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ABSTRACT

The main part of this thesis presents a construction of continuous linear
operators without nontrivial invariant subspaces on many Fréchet spaces
appearing naturally in analysis, in particular, spaces of holomorphic
functions and the Schwartz space of rapidly decreasing smooth functions.
The construction is based on the ideas that C. J. Read used in his famous
proof of the existence of such operators on the space ¢;. Because of the
different structure of a non-normable Fréchet space, the proof can be
considerably simplified.

In the last chapter, using similar methods, we construct on the
Schwartz space of rapidly decreasing smooth functions an operator for
which all non-zero vectors are hypercyclic.

STRESZCZENIE

Glowna cze$¢ rozprawy opisuje konstrukcje ciaglych operatoréw linio-
wych bez nietrywialnych podprzestrzeni niezmienniczych na wielu poja-
wiajacych si¢ naturalnie w analizie przestrzeniach Frécheta, m.in. prze-
strzeniach funkcji holomorficznych czy przestrzeni Schwartza gladkich
funkcji szybko malejacych. Konstrukcja oparta jest o idee uzyte przez
C. J. Reada w jego stynnym dowodzie istnienia takich operatoréw na
przestrzeni ¢;. Ze wzgledu na inng strukture nienormowalnej przestrzeni
Frécheta, dowdd moze by¢ znacznie uproszczony.

W ostatnim rozdziale, uzywajac podobnych metod, konstruujemy na
przestrzeni Schwartza gtadkich funkcji szybko malejacych operator, dla
ktérego wszystkie niezerowe wektory sg hipercykliczne.
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CHAPTER

INTRODUCTION

Let X be alocally convex space and let T: X — X be a continuous linear operator. A closed
subspace (subset) M of X is called invariant for T if T(M) ¢ M. Of course, the zero
space and the whole space are invariant subspaces (subsets) for any operator - they are
called trivial. The important question is the existence of other invariant subspaces. The
most pertinent case is the famous invariant subspace problem — whether any continuous
linear operator on the separable Hilbert space has a nontrivial invariant subspace.

The invariant subspace problem goes back to J. von Neumann’s work in the 1930s
regarding operators on Hilbert spaces. Von Neumann himself was able to prove that any
compact operator on the separable Hilbert space has a nontrivial invariant subspace, as
noted in [3]], but this result was never published. Still, further research into invariant
subspaces of operators was conducted, and in 1954 N. Aronszajn and K. T. Smith proved
in [3] that any compact operator on a Banach space has a nontrivial invariant subspace.

In 1973 V. I. Lomonosov proved in [21], inter alia, that merely commuting with
one compact operator is already enough for an operator to have a nontrivial invariant
subspace. In fact he proved, that if S is a compact operator on a Banach space X, then
there is a closed subspace M of X, {0} # M # X, such that for every operator T on X,
if ST = TS, then T(M) ¢ M. The proof uses the Schauder fixed point theorem and, at
the time it was published, Lomonosov’s result was stronger and had simpler proof than
anything known until then. The proof can also be found in [32, 10.35].

Not long after Lomonosov’s paper counterexamples began to appear. The first was
done by P. Enflo and first presented at a seminar in 1975/76 [13]]. Unfortunately, the full
preprint was not submitted until 1981 and on top of that, due to a lengthy publishing
process, it was accepted for publication not sooner than in 1985 and published only in
1987 in [14]. In this proof an artificial Banach space is built together with an operator
that has no nontrivial invariant subspace. The space is built by constructing a norm on
the space of all polynomials of one variable x and the operator is just the multiplication
by x. When one represents polynomials as finite sequences, then we are just dealing
with a forward shift. A construction using Enflo’s ideas, albeit simplified and giving an
operator with stronger properties, can also be found in [8].

An analogous construction to Enflos was carried out later by C. J. Read in his PhD
thesis, the result was published in 1984 in [26]. In this construction a linear basis of
Coo is built and the operator is just the forward shift in this basis. The difficult part is
constructing a norm which makes the shift continuous and does not allow it to have
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nontrivial invariant subspaces. Read was later able to change his construction so that
the resulting space was isomorphic to ¢, see [27], and then carry out the construction
on the space ¢, itself, see [28]. A simplification of Read’s proof on the space ¢, can be
found in [9, Ch. XIV]. Another exposition of Read’s construction, presented in a very
didactical, step-by-step way, can be found in the last chapter of [7].

A. Atzmon researched the invariant subspace problem for non-normable Fréchet
spaces. First, he constructed in [5] a nuclear Fréchet space and an invertible operator
with no common nontrivial invariant subspace with its inverse. Later, he constructed
and published in [4] an example of a nuclear Fréchet space together with an operator
without nontrivial invariant subspaces. This beautiful construction is very different from
those of Enflo and Read.

Atzmon’s construction from [4] starts with building a union (inductive limit) of
weighted Bergman spaces on a decreasing sequence of planar domains with empty
intersection, like in Figure[L1]

Figure 1.1: Sets in Atzmon’s construction

Appropriate choice of the weights makes the resulting space a nuclear topological
algebra with respect to pointwise multiplication of functions. Then one shows that this
algebra has no closed nontrivial ideals, which in turn gives an operator without nontrivial
invariant subspaces on the dual Fréchet space. It should be noted, that the resulting
operator is the backward shift, while Enflo’s and Read’s constructions are more akin to
the forward shift.

Atzmon later showed in [6] that one can build some special Fréchet space consisting
of entire functions, closed with respect to differentiation, such that the differentiation
operator has no nontrivial invariant subspace in that space.

The study of invariant subspaces led to contemporary interest in linear dynamics, i.e.,
investigating the orbits Orb(x, T) = {T?x : i € N} of linear operators. A vector x € X is
called hypercyclic if Orb(x, T) is dense in X. An operator is called hypercyclic if it has at
least one hypercyclic vector.

The theory of hypercyclicity and related phenomena for linear operators has been
developing rapidly, which has fruited in the recent publication of two monographs on the
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subject, one by E. Bayart and E. Mathéron [7] and the other by K.-G. Grosse-Erdmann
and A. Peris [19]].

Hypercyclicity is not so rare a phenomenon as one might initially think. It was
known for a long time that some simple operators are hypercyclic, in particular:

o the translation operators: f(z) — f(z + a) on the space of entire functions with
the usual Fréchet topology of almost uniform convergence, where a # 0, see the
Birkhoff Theorem, [19} 2.20];

o the differentiation operator: f ~ f’ on the space of entire functions, see the
MacLane Theorem, [19, 2.21];

« the weighted backward shifts: AB, where |A| > 1and B is the backward shift on [,
or on ¢y, see the Rolewicz Theorem, [19} 2.22].

It was shown independently by S. I. Ansari and L. Bernal-Gonzalez (see [1,[10]) that
any Banach space supports a hypercyclic operator. Ansari also formulated the result
for Fréchet spaces, but unfortunately in this case the proof was flawed. This was later
corrected by J. Bonet and Peris in [11].

By a Baire category argument, any hypercyclic operator on a Fréchet space has a
dense G set of hypercyclic vectors, see [19} 2.19]. There is an interest in finding operators
with even larger sets of hypercyclic vectors. This is closely connected with invariant
subsets. Indeed, observe, that if every non-zero vector is hypercyclic for T then T has
no nontrivial invariant subset, since the closure of an orbit is always an invariant subset.
Recall that, by definition, invariant subsets are assumed closed.

After further refinement of his methods Read was able to prove with a quite compli-
cated construction [29]], that there are continuous linear operators without nontrivial
invariant subsets on any space ¢, ® W, where W is a separable Banach space.

In 2003 S. Grivaux and M. Roginskaya applied Read’s techniques to Hilbert spaces.
They were able to construct operators on ¢, with “large” sets of hypercyclic vectors, with
different meanings of “large”. In addition they were able to construct an operator such
that the closure of each of its orbits is a subspace and another one, for which the closures
of its orbits are totally ordered by inclusion. For details see [18].

W. Sliwa applied Read’s techniques and showed in [33], that one can construct
operators without nontrivial invariant subspaces on any non-archimedean Banach space
of countable type. This research also allowed Sliwa to construct an explicit example [34]
on the space ¢, i.e., an operator for which all the parameters can be effectively calculated.

One should also mention the recent paper [2], where S. A. Argyros and R. G. Haydon
constructed a hereditarily indecomposable Banach space, such that each continuous
operator on it is of the form Aid + K with K compact. By Lomonosov’s result, each
continuous linear operator on this space has a nontrivial invariant subspace. This is the
tirst infinite dimensional Banach space with this property.

In Chapter [4] of this thesis we present our first main result (Theorem [4.1): a con-
struction of operators without nontrivial invariant subspaces on Kéthe sequence spaces,
which are isomorphic to many spaces occurring naturally in analysis. In particular, this
encompasses the space of holomorphic functions on the complex plane, the space of
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holomorphic functions on the disc and the Schwartz space of test functions for tem-
pered distributions, as well as the space of smooth functions on the closed interval (see
conditions in Section[4.]land a long list of natural spaces of analysis isomorphic to Kéthe
sequence sapces in Section [2.4]).

The construction is based on the ideas of Read, but it is adapted to the setting of
Fréchet spaces. Our notation is compatible with [7, Ch. 12]. It turns out that the setting
allows for some simplifications that let the underlying idea to be more easily understood.
The constructed operator is just a slightly perturbed forward shift on the Kéthe space.
To the author’s best knowledge this is the first example of such an operator on natural
non-normable (in particular, nuclear) Fréchet spaces. By duality, our example gives also
operators without nontrivial invariant subspaces on spaces of germs of holomorphic
functions and on the space of tempered distributions with their natural topologies (see
Corollary(4.3).

The author’s initial construction of this kind was done on the space s of rapidly
decreasing sequences, and the proof for this single case is contained in the semester
paper [15]. A more general version of the construction was later published in [16]]. The
proof presented there was, as it turned out, more complicated than necessary and did
not include the space H(C), which is remedied in this thesis.

In Chapter 5| we present our second main result (Theorem [5.1): a construction of
an operator without nontrivial invariant subsets on the space s of rapidly decreasing
sequences. Note that s is isomorphic to the space of smooth functions on the unit interval
or on an arbitrary smooth manifold (see Section for a long list of natural spaces
of analysis isomorphic to s). To the author’s best knowledge, this is the first example of
such an operator on nuclear Fréchet spaces.

