To (Toz(l)_lel - 62(1)) +ez1)+1-

Let £ € N, k£ > 2. Suppose that we have defined Tpe, for 1 < n <
z(k —1). Then we define Tye,, for z(k — 1) <n < z(k).
Let
Toen = ent1

for z(k—1) <n < z(k), n # y(k);
Toey(r) = eyo+1 7+ €1-

Suppose that we have defined Tpe,, for 1 < n < z(k), then let

Toe, ) = —To (Toz(k)_lfn - ez(k)) t €x(k)+1-

The non-Archimedean Koéthe space A(C), the functions u, z,y, 2, x, ¥,
o, f and the operator Ty are defined such that they satisfy Assumptions 1.1,
1.4 (1), (2) and conditions (1), (2), (5), (6) of Theorem 2.1.

So it remains to check conditions (3), (4) of Theorem 2.1.

Let k e N, n>9(k),1 <i < p(k).

Then
i) +2 > k)
since
o2 2
and

gn Z §n+i-

Hence conditions (3), (4) of Theorem 2.1 are satisfied.
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Therefore the operator Ty extends to a linear and continuous operator

T: A(C) — A(C)

that has no nontrivial invariant subspaces.
Since A(A) is isomorphic to A(C), there exists a linear and continuous
operator
T: A(A) = A(4)

that has no nontrivial invariant subspaces. ]

Theorem 3.2. The non-Archimedean Banach space co has a linear and
continuous operator
T:coy— e

that has no nontrivial invariant subspaces.

Proof. The space ¢y is isomorphic to the non-Archimedean Kothe space
A(A), where A = (ak) k =1 for k,n € N.

a
kneN? “n

Since A(A) satisfies assumptions of Theorem 3.1, there exists a linear
and continuous operator

T:co— co

that has no nontrivial invariant subspaces. O

Theorem 3.3 (W. Sliwa [18]). Let X be an infinitely dimensional non-
Archimedean Banach space of countable type.
Then there exists a linear and continuous operator

T: X=X

that has no nontrivial invariant subspaces.

Proof. Every infinitely dimensional non-Archimedean Banach space of
countable type is isomorphic to cg.
Therefore, by Theorem 3.2, there exists a linear and continuous operator

T: X=X

that has no nontrivial invariant subspaces. O
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3.2 Unlimited coefficients from below

Theorem 3.4. Let A(A), where A = (]a|0‘51) , be a non-Archimedean

,ne
Kothe space.
Assume that:
(1) There exists a sequence (Cu),cny C R such that:

(a) For every k,i € N there ezists j € N such that
aﬁ—i_l + Cn > OlfH_Z‘ + <n+i

forn>j.

(b) For every l,m € N and M € R, M > 0 there exist r,s,t € N
and a function a: [s+ 1,8+ r] = R such that:

(i)
I<r<s<s+r<t,
(ii)
' + G < a(s+1)
ifr<n<s,
a(s+1) >0,
(iv)

a(n) <aln+1)

ifs<n<s+r,

(v)

™+ Gy < afn) < a4 ¢,

fors<n<s+r,

(vi)

a(s+71) < aZnH + Cn

ifs+r<n<t,
(vii)
af +¢ —a(s+r)> M.

(2) There exists a sequence (Un),cy C R such that:
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(a) For every k,i € N there exists j € N such that
a0 > g+ D

forn>j.
(b) For every k,l € N there exists m € N, m > 1 such that

ah + 9y < a0
for1<i<k, 1<n<m.
Then there exists a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. Let h: N = N, h(n) = m for n,m € N, 2"~! < n < 2™ and let

A(B) be a non-Archimedean Kéthe space such that B = <‘a|ﬂﬁ)k N’ B =
,ne
of +k+ h(n) for k,n € N.
We have
BEr1=af +k+14+hn) < +E+1+h(n)=pr! (3.3)
for k,n € N.

Now we show that (Bﬁ)k nen and the sequences (Gn), e (Vn),en satisty
conditions of assumptions (1) and (2) and some additional conditions.

By (1)(a) and the properties of h, for every k,i € N there exists j € N
such that

Bt Go = ot Gtk 1h(n) 2 it Gui bk h(n) = Bt Guos

for n > j.
Let imeN, M eR, M >0andletr,s,t € Nand a: [s+1, s+7r] > R
be such that conditions of assumption (1)(b) are satisfied.
Let
B:ls+1, s+r] =R, n— a(n)+m+ h(n).

Then

B+ CGu=ar+ ¢ +m+hn) <als+1)+m+h(s+1)=p5(s+1)
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if r<n<s,
Bls+1)=a(s+1)+m+h(s+1)>h(s+1), (3.4)
Bn) =a(n)+m+h(n) <an+1)+m+h(n+1)=p5n+1)

ifs<n<s+r,

B+ Cn=ap' + G +m+ h(n) < aln) +m+ h(n) = B(n)

<am™ 4G +m+1+h(n) ="+ ¢,
fors<n<s+r,
B(s+r)=a(s+r)+m+h(s+r) <amt +(,+m+1+h(n) = g+,
ifs+r<n<t,
Bi4+G—PB(s+r)=af +G+1+h(t)—a(s+r)—m—h(s+7)>M—-—m+1
since h(t) — h(s +r) > 0. If we take M + m — 1 instead of M, then
Bi + G —B(s+r) > M.

By (2)(a) and the properties of h, for every k,i € N there exists j € N
such that

for n > j.
Let k,l € N end let m € N, m > [ be such that condition (2)(b) is
satisfied. Then
Bl+n =al +On +i+h(n) <ot + 9, +i+1+h(m) =B5T + O,
for1<i<k, 1<n<mand
o +91 +h(m) < a2 4+ + 24+ h(m) = B2, + I, (3.5)

Hence (Bﬁ)kneN satisfies condition (3.3), and (Bﬁ)kneN and the se-
quences (Cn)neN; (Un) pen satisfy conditions of assumptioné (1), (2) and the
additional conditions (3.4), (3.5).

Since the non-Archimedean Kothe spaces A(A) is isomorphic to A(B)

and lim,, o, h(n) = 0o, we can assume that

af 1< afﬁl
for k,n € N and that conditions (1), (2) are satisfied with the changes of
(1)(b)(iii) and (2)(b) respectively on:
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(1) (b) (iii’)
a(s+1) > M.

(2) (b’) For every k,l € N and M € R there exists m € N, m >l such
that ' '
O‘;,"'ﬁn < 05:7—;1 + 0

for1<i<k, 1<n<m anda?n+19m2M.
Now we define a non-Archimedean Koéthe space A(C'), where
C = (]a|%l§>k . Vo= af + & for k,n € N, (&),ey C R, isomor-
ne

phic to A(A),yfunctions W, T, Y, 2, X, ¥, o, f and an operator Ty that sat-
isfy assumptions of Theorem 2.2. And additionally, we define functions
ag: [x(k) +1,x(k) + z(k)] — R for k € N and a function A: N — N.

The function f is defined such that

f(n) = f(n+1)

for n € N.
Let
u:N—=N

be a function that takes any natural number infinitely many times.
The sequence (£,),,cn, the functions z,y, z, x, ¥, ¢, f, A, oy, for
k € N and the operator Ty are defined by induction.
By (1)(b), there exist (1), x(1),y(1) and a; such that

z(1) < x(1) <x(1) +2(1) =y(1),

b + ¢ < ar(x(1) +1)

if z(1) <n < x(1),
ar(x(1) +1) =0,

a1(n) <ag(n+1)

if x(1) <n < x(1) 4+ z(1) and

oW 4 ¢, < ar(n) < atWF 4 ¢,

for x(1) <n < x(1) + z(1).
Let
fn = Cn
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for 1 <n <y(1),
f(n) =0
for 1 <n <uz(1),
f(n) = —aa(x(1) +1)

if z(1) <n < x(1) and

f(n) = —ai(n)
for x(1) <n < x(1) + x(1).

Then
W+ f(n) <0

for (1) <n < x(1) + z(1) and
YW+ f(n) > 0

for x(1) < n < y(1).
Let
p(1) = 2(1) +y(1) — 1.
By (2)(a), there exists 1(1) such that ¥ (1) > y(1),

aF2 4y, > Oézsrli)ﬂ + Onti

and

a5(1)+1 + 7971 > agg}? + 1971-}—2'

forn > (1), 1 <i < p(1).

Let
§n = Un
for y(1) < n < (1).
Let
Fy() +1) = min (Fp1), 4T
and

f(n+1)= f(n)+ min (0, %’f(l)ﬂ - 75531”2)

if y(1) < n < ¥(1).
Then
1)+2
P+ ) +1) <0

and
Y D+2 4 p () > 0P g fn 1)
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if y(1) <n < (1).
Let z(1) be such that z(1) > (1),

Dt fn) < ol 40y + Fe(1)
for 1 <n < (1) and

) 49, < “((1))“ + 9.1
for (1) < n < z(1). Such z(1) exists by (2)(b’).
Let

for (1) <n < 2(1),

for (1) <n < z(1).
Then
W+ f(n) <A+ F(2(1)

for 1 <n < z(1).
Let A(1) be such that A(1) > z(1),

ag(1)+2 + ¢y > ansﬂ + Cnti

and
1
W+ > oW g,

forn > A(1), 1 <i<p(1).
Let

if z(1) <n < A(1).

Let k € N, k > 2. Suppose that we have defined z(m),
P(m), o(m), am, A(m) for 1 <m < k—1, & for 1 <i < \(
1 <i<z(k—1). Then we define z(k), y(kz),z(k), (k),¥(
& for M(k—1) <i < A(k) and f(i) for z(k — 1) <i < z(k

There exist z(k), x(k),y(k), ar: [x(k) + 1, x(k) + z(k)] — R, & for
AMEk—1) <i<uy(k) and f(i) for z(k — 1) < i < y(k) such that

s
NS
i
2
=
3

k—1
k),
)-
z(k

Ak = 1) <a(k) < x(k) < x(k) + z(k) < y(k);

p(k—1) <y(k) = Alk = 1);
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En = &k—1) — Ork—1) + Cn
for \(k — 1) < n < y(k);

W E < ap(x(k) +1)
if x(k) <n < x(k);
ag(x(k) +1) + f(z(k — 1)) = 0;

ag(n) < og(n+1)
for x(k) <n < x(k) + z(k);
WHE < ag(n) < A0
for x(k) <n < x(k) + x(k);
ar(x(k) + z(k)) < 40+
if x(k) +z(k) <n < y(k);
f(n) = —ar(x(k) + 1)
if 2(k—1) < n < x(k);
f(n) = —ag(n)
for x(k) < n < x(k) + z(k);
f(n) = —ag(x(k) + z(k))

if x(k) +z(k) <n < y(k);
A 4 i) < AEDT = ar(x(k) + 2(k))

for 1 <j<k, 1<i<ep(y).
Such z(k), x(k),y(k), g, & for A(k—1) <i <y(k) and f(i) for
z(k —1) < i < y(k) exist by (1)(b) and the fact that if

oy + Gy — x(x(k) + z(k)) > max 10,

1<j<k
1<i<e(5)

then
I Gy —an (x (k) +2(R)) > adgy + Gy —ar(x (k) +a (k) > 49+ £ (i)
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for 1 <j<k, 1<i<ep(j)since f(n) <0 forneN.
Hence
YW+ fn) <0

for z(k) <n < x(k) + z(k),
W+ f(n) >

for x(k) <n < y(k) and

DG <A+ Fy(R)

for 1 <j <k, 1<i<o()).
Let
p(k) = x(k) +y(k) — 1.
By (2)(a), there exists 1 (k) such that ¥ (k) > y(k),

QA2 g > BT g

and
oD+ g, > o) g,

for n > (k), 1 <i< (k).

Let

€n = Ey(k) — Vy(k) +Un

for y(k) <n < (k).

Let

Fly(k) + 1) = min (F(y(k), ~0T)
and
Fr+1) = f(n) +min (0, A2 — 42+)

if y(k) <n < (k).
Then i
2
YA+ Fy(k) +1) <0

and
AR L p ) > AP (1)

if y(k) <n < (k).
By (2)(b), there exists z(k), z(k) > (k) such that

ok —1) < z(k) —y(k),
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YD 4 1) < DT+ ) — Dy + Doy + LW (R))
for 1 <j<k, 1<i<(k)and

oV 9 <ol 40

for 1 <j <k, ¢(k)<i<z(k).
Let
&n = &yk) — ye) + On
for (k) <n < z(k),

for (k) < i < z(k).
Then
1
W+ £ <AL PG R)
for 1 <j<k, 1<i<z(k).
Let A(k), A(k) > z(k) be such that
k
a%(k)—” + Cn > agg_i)—i_l + CnJri
and
Oé%(k)—H +Cn > aiﬁfz + CnJrz
for n > A(k), 1 <i < (k).
Let
if z(k) <n < A(k).
Now we define the operator Tj.
Let R R
Tgaf(n)en — af(n-i-l)en+1

for 1 <n < z(1), n#y(1);
Toal ¥ Fu), ey) = af(y(1)+1)ey(1)+1 +a/We,
If we have defined Tye, for 1 < n < z(1), then let
Tgaf(z(l))ez(l) - T, <T5(1)*1af(1)61 _ af(z(l))ez(l)) + af(z(1)+1)ez(1)+1.