The operator constructed in Chapter [5|is also a perturbed forward shift, but its
structure is more complicated. Again, our notation is kept largely compatible with [7,
Ch. 12].

In the next Chapter 2| we will recall the definitions and notions necessary in this
thesis. Chapter[3|introduces the main tool we will be using in the construction - a lemma
heavily used in the inductive step of the construction.
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PRELIMINARIES

We will use freely notions and result of functional analysis as contained in [23]]. In this
chapter we restrict ourselves to defining those notions and notations which are crucial
for our thesis.

2.1 LINEAR DYNAMICS

Let X be a Fréchet space (i.e., metrizable, complete locally convex space) or a strong dual
of a Fréchet space. Let T: X — X be a continuous linear operator.

Let us recall the crucial notion from the introduction. A closed subspace (subset)
M c X is called an invariant subspace (subset) of T if T(M) € M. An invariant subspace
(subset) M is called nontrivial it {0} + M + X.

If for a vector x € X the set

Lin(x, T) ={P(T)x : P - polynomial},

called the linear orbit of x, is a dense subset of X, then x is called a cyclic vector. Observe
that the closure of Lin(x, T) is the smallest invariant subspace containing x. Therefore
showing that an operator has no nontrivial invariant subspace is equivalent to showing
that every non-zero vector is cyclic.

If the set Orb(x, T) = {T'x : i € N}, called the orbit of x, is dense, then x is called
a hypercyclic vector. If an operator has at least one hypercyclic vector, the operator is
called hypercyclic.

The closure of Orb(x, T') is the smallest invariant subset containing x, so an operator
has no nontrivial invariant subset if and only if each non-zero vector is hypercyclic.

We will not need any more notions from linear dynamics, interested reader is advised
to consult [7] or [19] for more details on this vast theory.

2.2 KOTHE SPACES

We will concentrate on the so-called Kothe sequence spaces.

Definition 2.1 (Kothe space). Let A = [A N, j] N be an infinite matrix of positive numbers
such that Ay ; < Ay, ;. For the sake of convenience we will assume that N = 1,2, ... and
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j=0,1,2,.... Such a matrix is called a Kéthe matrix. We call the sequence space

j= P

A(A) = {x = (xj)(_)oo eKY: x|y =) |xjlAn,j < oo for every N =1,2,... }

the Kothe A echelon space associated with the matrix A.

Remark 2.2. One can also define A? echelon spaces and a dual notion, the so-called
co-echelon spaces. As we will not be interested in these, from now on, we will speak of
Kothe spaces having Kothe A! echelon spaces in mind. For a more systematic treatment
of the basic theory of these spaces, see [23, Ch. 27]. Additional information can be found
in [31]], [25], [12] and [20].

Fact 2.3 (23} 271]). Kothe spaces are Fréchet spaces, i.e., locally convex and metrizable.

2.3 POWER SERIES SPACES

In this section we give some examples of Kothe spaces arising naturally in analysis.

Definition 2.4. Let a = ()%, be a nonnegative real sequence tending monotonically
to +oo0 and let R € R U {+00}. We take any sequence ty . R, and define

Ar(a) = A ([exp(tyet;)]) -

The resulting space does not depend on the choice of the sequence (¢y) but only on the
number R. We call Ar(«) the power series space corresponding to the sequence o with
radius R. This is the most important class of Kothe spaces (and one that is reasonably
well understood).

Remark 2.5. In the definition above we used in fact weighted ¢; norms by considering
Al echelon spaces. Unfortunately, there seems to be no universal choice for the norm
exponent in the literature. The book [23]], which is the main reference for us, uses ¢,
norms (by considering A? echelon spaces), so one has to be careful. In most cases, namely
when the resulting space is nuclear, all norm exponents give exactly the same set of
sequences with the same topology, see [23} 28.16].

Fact 2.6 ([23, p. 368]). There are just two distinct cases in Definition For a given
sequence « all the spaces Ag(a) with R € R are isomorphic as Fréchet spaces and not
isomorphic to any of the spaces Ao ().

Remark 2.7. For reasons that will become clear in the next chapter, we restrict ourselves
to R € {1, 00} (the standard choice would be R € {0, 00 }). The spaces with R = 1 are
called finite type power series spaces, the spaces with R = oo are called infinite type
power series spaces.

Remark 2.8. It is well known that A («) is always a Schwartz space (see [23} 27.10]).

Fact 2.9 ([23} 29.6]). The space Ao (ax) is nuclear if and only if sup; l(;—%j < 00. The space
lg) - g,

@j

Ay («) is nuclear if and only if lim,,_, o
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2.4 SPECIFIC EXAMPLES OF POWER SERIES SPACES

Many classical spaces appearing in analysis are isomorphic to power series spaces. In
this section we collect the most important examples.

2.4.1 Infinite type power series spaces
2.4.1.1 Entire functions

Let K = C. We have that A, (j) 2 H(C) with isomorphism given by the usual Taylor

expansion of a holomorphic function ([23} 29.4(2)], [31, 8.2.1]). Here the space H(C) is

equipped with the natural topology of uniform convergence on compact subsets of C.
Indeed, if we consider the Banach spaces

Ao(j)n = {(xj) eCN: i |xj|N < oo}

=0

H*(ND) = {fe H(ND) : sup |f(2)| < oo}

|z]<N

and let ¢: CN — C€ be given by

(x)) = (Z - ijzj) ’
=0

then ¢ (A (j)n) € H®((N —1)D) by the properties of power series. On the other hand
¢ '(H* ((N+1)D)) c Aw(j)n by the Cauchy inequality. Therefore the projective
systems (A (j)n)y and (H* (ND)),, (with natural inclusions as linking maps) give
rise to isomorphic Fréchet spaces and so A, (j) 2 H(C) as claimed.

In fact by a result of V. P. Zahariuta [37, Thm. 1], for an open domain U in the
Riemann sphere C, the space H(U) is isomorphic to H(C) if and only if the logarithmic
capacity of the set C\ U equals 0.

2.4.1.2 Entire functions in higher dimensions

When one takes «; = {/} for some d > 2, then A, () = H (C?), where H(C?) is again
equipped with the compact-open topology ([31, 8.3.2]). Still, the proof is a little more
complicated in this case. The Taylor coefficients of a function from H (C¢) form not a
sequence but a d-dimensional matrix, which has to be rearranged to give a sequence
from the corresponding power series space.

A result of Zahariuta gives necessary and sufficient conditions for a holomorphically
convex domain U in C4, so that H(U) = H(C?), for details see the survey [38 3.3.5].

2.4.1.3 Rapidly decreasing sequences

A very important space is the result of taking a; = log(j +1). The space Ao (log(j+1))
is called the space of rapidly decreasing sequences and is usually denoted by s. If we plug
the sequence «; into the definition of a power series space, we can see that s consists of
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sequences (x;) such that (P(j)x;) is bounded for any polynomial P. Hence the name of
the space.

This space is important in the structural theory of nuclear locally convex spaces, as
by the Komura-Komura theorem, every nuclear locally convex space is isomorphic to a
subspace of s! for a suitable set I, see [23] 29.8].

Many spaces naturally occurring in analysis are isomorphic to s as Fréchet spaces.
In particular this is the case for the following spaces:

o C52(R) - the space of all 27-periodic smooth functions on R, with the topology
of uniform convergence in all derivatives see [23} 29.5] for a direct proof;

o C52(R?) - the multidimensional analogue of the above, smooth functions on R¢
that are periodic with respect to a d-dimensional lattice, see [23} 31.8];

o S(R?) - the Schwartz space of rapidly decreasing functions, space of test functions
for tempered distributions, see [23, 29.5(2)] and [23} 31.14];

¢ D(K) - the space of smooth functions on R¢ with the support contained in a
given compact set K c R with non-empty interior, equipped with the topology
of uniform convergence in all derivatives, see [23} 31.12];

o C*(K) - the space of smooth functions on a compact smooth manifold with the
topology of uniform convergence in all derivatives, see [36, 2.3]. Observe that
when the manifold in question is a torus, we have just smooth periodic functions;

« some spaces of entire Dirichlet series, in particular the space

S(logn) = {f €eH(C):3(a,)cC f(z)= ian exp(zlogn)}

n=1

with its natural topology, see [31, 8.4.1].

o the space A~ of holomorphic functions on the open unit disc which can be ex-
tended continuously to the closed unit disc together with all their derivatives,
equipped with the topology of uniform convergence in all derivatives. The isomor-
phism with s can be proved along the same lines as [24, 1.13].

2.4.2 Finite type power series spaces
2.4.2.1 Holomorphic functions on the disc

If one takes a; = j, but considers the finite type power series space instead, the resulting
space Aj(«) is isomorphic to the space of holomorphic functions on the disc with a
proof very similar to what we did for entire functions, see [23} 29.4(2)].

By a result of Zahariuta, for an open set U c C, H(U) = H(D) if and only if U has
finitely many components and the Dirichlet problem is solvable in U, see [37, Thm. 2].

2.4.2.2 Holomorphic functions on the polydisc

It should be no surprise that when one takes «; = {’/j, then the A;(«) is isomorphic
to the space of holomorphic functions on the d-dimensional polydisc, see [31, 8.3.2].
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By another result of Zahariuta 38| 3.3.1], if a holomorphically convex domain in C¢ is
sufficiently regular, then H(U) = H(ID?) (see the paper [38] for the precise formulation).

2.5 DuaLs oF KOTHE SPACES

As we will be interested in operators without nontrivial invariant subspaces, the following
fact will be useful. Let us recall that invariant subspaces and subsets are, by definition,
assumed to be closed. The dual space X’ of locally convex space X is always assumed
to be equipped with the strong topology, i.e., the topology of uniform convergence on
bounded sets.

Fact 2.10. Let T: X — X be a continuous linear operator without nontrivial invariant
subspaces and let X be a reflexive locally convex space. Then the adjoint operator T": X' —
X" also has no nontrivial invariant subspace.