Let £k € N, k > 2. Suppose that we have defined Tpe, for 1 < n <
z(k —1). Then we define Tye,, for z(k — 1) <n < z(k).
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Let . .
Toaf(") e = af (n+1)

for z(k—1) <n < z(k), n# y(k);

En+1

Toaf(y(k))ey(k) — af(y(k)“)ey(k)ﬂ +a/We,

Suppose that we have defined Tye, for 1 < n < z(k), then let

Ty We, 4y = T (Toz(k)—laf(l)el _ af(Z(k))ez(k)> +afC®r

The non-Archimedean Koéthe space A(C), the functions u, z,y, 2, x, ¥,
o, f and the operator Ty are defined such that they satisfy Assumptions 1.1,
1.4 (1), (2) and conditions (1), (4), (5) of Theorem 2.2, so it remains to

check conditions (2), (3) of Theorem 2.2.
We use the fact that

f(n) > f(m)
for n,m € N, n <m.
Let ke N, 5 >9(k), 1 <i< (k).
o If [, + 1] C [(k), A(k)], then

p(k)+2 pk) <  pk)+2 _p(k)+1 o p(k)+2 u(k)+
7j 7J+Z = 71 J+i = J+i

= oMR+2 _ )+ +Y; —19]“—0/"6(]6) + v —aJJ(rI?

J J+i
thus o
VP24 1G) = A8+ G+ ).

o If [j,7 + 1] C [y(m), A\(m)] for some m > k, then

k)+2 k k)+2 k)+ k)+ k)+
VAR AR AR AR A
k)+2 k)+ k)41
= aél( o j—g—z) + 19 19]4_1 = Oéu( )42 + 19 — a]_g_z)Jr
thus

VP24 1 G) > A8+ G+ ).

o If [j,7 +1i] C [A(m),y(m + 1)] for some m > k, then

p(k)+2 w(k ) u(k)+2 p(k)+ p(k)+2 u(k

7 fYJ‘H = 7] Vi = Qjti

k k k)

- a?( +2 ]J(FZ G = G = a;{( )+2 b - O‘?—E—i
thus

VT2 L p () > A G+,
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o If \(k) € (j,j + 1), we have j > ¢(k) and j+i < y(k + 1), thus

(k)+2 u(k) _  p(k)+2 (k)+1 (k)+1 (k)
'75 - %ﬂ = 75 - ’VQL(k:) + Vl;(k) - Vfﬂ
= O‘;‘L(k) A(k i +& — &\ T EZ?H 55: + Exk) — &t
k)+ R)HL K+l (k)
= O‘;( 2 iék% +U5 = aw) + /\E 3 ;iz + k) — Cjiti
k)+2 k)+1
J( " +05 %f — U T @ /\Ek + Q) *ag+z G+i =0
and s
1 G) 2 A+ G ).
o If \(m) € (j,j+1i) for some m > k, then j > y(m) and j+i < y(m+1),
thus
(k)+2 w(k) _  p(k)+2 n(k)+ n(k)+1 (k)
0 — Vi = = Yxim) +7A(m) — Vi
= a;(k)H - Agm +& —Em) T AEW?)H ;ﬁ + Exim) — Ej+i
k)+ k)+1 k)
= o2 — ol 0 — Oy Tl éﬁﬂr@(m = Gt
k)+2 p(k)+
QD2 g E>) —19)\(m)+0z)\g + Cpmy — " — ¢ >0
and s
VP24 £G) = A+ G+ a).
e If y(m) € (j,j+1) for some m > k, then j > A(m—1) and j+i < A(m),
thus
,yju(k)Jr ’YJJ(FIE) _ ,y;t(k) _ ,YZ((T’:L)) + ,yu((k))+1 _ ,y;{J(r’?
- O‘y(k) O‘Z((fnJrl & — Gym) T ((k);rl ;ikz + &y(m) — &j+i
k)+2 k)+1 k
= a;'L( e y((m + G — Cy (m) + ((m))+ 55—2) + ﬁy(m) — V4
k)+2 (k)+1 k
= ]() + ¢ — Z(m —Cym—i-()d(()) +19y(m)—a?ii)—79j+i20
and

PR p () 2 A G ).

Hence condition (2) of Theorem 2.2 is satisfied.
Now let k € N, j > (k), 1 <i < (k).
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If y(m) = j + i for some m > k, then j > A(m — 1), thus

(k)+2 (k)+1 _  plk)+2 (k)+1
2 _’75(m) = o — Xy & Ey(m)
o G = oG 20

SO

%M”?+ﬂﬂ2%ﬁfl+ﬂMm»
If z(k) = j + ¢, we have j > 1 (k), thus

7] w(k)+2 ryg((:))+1 _ ag(k)JrQ . ag((llz))Jrl T fj . fz

k
= ol gt g 0, = oy — el 9 > 0,

SO

P FG) 2 AT k).
If z(m) = j + i for some m > k, then j > y(m), thus

k)42 k)+1 k)+2 k)+1
75( " _75((771))+ :O‘y( " _agém))+ +& =8

= a;.‘(k)—ﬂ — ag((fn);_l +9; — ﬁz(m) - ai(k)—ﬂ + 75—

SO

WXL F () = AL f(z(m)).

Hence condition (3) of Theorem 2.2 is satisfied.
Therefore the operator Tj extends to a linear and continuous operator

T: A(C) — A(C)

that has no nontrivial invariant subspaces.

Since A(A) is isomorphic to A(C), there exists a linear and continuous

operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]

Theorem 3.5. Let A(A), where A = <]a|°‘ﬁ)k . be a non-Archimedean
€

)

Kothe space.
Assume that:
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(1) There exists a sequence (Cn) ey C R such that:
(a) For every k,i € N there exists j € N such that
apt 4+ o > ok i+ G

forn > j.

(b) For everyl,m € N and M € R, M > 0 there exist u,v € N such
that:

()
(i)

for1 <n <u,

(iii)

foru <n <w,
(i)
oy + o — 0y = Cu > M.
(2) There exists a sequence (VUp),cny C R such that:

(a) For every k,i € N there exists j € N such that
a0 > g+ O

forn > j.
(b) For every k,l € N there exists m € N, m > 1 such that

of + 0, <ol 4 v,
for1<i<k, 1<n<m.
Then there exists a linear and continuous operator
T: A(A) — A(A)

that has no nontrivial invariant subspaces.
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Proof. We show that conditions of Theorem 3.4 are satisfied.

Condition (1)(a) of Theorem 3.4 is satisfied by (1)(a).

Let imeNand M € R, M >0 and let r € N, » > [. By (1)(a), there
exists j € N, j > r such that

1
O‘?LH_ + Cn 2 ap'y; + Gt

forn>j 1<i<r.
Then, by (1)(b), there exist u,v € N such that

j—l—T‘SUSU,

conditions (ii)-(iv) of (1)(b) are satisfied, and we can assume that
o' + G, > 0. Let s,t € N be such that

s+r=u

and
v =t.
Then conditions (i)-(vii) of (1)(b) of Theorem 3.4 are satisfied if we set
a:[s+1,s+7r] =R, n= ol + Coyre
Hence condition (1) of Theorem 3.4 is satisfied by (1). And condition

(2) of Theorem 3.4 is satisfied by (2).
Therefore there exists a linear and continuous operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]

3.3 Limited coefficients from below

Theorem 3.6. Let A(A), where A = (]a|o‘ﬁ)k . be a non-Archimedean
€

)

Kothe space.
Assume that:

(1) For every k,l,m € N and M € R, M > 0 there ezist r,s,t € N, a
finite sequence (Cn),<p,<; C R and a function a: [s+1,s+7] = R
such that:

(a)

[<r<s<s+r<t
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(b) (i) If In,n+1i] C [r,t] and 1 <i <, then
O‘%JFQ + <n > agz—l—i + Cn+i

Jor1<j <k;
(ii) if 1 <i <1, then

1 .
a£+ + G > a7]a+z' + Gri

for 1< j <k;
(iii) if 1 <t —mn <I, then

i+2 +1
A4 >0l G

for1<j<k.

(c) (i)
ap' + ¢ < a(s+1)

forr <n <s,
(i1)

an) <a(n+1)

fs<n<s+r,
(iii)
a4 ¢ < afn) < a4 ¢,

fors<n<s+r,

()

als +r) <™ 4 ¢,

ifs+r<n<t,

(v)

ap + ¢ —a(s+r)> M.
(2) There exists a sequence (Vy,),cy C R such that:

(a) For every k,i € N there exists j € N such that
a0 > g+ O

forn>j.
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(b) For everyl,k,i € N there exists m € N, m > 1, m > i such that
od + 09, <ol 49,

for1<j<k, m-—i<n<m.

(c)
inf (oe,ll + ) > —o0.
neN

Then there exists a linear and continuous operator
T: A(A) = A(A4)
that has no nontrivial invariant subspaces.

Proof. Let A(B) be a non-Archimedean Kéthe space such that

B = (|a!55) , Bk =aF +k for k,n € N and let (1§H> be a sequence
k,neN neN

such that J,, = ¥, +h(n) for n € N, where h: N — N is a function such that
h(n) =m for n,m € N, 2m~1 <p < 2m,
We have

BEri=aftk+1<af k41 =p01 (3.6)
for k,n € N and

lim (5}1 + z§n> = lim (af + 149, + h(n)) = . (3.7)

n—oo

Hence (6ﬁ)k7n€N satisfies condition (3.6), assumption (1), and (Bz)kz,neN

and the sequence <§n> N satisfy conditions (2)(a), (2)(b) and the addi-
ne
tional condition (3.7).
Since A(B) is isomorphic to A(A), we can assume that

afL +1< aﬁ“

for k,n € N and that conditions (1) and (2) are satisfied with the change of
(2)(c) on

(2) (¢)
lim (ag +9,) = oo.

n—oo
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Now we define a non-Archimedean Kéthe space A(C'), where
C = <\a|75)kn€N, V= ak +¢, for k,n € N, (&),eny C R, isomorphic
to A(A), functions Wy T, Y, 2, X, 0, @, f, function v, sets Xy, for k € N\ {1},
functions vy, for k € N\ {1} and an operator Tj that satisfy assumptions of
Theorem 2.4. And additionally, we define functions
ag: [x(k) + 1, x(k) + z(k)] = R for k € N.

Let

f=0,

and let
pw:N—N

be a function that takes any natural number infinitely many times.

The sequence (£,),,cn, the functions x,y, z, x, ¥, ¢, the operator T, the
function v, the sets X, for k € N\ {1}, the functions v, for kK € N\ {1} and
the functions ay, for & € N are defined by inductions.

By (1), there exist (1), x(1),y(1), (Cn)p(1)<n<y) © R and a1 such that

2(1) < x(1) < x(1) + (1) = y(1),
ah + ¢y < an(x(1) +1)
if z(1) <n < x(1),
ai(n) <ag(n+1)
if x(1) <n < x(1)+=z(1) and

a4 ¢, < ar(n) < atWH 4 ¢,

for x(1) <n < x(1) +=(1).
Let
gn = Cn
for 1 <n <z(1),
gn = Cn - al(X(l) + 1)
if z(1) <n < x(1),
En = Cn - al(n)
for x(1) <n < x(1) +=(1).
Then
7% <0

for (1) <n < x(1) + (1) and

>0
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for x(1) <n < y(1).
Let
p(1) = z(1) +y(1) - 1.
By (2)(a), there exists 1(1), (1) > y(1) such that

n( )+2+19 > o Sr) +19n+z

and
a1 4y, > abl) 9,

n+i
forn > (1), 1 <i<p(1).
Let

_ (1)+2
Ey1)+1 = _0‘5(1)+17

Ent1 =& — Uy +Upa1 + min (0, ag(1)+2 + 9, — n$2+2 . )

if y(1) <n < (1).
Then .
_l’_
W <0
and

(1)+2 p(1)+2

’Yﬁ = ,YnJrl

if y(1) <n <(1).
By (2)(¢), there exists z(1), z(1) > (1) such that
2(1) = (1),
(1)+1
WD < T Gy — Dy + 92
for 1 <n < (1) and

( ) + ¢, < M((ll))+1 + 192(1)

for (1) <n < z(1).
Let

for (1) <n < z(1).
Then

for 1 <n < z(1).
Now we define Tpe, for 1 < n < z(1).
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Let
Toen = ent1

for 1 <n < z(1), n#y(1);
Toey(l) = ey(1)+1 +e1.

If we have defined Tpe, for 1 < mn < z(1), then let

Toe. 1)y = —To (Tg(l)_lel - ez(1)) +ex1)+1-

Let k € N, k > 2. Suppose that we have defined z(m), y(m), z(m), x(m),

Y(m), o(m), (Gn) p(m)y<n<y(m) » @m for 1 <m <k, v(m), Xm, vy, for
2<m< kif k> 2and &, Toe; for 1 < i < z(k—1). Then we define

21, 5(8), 2(k), x(B), (k) 9k), (Coagirmen » ¥ # (), X, v andl &, Toes
for z(k — 1) <i < z(k).