Proof. 1t is easy to check that if M c X’ is a invariant subspace for T’, then
MO — {x** € X// . x**(M) — {0}}

is an invariant subspace for T". But, because of reflexivity, T” = T, so M° is either the
zero space or the whole of X. By the Hahn-Banach Theorem, any invariant subspace of
T" must be trivial. O

Therefore we are interested in the reflexivity of the Kothe space A'(A). We have the
following theorem:

Theorem 2.11 (Dieudonné-Gomes, [23| 27.9]). Let A be a Kothe matrix. Then A'(A) is
reflexive if and only if for each infinite subset I of N and each N there exists a K such that

Ax
inf — = 0.
jel Ak,

Corollary 2.12. The power series space Ar(«) is always reflexive.

Duals of the spaces that we have considered are also of importance in analysis. Let
us just shortly identify them:

Fact 2.13. The dual space to the Fréchet space H (C¢) is isomorphic to the space of germs
of holomorphic functions of d variables in a point, denoted by H({O}d).

Fact 2.14. The dual space to the Fréchet space H (D) is isomorphic to the space of germs
of holomorphic functions of d variables on the closed polydisc H(D?).

For one variable the preceding two facts follow from the so-called Grothendieck-
Kothe-da Silva duality, which represents duals of spaces of holomorphic functions on a
planar set as spaces of holomorphic functions on the set’s complement with respect to
the Riemann sphere, for details see [22} 9.12]. For the many variables case this can be
done only in certain cases, see [35} Satz 1], fortunately this covers the cases C? and D“.
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Note that the natural topology on the space H(K) of germs of holomorphic functions
over a compact set K ¢ C? is defined as the inductive limit in the category of locally
convex spaces

H(K) =limindgey H(U),

where U runs through all open neighbourhoods of K in C?. The space H(K) is not
metrizable.

By definition the dual space to the space s @ S(IR?) (with the strong topology) is
isomorphic to the space S’(R9) of tempered distributions.
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NOTATION AND THE BASIC LEMMA

In this chapter, first we introduce some rather standard notation that will be very useful
throughout the thesis. Then we present a basic lemma - crucial for the proofs.

3.1 BASIC NOTATION

Let K be the field of real or complex numbers. For the construction it does not matter
which particular field we choose. We fix N = {0,1,...}. By coo we will denote the linear
space of all finite sequences with elements from K. The elements of the canonical basis
of ¢y will be denoted e; and for convenience we assume that j = 0,1,2,....

By E,, we will denote the finite dimensional subspace of ¢, consisting of the vectors
of the form Y., uje;, u; € K. We call a linear basis y = (yo, y1, . - . yn) of E, a perturbed

canonical basis if y; = Y21 u;;e; for suitable coeflicients. Observe that, in particular, this
implies that y; ; # 0.

Given a basis y of E, and a vector x € E, such that x = 37, uje; with y, # 0, we
write that valy(x) = v. Given a set K c E, we define

valy(K) = sup valy(x).

xeK

For a subset M of N we will write 7, to denote the standard projection of a sequence
onto span{e; : j € M}. For brevity we will write 7, to denote 7 ). This should be clear
from the context, as will be the domain of the projection.

Throughout we will be working with polynomials a lot. From now on we fix a norm
| - | on the set of all polynomials, simply taking |P| to be the sum of the moduli of the
coefficients of P. If P(¢t) = ¥, p;t' is a polynomial, then we write

suppcoeff P={leN:p, #0}.
Definition 3.1. An operator T:coy — coo Will be called a perturbed forward shift if
Tej = Ajejﬂ + /\]Jf?] + /\j,]’,lej‘,l +...+ A]‘)Oeo,

where A; # 0.
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Remark 3.2. We will encounter linear operators T: ¢y — coo satisfying the recursive
relation
Tj€0=[/lj€j+Pj(T)€0, j:1,2,... (31)

with p; # 0 and deg P < j. We always tacitly mean that T° = id. It can be easily proved
inductively that
T’e, € span {eo, €ls.ns ej} )

Then T is necessarily a perturbed forward shift. Indeed, from one can calculate that

Te] _ T(Tje() - P](T)e()) _ Tj+1€() —Pj(T)TEO)
Hj Hj

so by (3.1), T is a perturbed forward shift. In fact, in the proofs further on, calculating
the values of Te; more explicitly will be a substantial part of our work.

3.2 THE LEMMA

The following lemma is the very cornerstone of the constructions presented in this thesis.
It surely deserves its own chapter, even a very short one. Its root can be traced back to
(26} 5.6], but it shows up in some form in subsequent Read’s constructions, see [27, 6.1],
(28, 5.1], [30, 5.2], [29} 7.2]. The exposition and the proof below are taken from the last
chapter of [7].

Lemma 3.3. Assume that for some integers a and A there is given a perturbed canonical
basis Y = (Y0, Y1> - - - > Yara-1) Of Eqra1 with yo = ey and

Va = €€, + €.

Let ||| be any norm on coy and K c E, 5 be a compact set in the induced topology, such
that valy(K) < a. We denote v := a — valy(K).

Then there is a number D > 1 and a finite family of polynomials P = { P}/, all of
which satisfy
suppcoeff P, € [v,a+A) and |P|<D,

such that for any y € K there is a polynomial P € P such that for each perturbed forward
Shlft T: Coo — Coo with
Tley = y;, forj=1,2,...,a+A-1 (3.2)

we have that
|P(T)y - eo] <2¢fes| + Dx  max || T/e|. (3.3)

a+A<j<2(a+A-1)

Moreover, if y € K has an expansion in the basis y of the form
a+A-1
y= 2 Ayp AeK,

j=0

then Z?jOA_l Al < D.
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The most important aspect in this lemma is the fact that both the family of polyno-
mials P and the constant D depend only on , the set K and the norm |-|, while there is
no dependence on the vectors T2 ey, T+A1e,, .. ..

Proof. We define a linear operator S: E;,a-; = E,.a-; by the formula

S(y;) = Yis ifj<a+A-1,
"o, ifjza+a-L

Take any vector z € E;. a1, z # 0. Then z can be expanded in the basis y as follows:
a+A-1
z= X Y
j=valy(z)
Then for any k < a + A — 1 - val;(z) the vectors
a+A-1

k2= > wiyp

j=valy(2)+k

+A-1-valz(z)-1
N valp(2)-15 = Pvaly(z) Ya+a-2 T Pval(z)+1Va+A-1>

STV D2 = et () Varat

form a linear basis of the space
Span {YVa17(2)+k> YVa17(2)+k+1> ) ))a+A—l} .

In particular, if z € K, then val;(z) < a and, consequently, there is a polynomial P, with
supp coeff P, € [a — valy(2), a + A) such that

P,(S)z =y, =¢e,+ €.
Therefore, for some neighbourhood B, of z in E,, _; we have
|P.(S)y —eo| <2¢|e,|, foreveryyeB,.

By the compactness of K, we can cover K by a finite family of neighbourhoods B, and
get a finite number of polynomials P, - these polynomials form the family P. So for any
y € K there is a polynomial P € P for which

[P(S)y = eoll <2éfe] (3.4)

and supp coeft P € [v,a+ A), |P| < D for some D > 0. Once again by the compactness of
K, we can assume that D is so large, that it satisfies the “moreover” claim of the lemma.
Of course we can assume that D > 1.

Now let T: cop — coo be any perturbed forward shift satisfying (3.2).
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Fix y = Y0 agyr € K and let P(t) = 2727 p;t!, P € P, be chosen so that
holds. Then

a+A-1 a+A-1 a+A-1 a+A-1
P(T)y= > > apiTlye= > > apiT e
k=0 I=v k=0 I=v
2(a+A-1) . (3.5)
= Z A]’T](E(),
j=v
where
a+A-1 a+A-1
Aj= Z Z O k10K D15 (3.6)
k=0 I=v

where §; ; is the Kronecker delta. By the boundedness of K and finiteness of P, we can

assume (taking larger D if necessary) that Z?ﬁﬁw_l) |Aj| < D. Note that this can be done
independently of T.

We get that
a+A-1 a+A-1 a+A-1 a+A-1
P(S)y=P(S) X axyk= 2, > D Swerjaxpry).
k=0 v k=0 1=
We now use (3.6)) and the assumption and we get that
a+A-1 a+A-1 )
P(S)y= ) Ayj= > ATe. (3.7)
j=v j=v

Hence, by (3.6) and (3.7)), we get that

2(a+A-1) .
P(T)y-P(S)y= ) MATle (3.8)
j=a+A
and consequently
|P(T)y—P(S)y| <D x sup H TjeOH . (3.9)

a+A<j<2(a+A-1)

Inequalities (3.4) and (3.9) yield the final conclusion. n



CHAPTER

INVARIANT SUBSPACES

In this chapter we will describe the construction of an operator without nontrivial
invariant subspaces on Kothe spaces A!(A) satisfying some easily checkable assumptions
on the Kothe matrix A. We will prove the following main result.

Theorem 4.1. Let A = [Ay j]nen, jen be a positive Kothe matrix satisfying the following
assumptions:

A
VN sup N +00; (4.1)
jeN N,j
. ANy
VN eN, lim =0; (4.2)
J=oeo AN+1,j
VN e N, the sequence (Ay,;); tends monotonically to +oo. (4.3)

Then there exists a continuous linear operator T: A\'(A) — A(A) without nontrivial inva-
riant subspaces.

The condition means that the forward shift operator S on A'(A), Se; = e}, is
continuous without loss of norm, i.e., YN3ICy [[Sx| < Cy | x] -

The condition (4.2), by [16} 27.10], means that A!(A) is a Schwartz space.

This theorem was initially proved in [16] with the additional assumption that the
quantity in must be bounded by a single number, regardless of the index N. This
unfortunately excludes the space of entire functions. Here we give a modified proof that
is moreover simplified a bit, for which the assumptions above suffice.

4.1 COROLLARIES

We collect the examples of natural Fréchet spaces of analysis which support an operator
without nontrivial invariant subspaces.

Corollary 4.2. Let («;) be a positive sequence tending monotonically to +oo. If
sup(aj — &) < +00

and R € Ru {oo}, then there exists a continuous linear operator T: Ap(a) - Ar(a)
without nontrivial invariant subspaces.
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Proof. Let ty ~ R. It is easy to check that the Kothe matrix [exp(tN(xj)] satisfies
condition (4.2). If ty > 0 (which can be assumed if we restrict ourselves to R € {1, c0}),
then also condition is satisfied. We are left with the condition (4.1).