By (1) and (2)(c"), there exist z(k), x(k), y(k), (Cn) y(k) <n<y() » ¥ and &
for z(k — 1) < i < y(k) such that

z(k—1) <az(k) < x(k) < x(k) +z(k) < y(k);
(k) .
iy + Py = 05
Oéﬁ(j)H +Cn 2> O‘zgzz + Cuti
for 1 <j <k, [n,n+i Clz(k),yk)], 1 <i<e();

j)+1
ag((}]g;Jr + g’p(k) > a$((k Vi + g:v (k)+i

for 1<j<k, 1<i<ep(y);

a2 4 (> o (( + Gy
for 1 <j <k, 1<y(k)—n<ep@);

a® + ¢ < ap(x(k) + 1)

for x(k) <n < x(k);

ag(n) < og(n+1)
for x(k) <n < x(k) +z(k);

al®) ¢, < ag(n) < altHL g,
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for x(k) <n < x(k) + z(k);
ar(x(k) + x(k) < ah® 4 ¢,
if x(k) +z(k) <n < yk);
A1) < O‘Z(%H + Gry) — ax(x(k) + (k)
for 1 <j<k, 1<n<op();

En = &k-1) — V1) T Un
if z(k—1) <n < z(k);

En = G — ar(x(k) + 1)
if (k) <n < x(k);
gn = Cn - ak(n)
for x(k) <n < x(k) + z(k);

§n = Cn - ak(X(k) + .1‘(]{))

if x(k) +z(k) <n <y(k).

Such z(k), x(k),y(k), (Cn) z(ky<n<y(r) » @ and & for z(k — 1) < i < y(k)
exist by (1) and the fact that if

1 1(5)
() T Cy(k) — ar(x(k) + z(k)) > 121;2{1@ A,

1<i<e(4)

then
aZ((igﬁ + Gy — an(x (k) + 2(k)) > oy + Gy — aw(x(k) + x(k)) > 49

for 1 <j<k, 1<i<ep(y).
Hence
,Y#(k) <0

for (k) <n < x(k) + z(k),

for x(k) < n <y(k) and

w(g)+1
i Y

Ty (k)
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for 1 <j<k, 1<i<ep(y).
Let
p(k) = z(k) +y(k) — 1.

By (2)(a), there exists 1(k), ¥ (k) > y(k) such that
a2 g, > T 4y,
and
alF 4y, > ol B 19,

for n > (k), 1 <i< (k).
Let

_ . (k)+2
5y@»+1——fyw>‘*ﬁyw>4*ﬁy@»+1*%1nﬂl(0a‘*ag@g+1**€yw>

) = Fy()+1) -
&nt1 = & — Uy + Upg1 + min (07 alt+2 g, CVZSZ)H - 19n+1>

if y(k) <n <y(k).
Hence (042
w(k)+
Vyy+1 =0

and .
+2
%2 > Y

if y(k) <n < (k).
Let v(k), X, vk, z(k) and &, for ¥(k) < n < z(k) be such that
(k) < v(k)y(k) < (v(k) +1y(k) < 2(k);
X ={m>v(k): my(k) < z(k),m =0 (mod v(k)) or
m =1 (mod v(k))};
vk X = N, v m— my(k);
En = Sy(k) — Vy() + Un

for (k) <n < z(k);
@) n(i)+1
< Yo(m)

v
forme X, 1<j<k, 1<i<ep();

%H(j ) < 75((;’))“
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for 1 <j <k, 1<i<o());

P < A
for 1 <j <k, z(k)— (v(k) — Dy(k) <i< z(k).
Such v(k), Xj, vk, 2(k) and & for (k) < i
(2)(c).
And we define Tpe,, for z(k — 1) <n < z(k).
Let

< z(k) exist by (2)(b) and

T()en = €n+1

if z(k—1) <n < z(k), n# y(k) and n # vg(m) for m € Xy;
Toey(ky = ey(k)+1 + €13
Toen, = —e1 + ent1
if n = vg(m) for some m € Xj and m = 0 (mod v(k));
Toen, = €1+ ent1

if n = vi(m) for some m € X, and m =1 (mod v(k)).
If we have defined Tpe, for 1 <n < z(k), then let

Toe. k) = —To (Toz(k)*lel - 6z(k)) + exk)+1

The non-Archimedean Koéthe space A(C), the functions u, z, vy, 2, x, ¥,
o, f, the function v, the sets X for k¥ € N\ {1}, the functions v for
k € N\ {1} and the operator Tj are defined so that they satisfy Assumptions
1.1, 1.4 (1), (2) and conditions (1)-(3), (6)-(10) of Theorem 2.4. Thus it
remains to check conditions (4), (5) of Theorem 2.4.

Let ke N, j > (k)1 <i< (k).

o If [j,j + 1] C [¢(k), z(k + 1)], then

p)+2 __pk) o pR)42 __p()+L _ (k)42 p(k)+

= aé.‘(k)H - ozzﬁ(ﬂ) +19; =V = a“(k) +9; — a]ﬁ)ﬂ — U4 2 0.
o If [j,j+ 1] C [y(m),z(m + 1)] for some m > k, then
k)+ k)42 k)+1 k)+ k)+
2 i) > pBF2 B g OFE oM e g
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i—1
(B)+2  u(k)+1

k)42 k)1
= O‘;‘L( e 0‘;&” + Z (&1 = &ji41) = Qi
1=0
i1 .
1
3 O = D) = o 49 ol -0 >0
=0
o If [j,7 4+ 1] C [z(m),y(m)] for some m > k, then
k)42 k k)42
2 ) 5 ) g
k k — k k
2 2
= O‘?( . aﬁii) +> (Gu—&rn) > a B2 _ O‘;'L—s-i)
1=0
i-1 -
+Z (Gt = Gii1) = #( s+ +¢— ag-m Cj+i = 0.
=0

o If x(k+1) € (j,j+1), we have j > (k) and j +i < y(k + 1), thus

% e VJJ(:) = e ’Yac((k-)&-l) + “&iﬁ 754(!?
- O‘?(k)w zgi)ﬂl + & — Loy T ((Z)ﬂ; éﬁ + Sokr1) — Sji+i
= O‘?(k)w xgk)ﬂ) + 05 — Do) + ((Z)ﬂ; - Oééﬁ + Co(kr1) — Gi+i
= J(lc)+2+19 — x((:i; 9 (k+1)+0‘:c((kl1 +Cah1) — — (i > 0.

o If x(m) € (j,j + i) for some m > k + 1, then j > y(m — 1) and
Jj+i<y(m), thus

p(k)+2 w(k) __ w(k)+2 p(k)+1 p(k)+1 w(k)
%5 Vit = “Vem) T Vam) T Viti
= o2l g5 — iy + Aol — ) 4 ) — G
(k)-i—? w(k)+1 (k)-‘rl (k)
> off Aty 05— Doy + i = A+ Com) — G
= o2 g — oM gy 4 0l Gy — ) — i > 0.
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o Ify(m) € (j,j+1) for some m > k, then j > x(m) and j+i < x(m+1),
thus

,yjlf(k)"' 7jJ(rl) _ 7;t(k) . 75((71;))+1 + 75((2))“ . 7;}J(rl’z)
= o2 — QB 15— &y my + A oh = )+ €y my — G
> a7 TN 4 G = Gy + i — @ Dy — D
a2 — QN+l gy — o) 0> 0.

Hence condition (4) of Theorem 2.4 is satisfied.
Now assume that k € N, j > ¢(k), 1 <i < p(k).

o If y(m) = j + i for some m > k, then j > x(m), thus

(k)+2 (k)+1 _ p(k)+2 wu(k)+1
G T e = T Ay & Gym)
> Oé?<k)+2 . a;l,((fn))—l-l + C] Cy u(k + Cj y(k)—i— . gy(m >

o If z(m) = j + i for some m > k, then j > 1 (m), thus

7;1(k)+2 . ,75((:;))+1 _ ay(k)+2 _ ag((f%+1 + gj _ gz(m)

k)+2  u(k)+1 k)+2 k)+1
:ag() (()) +9; 19(m):04;() +19j—a5((713)+ =V (m) = 0.

o If vg(r) = j + i for some r € Xy, we have j > ¥ (k), thus

k)+2 k)+1 k)+ k)+1
VJ( ) %’fk((g) = 0‘7( 2 5£ (r) &5 = &utr)
K42 41 k)+ p(k)+1
= a;( ) U}E(z) —|-19 ﬁvk( ) = 5( )+2 +19 —« (()) _'ﬂvk(r) > 0.

o If v, (r) = j +i for some r € X,,,, m > k, then j > y(m), thus

7;L(k) _ 'Yﬁfnk();)rl — a;;(k)+2 _ aﬁff():gl & — o
k)+2 k)+1 k)+ k)+1
= a?( ) _agfn()r) +19j—19vm(T) - #( 2 +19 _a " ()) _"‘9U'm(7’) -
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Hence condition (5) of Theorem 2.4 is satisfied.
Therefore the operator Ty extends to a linear and continuous operator

T: A(C) — A(C)

that has no nontrivial invariant subspaces.
Since A(A) is isomorphic with A(C), there exists a linear and continuous
operator
T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]

Theorem 3.7. Let A(A), where A = <]a\°‘ﬁ) , be a non-Archimedean

,neN

Kothe space.
Assume that:

(1) There exists a sequence (Cn), ey C R such that:

(a) For every k,i € N there ezists j € N such that
A O

form >j.

(b) For everyl,m € N and M € R, M > 0 there exist r,s,t € N and a
function a: [s + 1,8+ r] = R such that:

(i)
[<r<s<s+r<it,
(i)
a4+ (¢ < a(s+1)
forr <n <s,
(ii)
a(n) <a(n+1)
ifs<n<s+r,
(iv)
"+ < a(n) < a4 ¢,
fors<n<s+r,

(v)

a(s+71) < a,TH + Cn

ifs+r<n<t,
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(vi)
ol + G —als+r1)> M.

(2) There exists a sequence (Vy,), ey C R such that:

(a) For every k,i € N there ezists j € N such that
ap™ 00 > ag i+ O

forn>j.
(b) For every l,k,i € N there exists m € N, m > 1, m > i such that

Oézl‘Fﬁnga%jl"'ﬁm

for1<j<k m-—i<n<m.
(c) 1
rllgg (o, + V) > —00.

Then there exists a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. We show that conditions of Theorem 3.6 are satisfied.
Let k,I,m € Nand M € R, M > 0. Then there exist r,s,t € N and a
function a: [s + 1,5+ r] = R such that

[<r<s<s+r<t,

- .
an ™+ ¢ > a7]1+i + Cnti

forn>r, 1 <i<Il, 1<j<k+1;and conditions (ii)-(vi) of (1)(b) are
satisfied. Then conditions (a)-(c) of (1) of Theorem 3.6 are satisfied.
Hence condition (1) of Theorem 3.6 is satisfied by (1). And condition
(2) of Theorem 3.6 is satisfied by (2).
Therefore there exists a linear and continuous operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]

80



Theorem 3.8. Let A(A), where A = <]a|aﬁ) . be a non-Archimedean

,neE
Kothe space.
Assume that:
(1) There exists a sequence (Cn),eny C R such that:

(a) For every k,i € N there exists j € N such that
O‘EL—H +Cn 2> afz—f—i + CnJri

formn > j.

(b) For every l,m € N and M € R, M > 0 there exist u,v € N such
that:

(1)
(i)

for1<n <u,

(iii)

foru<n<w,

(iv)
ay + Gy — Al — (u > M.

(2) There exists a sequence (Un), ey C R such that:
(a) For every k,i € N there exists j € N such that
ap 0 > Al O
forn >j.
(b) For every l,k,i € N there exists m € N, m > 1, m > i such that
ol +19, <ot +9,,

for1<j<k, m-—i<n<m.
(c)

TllIelg (a}l + ) > —o0.
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Then there exists a linear and continuous operator
T: A(A) = A(A)
that has no nontrivial invariant subspaces.

Proof. We show that conditions of Theorem 3.7 are satisfied.

Condition (1)(a) of Theorem 3.7 is satisfied by (1)(a).

Let imeNand M € R, M >0 and let r € N, » > . By (1)(a), there
exists j € N, j > r such that

1
anm+ +Cn 2> Oénm_|_i + CnJri

forn>j 1<i<r,
Then, by (1)(b), there exist u,v € N such that

jrr<u<w
and conditions (ii)-(iv) of (1)(b) are satisfied. Let s,t € N be such that
sS+r=u
and

v==t.

Then conditions (i)-(vi) of (1)(b) of Theorem 3.7 are satisfied if we set
a:[s+1,s+7r] >R, n—= ol + Copre

Hence condition (1) of Theorem 3.7 is satisfied by (1). And condition
(2) of Theorem 3.7 is satisfied by (2).

Therefore there exists a linear and continuous operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. O

3.4 Coefficients with the property of braking

Theorem 3.9. Let A(A), where A = <]a\°‘§)k N be a non-Archimedean

,nE

Kothe space.
Assume that:

(1) For every k,l,m € N there exist r,s € N, a sequence ((,) CcR

and a function a: [s+ 1,5+ 1] — R such that:

n>r
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(a)

[ <r<s.
b) Ifn>r and 1 <1 <I, then
(
OJ%—H +Cn > OézlJri‘i‘Cn—H'

for1<j<k+1.
(c) (i)

ay'+ G < a(s+1)
ifr<n<s,
(i1)

an) <a(n+1)

ifs<n<s+r,
(iii)
Q:Ln+<n§a(n) SQ?H-FQL

fors<n<s+r,

(i)

a(s+r) < a4 ¢,

for s+r <n.
(2) There exists a sequence (Up),cy C R such that:
(a) For every k,i € N there ezists j € N such that
antt O > af g+ Ong

forn >j.
(b) For everyl,k,i € N there exists m € N, m > 1, m > i such that

ol +9, <o+,

for1<j<k, m—-—i<n<m.