Fix ty > 0. Then

exp(tnaji)
——————= =exp(ty(aj — a;)),
EXP(tN(Xj) p( N( j+1 ]))
so (4.1) is equivalent to sup(aj,; — ;) < +oo0. ]

Taking Fact into account together with examples from Section [2.4] (see also
Facts[2.13} [2.14)), we get the next corollary.

Corollary 4.3. The following power series spaces support a continuous linear operator
without nontrivial invariant subspaces:

e H(DY),d>1;

« H(C%),d>1;

o s (or, equivalently, S(R4); C=(K), K - compact C*-manifold).
Moreover, the same is true for their dual nuclear (DF)-spaces:

. H(D);

» H({0}9);

o s’ (or, equivalently, the space S'(R?) of tempered distributions).

To the author’s best knowledge, so far there were known no natural non-Banach
spaces supporting operators without nontrivial invariant subspaces.

4.2 THE STRATEGY

We start with a very simple observation. Let T: X — X be a continuous linear operator on
a locally convex space X. It is easy to see that the smallest invariant subspace containing
the given vector x € X is in fact the closure in X of the subspace Lin(x, T). If x, is a
cyclic vector for T, then in order to show that some other vector x is cyclic for T it
suffices to prove that x, € Lin(x, T).

More specifically, assume that coo ¢ X and T: ¢o9 = cq is a perturbed forward shift,
ie.,

j
Tej=[u]~ej+1+z‘uj,,-ei, [/l]=/=0

Then it is easy to see that Lin(eg, T') = cqo, $0 if g is dense in X and we can extend T to
a continuous operator T: X — X, then e, is a cyclic vector for T The operator T would
have no nontrivial invariant subspace if any other non-zero vector x was also cyclic for
T. So we have to ensure that the smallest invariant subspace containing x is the whole
space X. One way to that would be to show that ey is in this smallest invariant subspace.
In other words, to show that

¥X3x#0 YUeS(X) 3P eeP(T)x+U,
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where 4(X) denotes the family of all the neighbourhoods of zero in X and P is a
one-variable polynomial. If X is a Fréchet space, then {{(X) is given by a countable
fundamental system of seminorms ||, so we may rewrite the above condition as

VX3x#0 VN Ve>0 3P |P(T)x-eof, <e

If the norms ||, are chosen carefully, so that their unit balls constitute a basis of
neighbourhoods of zero of X, we only need to show that

VX5x#0 YN 3P [P(T)x-e, <L

Observe that if x is a cyclic vector, then any non-zero multiple of x is also cyclic. Therefore
if, say ||-|, is a norm, then it would suffice to show that

VieX,|x|,=1 YN 3P |P(T)x-e, <L (4.4)

This is in essence what we will do. Of course the crucial point is to construct a specific
perturbed forward shift such that holds.

We have a tool to implement the above scheme, namely the seemingly quite com-
plicated Lemma It allows us to find suitable P in (4.4)), at least for some vectors,
if we additionally assume that x € ¢y. If we were lucky and were able to truncate an
infinitely supported vector x € X and get a vector y € ¢, that works for our lemma, then
by triangle inequality we would have that

|P(T)x = el < [[P(T) y = ol y + [P(T) x =)

As the lemma takes care of the first term we have to estimate the second one. On £, as
in Read’s paper [28], we have only a single norm, so HP (T) (x-y) H has to be estimated
somehow with ||x — y|. In a Fréchet space setting, we have a sequence of nonequivalent
norms at our disposal, so we will try to estimate HP (?) (x-y) H y With [x =y . This

turns out to leave room for some simplifications. Further on we will not write T for the
extension, but 7. It should be clear from the context which operator we have in mind.
4.3 THE MATRIX

We will show that we can get much better properties of the matrix A than the ones
assumed in Theorem [4.1 without changing the resulting space A!(A).

Lemma 4.4. If a Kothe matrix B = [By,j]nen, ,jen Of positive numbers satisfies

VN eN, sup N +00, (4.5)
jeN BN,j
. By,
VNeN, lim =0, (4.6)
J=oo BN+1,j

VN e N, the sequence (By,;); tends monotonically to +oo, (4.7)
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then there exists a Kothe matrix A = [Ay ;j|nen,,jen such that M(B) = AY(A) (equality
of topological spaces) together with a non-increasing null-sequence (w;) and a sequence
(My) with terms greater than 1 such that:

VNeN, VjeN Ay, >1, (4.8)
A .
VNeN, VieN =2 <y, (4.9)
N.,j
. AN,j
VN€N+ E'CN V] eN < CNCL)]', (410)
AN+1,j
A
VNeN, VheN lim - —o, (4.11)
J=oeo AN+1,j

VN eN, the sequence (Ay,;j); tends monotonically to +oo,  (4.12)

MJ
VNeN, lim— =+ (4.13)
j~>oo AN,]

and the sequence of the unit balls of the norms (Uy) yay, »
Uy = {x = (x;) e KN x|y =) |xj]An, < 1} ,
j=0

forms a basis of neighbourhoods of zero in A/(A).

Proof. Take My >1to be a number greater than limsup, Buun existing by (@.35).

BN,J
Let (ky)nen, be an increasing sequence of positive integers chosen so that for j > ky

By 1 By i
N2 and N/l

N+L,j 2 N,j

This can be done by (4.7), (4.6)) and the definition of My respectively.
We define Ay j = By, j:ky- Then A = [Ay ;] fulfils automatically (4.8), (4.9), (4.12).

The definition of the numbers My implies that for any N there is a number ¢ > 0
and an index j, such that for j > j,

BN,J'ZI, SMN.

AN j+1
] <My - e.
AN,]‘
Hence for j > jj,
AN, jor1 AN jo+2 An,j

An,j = Anj, <Ap,jo(My — )70

ANjo ANjo+1 AN,

and consequently

U0 () <52

= >
AN,j() MN—E,‘ AN’]'

which implies (4.13)).
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For any h > 0 we have that

Ax o A B By
SJ+ h N,j h N,j+k h N,j+k
<M = Mh v Ml TR,
AN+1,] AN+1] By n kN BN+1,j+kN J=oeo
which shows (4.11). By the choice of ky, we have that
AN,j _ BN jrky < BN,jrky < 1

b

ANy BNiijskya  BNanjiky 2

s0 Ay,j < A N+1,j- It follows that Uy, € UN and by the definition of the topology on
M(A), (UN) NeN, 18 a basis of nelghbourhoods of zero.
We will now show that the formal identity

A(B) > (x) — (x;) € A'(A)

is an isomorphism. Indeed, we have, by the monotonicity of the sequence (By,;);, that

ey = z 5 Ax = 3 B
j=0
2 Z x| By, = H(xl HA (B)
j=0
Similarly,
AL(A)

[l

[oe) o0
= 2 1xlAN; = D0 1%51Bu jky
'=O j—O

BN,k
<sup BJ NZ|J|BN]

N,j  j=0
- sup S5 ) [
i N.j

where sup; ij JN is finite in view of (4.5). We still need to show (4.10), but for clarity
we will turn this part of the proof into a separate lemma. ]

Lemma 4.5. Let (8;);, where &; = (8;;) ;» be a sequence of null-sequences. Then there exists
a non-increasing null-sequence n which tends to zero slower than each of the sequences 0,
more precisely, for each i there is a constant C; such that 8;; < Cin;.

Proof. Let 9;; = max {61]-, 82js v 8ij}. We define 9; = (9;;);. Then 9; is a null-sequence.
Let ji be an integer so large that 9;; <1for j > ji. Given j,_;, let j, be so large that
Opj < % for j > j,and j, > j,i.
We define the sequence #:

_ 1; ]SJI;
’71 )1 . . .
PE ]n < ] < ]n+1'
Then 1; - 0. Moreover, for i < nand j, < j < ju. we have that §;; < 9,; < 1 = 5,

Consequently, for j; < j we have that ;; < #;. Therefore, it suffices to take

5,]
C;=1+max— ]
j<ii 17]
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4.4 'THE OPERATOR

From now on we fix a sequence:
(N,) =(1,2,1,2,3,1,2,3,4,...). (4.14)

The only two features of this sequence which are important is that it contains any integer
infinitely many times and starts with 1.
We will also need the following sequence:

Mn:maX{MNl,MNZ,...,MNn}, (415)

where My is the sequence from Lemma[4.4]
Now assume that there is an increasing sequence of integers

(Abal; A2752) a, A3>S3a a3)---)> (416)

such that

1=A<a <a +A
=A<, <a<a+ A, (4.17)
=Ay<s3<az<as+A;

=As<....

Recall that by {e;} 2, we have denoted the canonical basis of c. We define a linear
operator T: cyp = ¢qo through the following formula:

ANyl,ﬂy]

_ e+ Tianey, jela, a,+A,);
Tie, = j > J [ ) (4.18)
ajej, je[An an).

The definition of the non-zero numbers «; will be given below and it is somewhat
involved, as it requires successive applications of Lemma[3.3] Observe that under the
assumption that a; # 0, Remark[3.2]implies that (4.18) uniquely defines a linear operator
T: Coo —> Cpo-

The construction of T is carried out inductively over the intervals [A,, a, + A,).

With each such interval we will associate a number D,, > 1 which will be important in the
subsequent interval. There is only a very slight difference in the construction between
the first and the next intervals, so we only present the general step of the inductive
procedure, marking the adjustments necessary for the first interval.

Assume the procedure has been carried out up to the interval [A,_,a, 1+ A,_;) and
the number D,,_; has been fixed. Consistently with weputA, =a, ; + A, (with
A =1).

We choose s, to be a number much greater than A, and then we choose a, to be
much greater than s, (on the first interval we put s; = A;). We then put

1 1 j=hn . A .
(x] = ANn,an ( anlﬁn) > ] € [ H)Sn]) (4.19)
a, M, je(syan).
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Note that «;’s are decreasing on the interval [A,, s, ] and they increase on the interval

[$n>an)-
Now all the vectors Tey, T?ey, ..., T 417 1¢y are defined through (4.18). These
vectors then, together with T%¢, = e, form a perturbed canonical basis

~ +A,-1
))n = (eO,Teo,...,T“" " eo)

of E,, +a,-1. Therefore, the mapping

an+A,—-1 ) . an—1 )
Z x;T! e —> Z x;Teo (4.20)
=0 =0

is a well-defined linear projection in E,, ., ,_;. We define

1
Ko={y € Bupuacr Il <1amrlh > 5. (120

Observe that because of the definition (4.20]) and the second condition in the definition
of K,,, for every element y € K, we have that val;, (y) <a, - L

Therefore y =y, || = ||y, » K = K,, satisfy the assumptions of Lemmaand $O
we get an appropriate number D, > 1 from this lemma. This allows us to carry on with
the construction on the next interval.

We will show in the subsequent sections that if the sequence (ay, 53, a5, $3,...) is
chosen to increase rapidly enough, then the operator T:cyy = ¢y defined by can
be extended to A'(A) and this extension has no nontrivial invariant subspace.

For clarity, let us illustrate the dependence of all the parameters. First, we have
“global” objects — derived simply from the Kothe matrix. These are:

« the “enhanced” Kéthe matrix [Ay ;] ; from Lemmal4.4}

« the sequences (My) and (w;) therefrom;

o the sequence (N,,) from (4.14);
« the sequence (M,) from (&.15).

Then the sequence (4.16)) will be inductively constructed with dependence between
various parameters as in the following diagram - dashed arrows show where a choice is
possible, solid arrows depict (sometimes complicated) functions.

-1 - - Lemma[33

119
I=Ay=s----- > 1{ j}c'l1 A{T }a1+A1 4’T1>K1

J}az 1-{T }a2+A2 -1 - -

Lemma[33] D, (4.22)

CAZ”’SZ”’ dz—»{

— > T, I\

( A3 - = $3 - = > 613 R

Corollary 4.6. If s, is sufficiently large compared to a, and a,., is sufficiently large
compared to s,., then there exists a constant D,, > 1 such that for any y € K,, there exists a
polynomial P such that |P| < D, and supp coeff P € [1,a, + A,,) such that

[P(T)y - eolly, <3.
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Proof. We have already applied Lemma[3.3]in the procedure above with a = a,,, A = A,
K=K, |-| =[]y, and y = (e, Teq, ..., T**+2+"ley). Then and imply that
valy(K,) = a, — 1, so by the claim of Lemmafor any y € K,, there is a polynomial P
satisfying the claims of our corollary (observe that D,, is chosen so that |P| < D,,) such
that

2 .
P(T)y- <—— +D | T/e)|
|P(T)y eOHNn AN,.a, lea, Ny " Xanmnsjsm;(liimn—l) oy,
=2+ D, x max Hocjej‘Nn.

an+An<j<2(an+An-1)

We may assume that 2(a, + A, — 1) < s,41, then, remembering that a, + A, = A,,;, by
(4.19) we get that

1
max o =0p, = .
an+Dn<j<2(an+hi-1) AN, ana

Hence

DnAN,,,Z(a,,JrAy,—l)

”P(T)y - e() HN,1 S 2 + Dnaan+AnANn>2(an+An_l) = 2 + A
Nu+1,8n+1

. DA B .
The fraction W can be made smaller than 1 by choosing a,,; so large that
n+1-%n+1
AN

winans 18 larger than D, Ay, 54, +a,-1)- Observe that this is possible by (4.12), as a,,.,
is chosen when A, a, and D,, are already fixed. O

Remark 4.7. The linear operator T given by has quite a simple matrix and it
might be helpful to see it. While the calculations leading to it will be hidden inside the
subsequent proofs, the picture below depicts a part of the (infinite) matrix of T. The
coloured diagonal just below the main diagonal corresponds to the “weighted forward
shift” part of T, while the isolated blue dots above it constitute the “perturbation”. All
the other elements are zero.

as + dy, + ay

a2+a1+1 *************************************** [
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4.5 CONTINUITY

We will show that if enough caution is taken with choices in (4.22), then the resulting
linear operator is continuous in the topology of A!(A).

Theorem 4.8. If the sequence (ay, s3, as, S3, . . .) increases rapidly enough, then the linear
operator T: cog — coo defined by (4.18) is continuous in the topology of A'(A).

Proof. As the norms considered on A!( A) are weighted ¢, norms, it suffices to show that
for any N

Te:
I7el < +oo. (4.23)

sup
i el
To prove that, we will consider all the possible cases for j. As we will not be concerned
with the exact bound in (4.23), we may omit a finite number of indices. Therefore we
restrict ourselves only to j > A,.

o If je[A,,a,—1), then implies that

1 . 1 . K
Tej= T(—TJEO =—T]+1eo= ! €j+1.
& & &

Hence, by (4.9), (4.10) and (4.19),

|Teilly o Ani

HeJ'HN+1 ) o AN <My, MyCrywj < My, MNCywa,»

1
MNn.

which is bounded whenever w,, < This can be done by choosing a,,_; (hence

A,) large enough.
o Ifje[ay a,+A,-1),then implies that

Tej = T(ANn,an (Tjeo - Tj_“”eo))
— ANn,an (Tj+leo _ ija,ﬁleo)

1 , )

_ +1-a —an+1 _

= AN, .a, (—A eju + TH ey — TIontle | = ey
Ny,an

Hence, by (4.9), (4.10),

| TeJ'HN _Anjn

lesllys Aneni

< MNCNC()]',

which is bounded since w i— 0.

o If j=a, -1, then from (4.18)) we get

1 1 1

Te, _; = T ey = e, +el.

an 0 an 0
“ay,fl aanfl AN,,,an
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Therefore, by (4.9), (4.10) and (4.19),

| Tea, 1]y _ 1 ( I Ave, ,_Awo )

14Nn,a,1 AN+1,a,,—l AN+1,a,,—l

Hean_IHNJrl B (xan_l
~ \Sn—Ay
< ANn,un (Dn—an)

1
( MNCNwan—1+1)

n= Yl_l
M]a\]n s AN,,,an
AN a ~ \Sp—A
n>an n n n+l
<o (DuarM,)™" " My (MyCywg, 1 +1) .
Ny

As wj — 0, MyCyw,,—; is bounded. Because a,, is fixed after s, by (4.13), we can
make =22 small enough to keep Ay (Dn_lﬂn)s”_A" M]S\’;:1 bounded by 1.

A
a
My MNZ

n

o If j=a,+A, -1, then, by (4.18),

Tea,rn,-1= T (An,a, (T e — T ey))
= ANrnan (Ta”JrA" €y — TA" e())

= AN, a0 %40, €anthy — ANyan ®A, €A, -
Consequently, because a, + A, = A,,1;, we get by (4.9), (4.10) and (4.19)),

ITea, a1y Anpa,  Anasea, ANya,  ANa,

|| ean+An_1 ||N+1 ANn+1,l1n+1 AN+1,an+An—1 ANn,an AN+1,un+An_1
AN a
< n>an

A MNCNCU“”+A”_1+1.
Ny+1,an41

When we choose a,,;, then a, is already fixed, so by (4.12)) we can assume that
AN, .10, 18 larger then Ay, ,, (regardless of actual values of N,, and N,,;). So the
resulting quantity is bounded, since w; — 0. ]

Corollary 4.9. If the sequence (ay, $3, ay, S3, - . .) increases rapidly enough, then the linear
operator T:cog = coo defined by (4.18) can be uniquely extended to a continuous linear
operator on A'(A). We will still denote this extension T.

4.6 CONTINUITY REVISITED

We will need another inequality of continuity type, this time with the same norm in the
numerator and the denominator.

Lemma 4.10. If the sequence (ay, $3, Ay, S3, - . .) increases rapidly enough, then for j < s,
| e

< MNMn +1.
leily

Proof. We will use the same strategy as in the proof of Lemma [4.8] using also the values
for Te; we have calculated.
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o If j = 0, then straight from (4.18), by and we get that

Tl 1 Aw
” €o HN ANl,m AN,O

If j e [A,, a, — 1) for some p < n, then, by (4.19) and (4.9),

|Tejly oty Anja

ol a Ay, A

If je [a,, a, + A, — 1) for some p < n, then, by (4.9),

| Tej] _Anjn

leily A

< My.

If j = a, —1for some p < n, then

HTeap-lHN_ 1 ( 1 Ang, . AN,O)

He“p‘lHN Uap-1

We encountered a very similar quantity in the case “j = a,, —1” in the proof of
Lemma As before, a,, is the last parameter chosen, and by (4.13) we can make

ANP‘“P
a

M P
Np

small enough to meet our bound.

o Ifj=a,+ A, -1forsome p < n, then

HTeapmp—lHN_ ANP,aP AN,aerAP +ANp,ap AN,AP

He“PJrAPleN ANP+1,ap+1 AN,anLApfl ANp,ap AN,aerApfl

AN a
< —2 My +1.
ANp+1»ap+l
We reason as in the case “j = a, + A,, — 1” in the proof of Lemma As ap,; is
chosen after a,, we can make sure that Ay, ,, 4,., is larger than Ay, ,, . ]

Because norms on the space A!(A) are weighted ¢, norms we get the following

Corollary 4.11. If x € E;, and My < M,, (e.g., when N € {N;,N,,...,N,}), we have
that B
| Tx|x < (M +1) x| -

Remark 4.12. Observe that if the sequence (My ) is bounded, then also the sequence
(M,) is bounded, and Corollary gives us continuity of T without loss of norms.
Unfortunately, it is not always possible to have (My) bounded. In particular, this is the
case for the space H(C), and that is why we also need Lemma[4.8]
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4.7 TAILS

The following lemma will allow us to extend cyclicity from finitely supported vectors to
infinitely supported ones.

Lemma 4.13. If the sequence (ay, sy, 4z, S3, . . .) increases rapidly enough, then
| T’

e

M < forj>a,+A,andic[l,a,+A,).