(¢)

: 1
élelg (o + ) > —o0.
Then there exists a linear and continuous operator
T: A(A) — A(A)

that has no nontrivial invariant subspaces.
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Proof. Let A(B) be a non-Archimedean Kothe space such that
B = <|a]f85) , B =aF +kfor k,n € N and let (1§H> be a sequence
/ kneN neN
such that ¥,, = ¥,, + h(n) for n € N, where h: N — N is a function such that
h(n) =m for n,m € N, 2m~1 <p < 2m,
We have
lim (5; + én> = lim (o + 1+ 9, + h(n)) = cc. (3.8)
n—oo

n—oo

Since (Bﬁ)kn oy satisfies condition (1), (88 and the sequence

k,neN
(@n) N satisfy conditions (a)-(c) of (2), equations (3.8) is satisfied and
ne

A(B) is isomorphic to A(A), we may assume that conditions (1) and (2) are
satisfied with the change of (2)(c) on

(2) (¢))
nh_}ngo (ah +95) = o0.

‘We check that conditions of Theorem 3.6 are satisfied.
Let k,I,m e Nand M € R, M > 0.
By (1), there exist 7,s € N, ((,),,», C Rand a: [s+1,s+r] = R such
that: -
I <r<s,

1 )
a%—i— +Cn > azz+i + Cni

form>r 1<i<l, 1<j<k+1and condition (1)(c) is satisfied.
By (2), there exists A\ € N, A > r 4+ s such that:

Oégzﬂ + Uy > 0‘%4-@‘ + Unti
for1<j<k+1, n>)\ 1<i<l[and
. +1 _ o m+l
érzlg (o™ 4+ 9y) = a0 4 0.
By (2)(c’), there exist ¢ € N such that
t—A>1

and
al + ¢ — Oy + 9 —a(s+7)> M.

Let
gn = Cn
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forr <n < \and
En==C0—U\x+Un
for A\ <n<t.
Then
ol +& —a(s+r)> M.

To prove that condition (1) of Theorem 3.6 is satisfied it is enough to
show that the finite sequence (&), -, <, satisfies condition (1)(b) of
Theorem 3.6. o

Let 1 <j <k, [n,n+i] C[rtland 1 <i <.

o If n+ i <\, then

1
Al ey —al  — i > 0+ G — It — Gy > 0.
e If n > A, then
1
a]+2 +&n — a —&nti > Olj+2 + Uy 7]111 — Upyi > 0.

o If A € (n,n+1i), then
aj+2+§n—oz i = AP rg, — ol 6+ +5)\_ai+i_§n+i

=alt? 4+ ¢, — o) G —l—aJH—l-ﬁ)\—afLH—ﬁn-HZO.

If n =r, then
O‘J_H +& — aj €r+z = OZJ—H + (o — Oé CT’+Z > 0.
If n+ 4 =1t, then

APt & ' —Gg =l 0, — o] =9, > 0.

Hence condition (1) of Theorem 3.6 is satisfied by (1) and (2). And
condition (2) of Theorem 3.6 is satisfied by (2).
Therefore there exists a linear and continuous operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. ]
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Theorem 3.10. Let A(A), where A = (|a|°‘ﬁ> . be a non-Archimedean

,ne
Kothe space.
Assume that:
(1) For every m € N there exists a sequence ((])'),cny C R such that:

(a) For every k,i € N there ezists j € N such that
apt G > g+ Gl

forn >j.
(b) For everyl € N there exists v € N, v > 1 such that:

(i)
' + G < ayt G
for1<n<w,
(i)

o + ¢ et + Y
forv <n.
(2) There exists a sequence (VUp),cny C R such that:

(a) For every k,i € N there exists j € N such that
ap 00 > g+ O

forn>j.
(b) For every l,k,i € N there exists m € N, m > 1, m > i such that

a%+ﬂn§aﬁl+ﬁm

for1<j<k, m-—i<n<m.

(c)
inf (g +U,) > —oo.
neN

Then there exists a linear and continuous operator
T: A(A) — A(A)

that has no nontrivial invariant subspaces.
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Proof. We check that conditions of Theorem 3.9 are satisfied.

Let k,I,m € N. By (1)(a), there exists € N, r > [ such that ((;*),cy
satisfies condition (1)(b) of Theorem 3.9 and there exists j € N, j > r, such
that

ap O >+ G
formn>j 1<i<r.

Then, by (1)(b), there exists v € N such that

jtr<w
and conditions (i) and (ii) of (1)(b) are satisfied. Let s € N be such that
S+r=wv.

Let ((n),,>, be such that {, = (;* for n > r. Then conditions (a)-(c) of
(1) of Theorem 3.9 are satisfied if we set a: [s+1,5+7] = R, n— o™ +(,.

Hence condition (1) of Theorem 3.9 is satisfied by (1). And condition
(2) of Theorem 3.9 is satisfied by (2).

Therefore there exists a linear and continuous operator

T: A(A) — A(A)
that has no nontrivial invariant subspaces. O

Theorem 3.11. Let A(A), where A = (af
Kothe space.
Assume that:

)knEN’ be a non-Archimedean

m

(1) For every m € N there exists a sequence (b))

numbers such that:

Jnen C R of positive

(a) For every k,i € N there exists j € N such that
k+1 k
an O > ap

forn >j.
(b) For everyl € N there exists n € N, n > 1 such that

ai'bt < arbt < a;ﬁb}”
for1<i<n<j.

(2) There exists a sequence (cn),cny C R of positive numbers such that:
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(a) For every k,i € N there exists j € N such that

aptlen > apicnyi
forn>j.
(b) For every l,k,i € N there exists m € N, m > 1, m > i such
that

aﬁ;cngaﬁlcm
for1<j<k, m-—i<n<m.
(0 1
inf a; ¢, > 0.
neN nen

Then there exists a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. We show that conditions of Theorem 3.10 are satisfied.

Let af = |a|*" for k,n € N, b = |a|** for m,n € N and ¢, = |a|”" for
n € N.

Let m € N. Then condition (1)(a) of Theorem 3.10 is satisfied by (1)(a)
and since for every [ € N there exists v € N, v > [ such that

mim mim mim m+1ym
a;"bi" < ay'by’ < aj'bit < aittbj

for 1 <1i <wv < j, condition (1)(b) of Theorem 3.10 is satisfied by (1)(b).
Hence condition (1) of Theorem 3.10 is satisfied by (1). And condition
(2) of Theorem 3.10 is satisfied by (2).
Therefore there exists a linear and continuous operator

T: A(A) — A(A)
that has no nontrivial invariant subspaces. ]

Theorem 3.12. Let A(A), where A = (afz)kneN’ be a non-Archimedean
Kothe space. 7
Assume that:

(1) For every k,i € N there ezists j € N such that
k+1 k
an+ Z an+i

forn >j.
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(2) For every l,m € N there exists n € N, n > 1 such that
a;" < ay' < aj’
for1<i<n<j.
(8) For every l,k,i € N there exists m € N, m > 1, m > i such that
a{L < afnﬂ
for1<j <k, m-—i<n<m.
Then there exists a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. We check that conditions of Theorem 3.11 are satisfied.