1
D,

N,+1

Proof. We check all the possible cases for j.
o Ifjefa,+ A, su—a,—A,), then by (4.18),

Kjri

. |
T’ej = —T]Heo =
& @

Hence, by the definition (4.19) of the numbers «; and (4.9):

ej+i-

ip.
| T'e)

el

N, _( 1 )l AN, j+i < LM;vn AN,.j 1

~ > T~ < ~
D,M,,,) An,+j Dy M, An,+j Da

N,+1

where the last inequality is true, because My, < M, (by the definition (4.15)) of
the numbers M,,) and Ay, ; < A, +1,;-

« Ifje[sy—ay—Auspa—a,—A,) for some p > n, then, by Corollary [4.11}

H TiejHNn . (]\7[2 +1)an+An

p+l ANn,j
lejl

ANn+1,j

N,+1

Observe that, by (4.11), % — 0. At the same time, (Mf, +1)%*4n does not
ntlj

depend on s,. Therefore, we can make sure that s, is large enough so that

+1

'ANn,j < 1

< = forj>s,-a,—A,. ]
AN, 11,j Dn(Mf,

o F 1)

From the lemma we just proved, we immediately have:

Corollary 4.14. Ifthe sequence (ay, sy, az, S3, . . .) increases rapidly enough, then for vectors
x € M(A) such that suppx € [a, + A, +o0) and for1< i < a, + A, we have that

, 1
HTIXHNH < D_n”XHNn_H.
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4.8 THE SETS K,

In this section we will prove that the compact sets K,, defined in (4.21) cover the part of
the unit sphere of the norm |-||, that is contained in cqo. Moreover, they form, in some
sense, an increasing sequence. This is made precise in Lemmal[4.17] First, we need to
establish some facts about the projections 7, defined in Section

Lemma 4.15. Projection 7,:E,,p,-1 = Ea,+a,-1 defined in (4.20)) acts on the unit vectors
as follows:

€js J < ap;
Toej = , , (4.24)
—AN,.a, T %€y, je[an,a,+A,).

Proof. Because (Tfeo an+fr~! is a perturbed canonical basis of E,, 5,1, we always have

thate; = Y./ A, Tie, for some coefficients A;. Therefore (4.20) implies that 7,(e;) = ¢;
for j < a,. On the other hand, for j € [a,,a, + A,) we have by (4.18) and (4.20) that

Ty (6]) =Ty (ANn,an (Tj€0 - Tj_“"eo)) = _ANn,ﬂn Tj_anEO. L]

Lemma 4.16. If the sequence (ay, s1, a3, S3, . . .) increases rapidly enough, then

[7aylly < Iyl (4.25)

where 7,:E,, ia,-1 = Ea,+a,-1 is defined in (4.20).

N,+1?

Proof. Because the norms are weighted ¢, norms, it is sufficient to show (4.25) only for
the basic vectors ej, j < a, + A,.

- Ifj<a,, eil, = sl < e
o If je[ay, a,+A,), then implies
HT"eJ'H1 AN,.a, “ Ti-e 60”1

e

Observe that, by (4.18)), T'ey € Ea, C E;, for i < A,. Given that N; =1 < M,, by
Corollary|4.11, we can further estimate:

N,+1°

ANn+1,u,,

N,+1

) ~ A
A | T €0l Aviar (M3 +1) " Arg

AN,,+1,an ANn+1;an

The resulting quantity will be smaller than 1, as required, if a, is chosen large

enough, as 7 AVias can be made arbitrarily small by (@.11). O

Ny+l,an

Recall that m,, denotes the truncation operator onto E,,.

Lemma4.17. Let (ny) be a sequence such that N, = N. Take x € A'(A) such that | x|, = L
Then for all but finitely many k

ﬂank+Ank—1x € Knk .
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Proof. In view of we need only to show that ||z, Tay, +An, 1% H1 > 1 holds for all but
finitely many k. But with the help of (4.24) and (4.25)) we get that:

HTnk nank+Ank _l'le - HTf’lk T[artk_lx B Tnk 7-[[a”k’a"k_"Ank_l)xHl
= Hﬂankilx + Tﬂkﬂ[ﬂnkaank+Aﬂk_l)x“l
2 Hﬂank‘l'xH1 h HT”k ﬂ[“"k’“"k+A”k_l)xH1

2 Hﬂank_leI - Hﬂ[ankﬂnk*’Ank—l)xHN.;.l k—o00 1 D

4,9 THE PROOF

After the laborious work done in the previous sections, we are in position to prove
Theorem[4.1]

Take x € A!(A) with | x|, = 1. We will show that x is a cyclic vector for T. Keeping
in mind the discussion in Section we need to show that e € Lin(x, T). As the unit
balls of the norms form a basis of neighbourhoods of zero, it suffices to show that for
any N there is a polynomial P such that |P(T)x — el < 4.

In order to do that, first we find by Lemma[4.17]a number # such that simultaneously

e N, =N,

® Tg,+A,-1X € K,,

’ﬂ[an+An,+oo)xHN+1 <L

Then, by Corollary[4.6} there exists a polynomial P with |P| < D, and supp coeff P ¢
[1,a,+ A,) such that

|P(T)x ~ eOHN <|P(T)ma,+a,-1% — eO”N + HP(T)”[an+An,+<>o)xHN

<34|P| sup | T'mga,en,er]

1I<i<an+A,

[rtan 800001y
D,

where in the penultimate inequality we have used Corollary[4.14} This proves Theorem[4.1]

<3+D, <4,

Remark 4.18. The reader might be wondering, how fast does the sequence (4.16) have
to increase. An article [34] by Sliwa gives some insight into that. Using Read’s methods,
but with a more explicit version of Lemma 3.3} Sliwa was able to show, that if one takes

the sequence
dO = 2)
d, =8%n1,pn>1

and puts a, = dy,-1, b, = dp, (note, that in our construction we have ultimately not
needed the analogue of the numbers b,, but they are still necessary on ¢;), then the
operator constructed in [34], similar to (4.18), has no nontrivial invariant subspace.
While one cannot of course apply this result directly, it gives at least some idea about the
necessary growth of (a,).



CHAPTER

INVARIANT SUBSETS

In the previous chapter we constructed, in particular, a continuous linear operator on
the space s of rapidly decreasing sequences for which every non-zero vector is cyclic. In
this chapter we want to push it even further, namely ensure that every non-zero vector is
hypercyclic. Observe that such an operator has not only no nontrivial invariant subspace
but also no nontrivial invariant (closed) subset.

Theorem 5.1. There exists a continuous linear operator T:s — s for which all non-zero
vectors are hypercyclic.

Construction is built on ideas similar to the ones used in the previous chapter - in
particular heavily relies on Lemma [3.3| - but the operator is even more complicated.
This construction is based on another Read’s article [29] but, once again, can be made
much simpler due to the structure of a non-normable Fréchet space. The construction is
described also in the paper [17] of the author.

5.1 THE STRATEGY

In the previous chapter we were able to construct T such that for any x with |x|, = 1
and any norm || we could find a polynomial P such that

IP(T)x —eo y < 3.

As a consequence x was cyclic for T.

In this chapter we want to show that x can be made hypercyclic so, remembering
that ey was a cyclic vector for T, it would suffice to show that for any polynomial S, any
non-zero x and any norm |||,

| Tix = S(T)eo| , < 3,

for some integer i.

We want to follow along the lines of what we have done in the previous chapter. For
finitely supported vectors x we will try to find polynomials P such that |P(T)x — e v is
much smaller than 1. Then, as long as a polynomial S is not “too big”, by continuity of T,

[S(T)P(T)x = S(T)eofw <1.
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The vector S(T)P(T)x has still finite support, and we will try to make T behave in
such a way, that some very high iterate T “resembles” S(T)P(T), at least for finitely
supported arguments. Then

| Tix - S(T)P(T)x]|y < 1.

Doing this, we should also keep in mind the infinitely supported vectors. Given such a
vector y € s we want to define a finitely supported vector x and estimate by the triangle
inequality

[T*y = S(T)eo|ly < IT'(y = %) [ + [ T'x = S(T)es | -

Of course the problem lies in defining T in such a way, that the above procedure can be
carried out for every y € s. As in the previous chapter, the Fréchet space topology will
allow us to estimate || T7(y — x) |y with |y — x| y+1, which is much easier than estimating
with ||y — x| x.

5.2 THE MATRIX

In this chapter we will be working with a single Kothe space only.
Recall that s = A (log(j+1)),sos = AL ([(j+1)N]). By looking at the proof of
Lemma [4.4] we get the following corollary.

Corollary 5.2. There is a Kothe matrix A such that A'(A) = s and

VNeN, VjeN Ay;>1, (5.1)
AN j+1 3
VNeN, VjeN —- <z, :
. AN,j+h
VNeN, YVheN lim =0, (5.3)
J=oeo AN+1,j
VN e N, the sequence (Ay,;); tends monotonically to +oo, (5.4)

VN e N, the sequence (Ay,;); is a polynomial of degree N in j. (5.5)

Moreover, the unit balls of the norms with respect to the matrix A form a basis of neigh-
bourhoods of zero in s.

From now on we assume that the matrix [Ay ;] y,; satisfies the assumptions above.

Remark 5.3. The reader might wonder at this point why, in contrast to the previous
chapter, the theorem is not stated for a wider class of Kéthe spaces. While the author
thinks this indeed is possible, the only natural space in this class would be s.

The reason is buried deep inside the proof: at some point of the construction one

, k , P

has to compare two functions of j, (A N, jk) and 2/, where N and k are fixed integers.
, k

We want to have that 2/ increases faster than (A N, jk) . This is certainly true, if Ay jis a

polynomial in j, but fails dramatically if, e.g., Ay,j = (1 + ¢)/. While this might seem like
a mere technicality, the author was unable to overcome this difficulty.
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5.3 THE OPERATOR

As in Chapter[4] let
Ny =(1,2,1,2,3,1,2,3,4,...).

Assume we are given an integer sequence (4, ) and an increasing sequence
(A1, a1, 01, 02,42, 625 . ) (5.6)

such that

l1=A;<a;<a;+1
<a<eata+A<c<dra+A<g<.<d < va +A

=A)<a,<a,+ A,
<o<Otam+A<a<a+ta+M<ag<...<d < +a+ A,

=A3<az<as+A;

<c3<c3+a3+A3<c§<...
together with polynomials Q,, x for 1 < k < y,, such that

deg Q. < c’,j.

By Remark 3.2} assuming that all the numbers «; appearing in the formula below are
non-zero, the following relation is satisfied by a precisely one linear operator T cog = cqo:

1
n2”ANman

TjeO: mej+Qn,k(T)Tf‘Cﬁeo, jE [Cﬁ,C’é-i—an-i-An),lSkS‘un; (57)

ej+ Timne, jelan a,+Ay);

ajej, otherwise.

Remark 5.4. The sequence (y,), the sequence from (5.6), the polynomials Q,, x, num-
bers D, and «; will be fixed in the inductive procedure in the next section.

Further on we will show that with appropriate choices for all the parameters T can
be made continuous (see Lemma5.7)).

The role of the intervals [a,, a, + A, ) will be the same as in the previous chapter. For
vectors x € cgo, they will allow us to find a polynomial P, such that P(T)x is very close
to eo. If now § is any polynomial, then by continuity, S(T)P(T)x is still close to S(T')eo.

The new intervals [ck, ck + a, + A,,) will allow us to approximate S(T)P(T)x with

n

Terx, making x hypercyclic.

5.4 THE PARAMETERS

As we have already said, the procedure resembles a lot the procedure from the previous
chapter, and will be presented in a similar fashion. This time the basic interval for the
induction is [A,, ¢ + a, + A,).
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Assume that all the numbers a; and ¢, and yy for k < n have been fixed. We put
A, =" +a, + A, (A =1). We choose a,, to be some number much larger than A,

and we put
j=An

4 n

(5)°

oj= ———

nZ”ANn,an

Together with (5.7) this defines the vectors T/e, for j < a, + A,. Once again, we can
define a projection 7,,: E;,+a,-1 = Eg,+a,-1 bY

, forje[A, ay). (5.8)

anp+A,—1 ) . an—1 )
Z /\ijeo — Z A]’Tje() (59)
0 0

and with its help a compact set

1
Kn = {)’ € Eun+An—1 : ”)/Hl <land HTnynl > 5} . (510)

Now, similarly to what we did in the previous chapter, we can use Lemma [3.3| with
Y = (eo, Teo, T?eq, ..., T2 leg), ||| = |||y, and K = K,,. From the lemma we get a
number D, >1and a finite family P, = {P,,J}ZL:”1 of polynomials of degree smaller than
a, + A, and satisfying |P, ;| < D,.

Let S, = {S,w ", be a finite W-net (with respect to the norm |- |) in the set of all
polynomials of degree at most n and sum of coefficients at most n. We put y,, = W, - L,
and fix any bijection p,: {1,2,...,L,} x {1,2,..., W,} > {1,2,..., y, }. We put in

Quk = PuiSnw> where k = p, (1, w). (5.11)
We now choose ¢, to be a number much greater than a,, + A, and put
j=an—An
20 je[an+An>Cn);

(ANn,Zcﬁ”)
%= 5.12
! j=ch=an-n (5.12)

2
— JE€ [ck+a,+A,, ), 1<k<pu,.
(ANn,zcﬁn)

Once again we give an illustration of the order of choices made in the procedure
above. As before a dashed arrow indicates a choice, while a solid arrow shows where the
parameters are defined through functions:

1=Ay--»a {(x]}?lAll a {Te }al+A1 .60 7, Ky pemma3 Dy, P D
S £ W — {Qlk}’” ,,,,,,,, - {“f}i:rm {T 60}; ;AI D)
Capoor 0 B 4 1) D (1t @D oy , oD
S g o — {Q2>k}£il ”””” - € {“1}]#12}42 = {T eo}] a1+A1 D
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H1_ H2 _
Remark 5.5. In the diagram above the items {“j};Lal-li- A, and {ocj};iazi », Might be a bit

misleading, as in fact not all the indicated numbers exist. The items should be viewed as
a convenient shorthand for what (5.12) actually does.

Corollary 5.6. If ¢, is chosen large enough compared to a,, then for each y € K, there
exists a polynomial P,y € P, with |P, x| < D, and deg P, < a, + A, such that

3

[Pus(T)y = eoly, < —.

Moreover, if y = Z;‘;’JA”_I A;Tey, then Z?EJA"_I 4| < Dy,

Proof. Intheinductive procedure carried out in this section we have already used Lemma
with a=ay A=A, K=K,y = (e, Tep, T?e,..., T***1)and ||| = ||y . The
lemma implies the existence of P, and the “moreover” part of the claim. We also get

from Lemma by (5.7) and (5.12), that (assuming that ¢, > 2(a, + A, —1)):

2 )
— e, + D, x max HTJeOH
n2"An, a, |€an Na an+0<j<2(an+A,-1) Nu

2

+ D, % max H(xjej‘

n2"n an+An<j<2(an+A,-1)
an+An—2

2 D)2 e A a _
< - + N,1,2(2,1+A,1 1) .
n2 (ANn,zc',:”)

| Pk (T)y - eO”N,1 <

Ny

Observe now, that the numerator in the last fraction does not depend on c,, so by taking
c, very large, we can make the whole fraction arbitrarily small by (5.4)). ]

5.5 CONTINUITY

We will now prove the following lemma.

Lemma 5.7. If the sequence (ay, c1, ay, ¢y, . . .) increases rapidly enough, then the operator

T given by satisfies

Te.
H elHN <2 forall jeN.
el

Proof. We will prove the inequality in all the possible cases for j. The proof is very similar
to what we have already seen in the previous chapter, but most calculations have to be
done once again, as the operator is different.

o If j = 0, then by (5.2) and (5.8)

[Teoly _ ey _ aAny 3 < Z

leoly — leoly  Ano ~ 4Anua
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e Ifje[Aya,-1)ua,+A, c,~1)UuUL [k +a,+A,, k1 -1) for some n, then
it is easy to check that Te; = “¢;,,. Hence by (5.2) and the definitions (5.8) and
J
(5.12),

H TeJ'HN i A

leily @ An

43
<--2=2
32

since 2/ and 21/ are smaller than 2 for a, and ¢, large enough.
e Ifjefana,+A,—1)uU [ck, ck+a, + A, —1), then by (5.7), Te; = eju1.
Indeed, if j € [a,,a, + A, — 1), then
Tej =T (n2"An, ., (Tleo— T/ ¢y))
= n2”AN",an (Tj+leo - Tj_“”+1eo)

= nznANn,an ( e]+1 + Tj_“n+leo - Tj_an+leo) = ej+1'

n2”ANn,an
On the other hand, if j € U{" [ck, ¢k + a, + A, — 1), then
Tej = T (DyAy, i (T/eo - Qui(T) T ey ))
= DnAN,,,c’,; (Tj+leo _ Tj—6ﬁ+1eo>
1 j—ck+1 j—ck+1
:DnANka —ej+1+T n eo—T "€y | = €jyr-
" D" Nn,cl,‘,

Consequently, by (5.2),

H TeJ‘HN _Anjn

leslly — Ans

3
<-—-.

2
o If j = a, —1for some n, then by (5.7),

1 1 1
Teq,1=T T e | = eq, +€o |-
aa,,—l (xan—l nznqun,a,1

Consequently, by (5.8), (5.1), (5.2) and (5.4),

HTeun—lHN _ nznANn,a,1 ( 1 AN,a,1 + AN,O )
Hean_IHN (é) an_AAnn_l nznAN,,,a,, AN,a,,—l AN,an—l
3

 12"Ay,, (3 )

—+1
2

- an—Ap-—1

(6"

Observe that the fraction can be made arbitrarily small by taking a,, large enough,
since, by (5.5), the numerator increases polynomially with a,,, while the denomi-
nator increases exponentially.
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o Ifj=a,+A, -1, then

Tea,in,-1= T (12" Ay, q, (T2 ey — T ey))

— n
- n2 ANnaan (aan+An ean+An - (xAn eAn) *

Together with (5.2), (5.8) and (5.12)) this implies that

” Tean+A,,—1 ”N

= nZ”ANMn (

nZ”ANn,an 3
< i
(ANn;zcﬁn)

The fraction can be made arbitrarily small when ¢, is taken sufficiently large.

1 Awga, 1 Aws, )
+

2 n
lea,+a,-1llx (AN 2c"") ANoapin,-1 N2"AN, a0 ANoap+h,-1
n»4Cy

The remaining two cases need induction over j in their proofs. Observe that, because the
norms are weighted ¢; norms, proving our claim for j < s implies that | x|y <2 |x|
for x € E;. This is our inductive hypothesis.

o If j = ¢k —1for some n, k and k = p,,(I,w), then by

1 1 1
Tey = T( Tcﬁ‘leo) = ( ek + Qn,k(T)eo) :

ac’,,‘fl (xcﬁfl D”ANn,cﬁ
We have, by the definition (5.11), that
deg Q,x =degP, S, < a,+ A, +n.

Hence we can assume that deg Q,, x is much smaller than c,, so by the inductive
hypothesis, we can estimate

HQn,k(T)eOHN < “Pn,l(T)Sn,W(T)eOHN
< |Pn,l||Sn,W|2an+An+n leo “N

< nD, 20 A AL

Therefore, by (5.2),

Te H
H Cﬁ_l N < 1 1 AN’Cﬁ +nD zan+An+n AN)O
= n

H ecﬁ—lHN “cﬁfl D"ANy,,c’,j AN,cﬁfl AN,Cf,*l

(E + nDnZ““A“*”)
“cﬁfl

We now consider two subcases:

o If k =1, then the appropriate definition from (5.12)) implies

cp—ap—Ap—1

lec,ally = 277

2
HTec,,—lHN < (ANn,2cﬁ”) (% + nDnz““A"*”).
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o If k > 1, then by we get

HTeCﬁ_lHN < (ANnazcﬁn)k-H (§+nDn2an+An+}’l)

B S Sy i | 2
e, © i
Un+l
(A Hn) 3
N,,2
X2 ) (2 p pantbatn)
26n=2 2

In both cases the resulting quantity can be made arbitrarily small by taking c, suf-
ficiently large, as denominators increase exponentially with c,, while numerators
increase only at a polynomial rate (see (5.5)).

o Ifj=ck+a,+A,—1forsomen, kand k = p,(I,w), then (5.7) implies that
TeCﬁ+an+AV,—1 =T (D”ANV,,c’;, (T6ﬁ+an+An—leO _ Qn,k(T) Tan+An—1eO))
= DnAN",cﬁ ((xcﬁ+an+An €ckia,+h, ~ Ql’l,k(T)(xﬂn+An e“n+An) :
Similarly as in the previous case, we may assume by induction that
|| ank(T)ean+An ||N < nDnzaﬂ+AYl+” Hean"'An HN = nDnzan+An+nAN:an+An'