Let b)' =1 for m,n € Nand ¢, =1 for n € N.

Let m € N. Then conditions (a), (b) of (1) of Theorem 3.11 are satisfied
by (1), (2) respectively. And conditions (a), (b), (c) of (2) of Theorem 3.11
are satisfied by (1), (3), (2) respectively.

Therefore there exists a linear and continuous operator

T: A(A) — A(A)
that has no nontrivial invariant subspaces. ]

Theorem 3.13. Let A(A), where A = (aﬁ)kneNf be a non-Archimedean
Kothe space. 7
Assume that:

(1) For every k,i € N there ezists j € N such that

aptt > achL+i

forn>j.
(2) For every l,m € N there exists n € N, n > 1 such that

m m m
a; < a, <aj

for1<i<n<j.
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(3) For every k,i € N there exists j € N, j > i such that
ap_; < apt!
forn >j.
Then there exists a linear and continuous operator
T: A(A) = A(A)
that has no nontrivial invariant subspaces.

Proof. Conditions (1)-(3) of Theorem 3.12 are satisfied by (1)-(3) respec-
tively.
Therefore there exists a linear and continuous operator

T: A(A) — A(A)

that has no nontrivial invariant subspaces. O

3.5 Some global properties

Theorem 3.14. Let A(A), where A = (aﬁ)kneN, be a non-Archimedean
Kothe space. ’
Assume that:

(1) For every k,m,i € N there exists j € N such that

k+1 m
an an

k - ,m
Apti pti

forn >j.

(2) There exists a sequence (cn)neny C R of positive numbers such that:
(a) For every k,i € N there exists j € N such that

it

k
Cp 2> Qi Cnti

forn>j.
(b) For every k,l,i € N there exists m € N, m > 1, m > i such that

alc, < alflen,

for1<j<k m-—i<n<m.
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(¢)
inf alc, > 0.
neN

Then there exists a linear and continuous operator
T: A(A) — A(4)
that has no nontrivial invariant subspaces.

Proof. We show that conditions of Theorem 3.11 are satisfied.

Let b7 = (a™)~! for m,n € N.

Let m € N. Then condition (1)(a) of Theorem 3.11 is satisfied by (1)
and since

A = ap (@) = 1

for i € N, condition (1)(b) of Theorem 3.11 is satisfied.

Hence condition (1) of Theorem 3.11 is satisfied by (1). And condition
(2) of Theorem 3.11 is satisfied by (2).

Therefore there exists a linear and continuous operator

T: A(A) — A(A)
that has no nontrivial invariant subspaces. ]

Theorem 3.15. Let A(A), where A = (af{)kneNz
Kothe space.
Assume that:

be a non-Archimedean

(1) For every k,m,i € N there exists j € N such that

k+1
an

k - . m
Qi Oy

m

an,

forn >j.

(2) For every k,i € N there exists j € N, j > i such that

k+1 1
a,, > a,
ak . T al

n—i n—i

forn>j.
Then there exists a linear and continuous operator
T: A(A) — A(A)

that has no nontrivial invariant subspaces.
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Proof. We show that conditions of Theorem 3.14 are satisfied.

Condition (1) of Theorem 3.14 is satisfied by (1).

Let ¢, = (al)~! for n € N. Then, in particular, condition (2)(a) of The-
orem 3.14 is satisfied by (1). Condition (2)(b) of Theorem 3.14 is satisfied
by (2). And since

ale, =al(al) ™t =1
for n € N, condition (2)(c) of Theorem 3.14 is satisfied.
Hence condition (2) of Theorem 3.14 is satisfied by (1) and (2).

Therefore there exists a linear and continuous operator
T: A(A) = A(A)
that has no nontrivial invariant subspaces. ]

Theorem 3.16. Let (cﬁ)neN CR for k € N and (an),cn C R be sequences
of positive numbers, and let A(A), where A = (af;) al = (cﬁ)a" for
k,n € N, be a non-Archimedean Kdéthe space.

Assume that:

kneN’

(1) For every k,m,i € N there exist j € N and € € R, €pmi > 1

such that .
Cp CZIJrz >
L m Z Ekm,i
cn—l—icn
forn >j.
(2) For every k,i € N there exist j € N, j > i and e,; € R, €5, > 1
such that il 1
anr CTL—Z
k 1 2 Ek,l
cr_ich
forn>j.
(8) For every k,l € N
k k
c c
0 < inf 4 <'sup 7 < oo,

neN Ch neN Cp,

(4)

. Ap41
lim —°F

n—00 Qi

=1.
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Then there exists a linear and continuous operator
T: A(A) — A(A)
that has no nontrivial invariant subspaces.

Proof. We show that conditions of Theorem 3.15 are satisfied.
Let k,m,n,i € N. We have

Snti_q\ On

k+1,m k+1\a m \Qptq k+1_.m m a

Ay, a’n—l—z’ - (Cn ) n(cn+i> s . Cn Cn+i Cn+i "
k m m\a k Onti m .k k
an—l—ian (Cn ) " (Cn—l—i) e Cn, Cn—i—i Cn+i

Thus, by (1), (3) and (4), condition (1) of Theorem 3.15 is satisfied since

for i € N.
Let k,n,7 € N, ¢ <n. Then
@n—i 1\ On
aytla, _ G S G o entten (i)
af_al(ch)an(ck_)en—i ek i\ kL

Hence, by (2), (3) and (4), condition (2) of Theorem 3.15 is satisfied
since

for i € N.
Therefore there exists a linear and continuous operator

T: A(A) — A(A)
that has no nontrivial invariant subspaces. O

Theorem 3.17. Let (cy),cny C R be a sequence of positive numbers such
that ¢, < cp+1 forn € N, and let (an)nGN be a sequence of positive numbers

such that o
lim ntl

n—00 Qi

Then the non-Archimedean Kithe space A(A), where A = (ak)

af; = (cx)* for k,n € N, has a linear and continuous operator

T: A(A) — A(A)

=1.

kneN’

that has no nontrivial invariant subspaces.
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Proof. Let ¢k = ¢, for k,n € N. Then conditions of Theorem 3.16 are

satisfied.
Therefore the non-Archimedean Kéthe space A(A) has a linear and con-

tinuous operator
T: A(A) — A(4)

that has no nontrivial invariant subspaces. O
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