By (5.12)), we have for 1 < k < p,, that
1

—.
(ANn,ch;" )

acﬁ+an+An < acn+an+An < “anJrAn =
Similarly, for k = u,,, by (5.8),
1 1

“cﬁ,’"ﬂz,ﬁAn = OAu = <

(n + 1)2n+1ANn+l)an+l (ANn,ZCﬁn )2

if a,., is large enough.
Therefore we have, by and (5.4), that

HTeCfl+an+An—lHN D”ANn,cﬁ ( AN,c’g+an+An
2

HecﬁJranJrA,,leN (ANn,ZCZH )

< DnANn,c’;n (é +I’an2a"+A"+n)

+ nD, 20t Antn AN,a,+A, )
n

AN,cln‘JranJrA,,fl AN,cﬁJranJrAnfl

= 2

(AN,,,z(:’;”) 2
< _Dn (§ +nD 2““””*") )
- AN,,,ch" "

By (5.4), in this last quantity the denominator can be made arbitrarily large com-
pared to the rest, because ¢, is chosen after all the other parameters are fixed. [l

From Lemmal5.7| we get immediately:

Corollary 5.8. If the sequence (ay, ¢1, a4y, ¢35 . . .) increases rapidly enough, then the linear
operator T:coy — coo defined by (5.7) can be uniquely extended to a continuous linear
operator T:s — s satisfying for each x € s and each N

[ Txy < 2[x]n-
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5.6 TAILS

In this section we will prove an analogue of Lemma In some sense this is a much
stronger version — we are dealing with much higher powers of T'. That is why the proof
will be much longer and more complicated than the proof of Lemma

Lemma 5.9. If the sequence (ay, i, 4y, 3, . . .) increases sufficiently rapidly, then for each
jelan+ Ay +00)andl <k <y, we have that

|Tere;]

Nn ¢ 3,
e

N,+1

Proof. Let us fix k and assume that k = p,, (I, w). We check all the possible cases for j.
First, we will consider what happens if j < A,,;.

o Ifjefch,ch+a,+A,) forsomel< p < u,, then (5.7) implies that

T%e;=D,Ay, s (Tf“’é e0 — Qup(T) TH-eve eo)

n

Neth ) (T)e, s
" Ny ‘ .
DnANn,Cﬁ m.p J=Cutcy

~DyAy, o Qup(T)Qui(T) T ey,

Corollary[5.8and the definition of Q,x and Q,,, imply

2,k
— +c
= DnAN",Cg T/ ney —

HQH’P(T)ej—C£+cﬁ N SnDn2“"+A"+” e. »

: k
—Cc,t+cC
Jmaralin,

and

| Qup(T)Qui(T) T/ ke | < (nD,20 727 250 [y

Observe that j+ ck € [ch + ck, ¢ + ck + a, + A,). Therefore, if max(p, k) <

k k
[ch+ck ch+ck+ra,+A,)c [annax(p ) ha, + A, 2R gy An)

n
max(p,k)+1)

K
c [cﬂm(P )y a, +A,,c"

If max(p, k) = y, and a,; is large enough, then

[ch+chch+ch+a,+A)c el +a,+ A2 +a,+A,)

n
c [An+1> an+1) .
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Consequently, regardless of p and k, we have that T/*< ey = a

jack€jpck- Thus

A A

Ay bk
D 2an+An+n Ni,j—Cntcn
n

k
"ANL Ay, ANy,j

ck ‘
HT €j

Ny
T SDeAy, @
e

N,,,j+cfl Nn,cf,’ n

N,+1

A PA
Ny,ch “3Nu,0
+ n2D223(an+An)+2" b B

ANn+1,j
A Pk
Ny,cp+ep+an+Ay
< D”ANn,cf,) (xcﬁ+c§+an+An A
N,ﬁ-l,cﬁ
A P A k
+ NVHCn nDn20n+Ay,+i’l NA"’Cn+a”+AH (514)
Nn»CE Nn+1,C‘z

AN”,c‘gANn;O

+ nzDi23(“”+A")+2”
A

Nn-%—l,c‘LJ

We will deal with the three terms in (5.14) individually. For further reference,
observe that, by (5.3), we have that 28w/t ] and 221, 0 Therefore,

ANn)/' jooo ANp+1,j jooo
by a suitable choice of ¢, we can ascertain that

AN,,,j+aﬂ+An

<2 for j> ¢, (5.15)
AN,.j !
and
An,2i 1
N2 <z for j> ¢, (5.16)
AN,j o 2
and, by (5.3),
M) can be made arbitrarily small for j > ¢, (5.17)
AN,,+1,j

where “arbitrarily small” means that we can assume that it is smaller than some
quantity depending on the parameters in (5.13) up to, but not including, ¢, (ap-
propriate quantity will become clear later).

o For the first term in (5.14) we have by (5.12) and (5.8) that
2

max(ch,ck)+an+A, < A >
Np,2ch"

Ay ckran+A, <2

where, if max(p, k) = y,, we need to assume that a,,,; is large enough. So,

using (5.15)),
4D, A

k

A,y
Np,cp+cn+an+Ay
D”ANn,cﬁacf,’+c’,§+an+An A

Nn,cfl AN,,,ZC,P;”

Nyp+1,ch ANH+1,cﬁ AN,,,zcﬁ"

The fraction we are left with can be made as small as we wish because of
(5.17)).
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o For the second term in (5.14) we have, by (5.15)), that:

Ay o K Ay o
Ny nDnzan+Aﬂ+n NuCutan+An < Nuscy I’anza”+An+n+1.

AN,ﬁ—l,cﬁ ANn,c’,j AN,,+1,C};

Once again the resulting quantity can be assumed small by (5.17).
¢ The last term can also be made small because of (5.17)).

Now we will consider all the intervals from (5.12). It will be convenient to discuss
separately the cases j < ¢k and j > ck.

o Ifjefay,+Ayc,)U Uf,:z[cﬁ_l +a, + A,,ch), then (5.7) implies that
1 )
rée, = Ldesg,
aj

We have that ¢k + j e [ck+a,+ A, k) or ck+ j e [Auu1, ana) (ifk = p, and a4
is large enough). In either case

Xckyj

k
c —
T"ej— €C5+J~.

&j

Definitions (5.12) and (5.8) imply that on each contiguous interval where «; are
defined, they are in fact increasing. Hence, if j € [a, + A,, ¢,), then a; > &, 44,

o e of » -1 . .
Similarly, if j € [¢} + a, + A,,c}), then aj > a . Therefore in the consid-
] Cp Han+Ay
ered case we have that
o> ®Xa,ih,» fork=1;
Acktigva,> fOrk>1
At the same time
)20k 048,  fOT K <y
Ok S Kok k< 0k =
ntj Cptcy 2cp+an+Ay 4 f k _
§‘xAn+1’ or K = ‘Lln.

Therefore, if k = 1, then by (5.12)),

k
”TC"eJ'”Nn _ et AN, cut
lefly, s @ Awiny
¢ Manranrtn g
“an+A,1
_ ZANn,ch <.

ANn,zcﬁ”
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If1< k < py,, then by (5.12),

k

¢ .
HT neJHN,, _ “c’n‘+] ANn,c’,ﬁ+j
e

Nost % AN

2ac"%—a,ﬁAy, A
= a Nn,ZC’,j
cﬁ’1+an+An

_ AN, <2.
ANn,zcﬁ"

Ck
HT "eJ'HN,, B ac£”+j ANy,,c£”+j

el

Nort % AN

1SN

aArHl
<z AN,, ,2chn

-1
3 acﬁ” +an+Ap

Un+l
(ANn,ch;”)
n+l
(n + 1)2 ANn+1xan+1

4
= g ANH,ZCZ”'

This quantity can be made smaller than 2 by taking a,,.,; very large compared to c,,.

The next three cases cover the intervals from (5.12) that still have to be checked, i.e.,
when j e U - k+1[cn +a, + Ay, ch). The length of all these intervals is much larger than
ck. It will be convenient to discern when j and j + ¢k lie in the same contiguous interval;
when j + ¢k falls into [}, cf + a, + A,) and when ¢} + a, + A, < j+ ck.

e Ifje[ch +a,+A,, ch—ck) forsome k < p < p,, then j+ck e [cE +a,+A,,ch),
o (5.7) implies that
1 .k _ aj+cﬁ

k
TC"ej = —T]+C"eo =
@ oj

Observe that j and j + c lie in one contiguous interval appearing in (5.12)). There-
fore, remembering that k < p, it is easy to calculate that

]+c,, = 6 /c‘;’_1 < 2.
&j
Hence, by (5.16)),
Tere; A,k Ay An o
] k n» k no»
H HN,, _ j+cy T Np,j+cy <2 Nu,2j <1
Tl @ Avens  Aven,
o Ifjefch—ck,ch—ck+a,+A,)forsomek < p <, then j+cke[ch, ch+a,+A,).
Therefore by (.7)

k | 1 1 kP
Tcne. — _TJ+Cne g _ . + T T]+Cn_cne .
s 0 aj(D Ay o 7 Qup(T) 0)
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By Corollary[5.8|and the definition (5.1I), we have that

|0, (1) e

< ”Dnzan+An+n2an+An
Nu

eo‘N”.

Therefore we can estimate, using (5.4)),

Jrée), ( L A Hen,p<T>Tf+c'z—cf«’eouNn)

HeJ"NnH aj \ DuAy, o AN,4j AN,11j
. A A

< i ( ANn,Z] " nDnZa"+ n+n2a"+ nANn,O)
aj \ AN, +1,j AN, i-cn

The sum in the parentheses poses no problems, as in the first fraction we can use
and the second fraction can be made arbitrarily small by taking ¢, large
enough. So we just have to estimate «; from below. By (5.12), «,’s are monotonically
increasing for j € [cp_1 +a,+A,,ch). Butj>ch—ch”
considering and p > 2, hence

1.
in the case we are now

p_p b1

cy—2c, —an—Ap

2 b 2¢n=3
(X]' >0 p p1= > > 1. (518)

Cp—Cy p+1 Un+l
(ANn:ZCﬁn ) (ANmZCﬁn )

The last fraction can indeed be made larger than 1, if ¢, is chosen large enough,
because, by (5.5), the denominator increases only polynomially with c,, while the
numerator increases exponentially.

e Ifje[ch—ck+a,+A,ch) forsomek < p < p,, then j+ck > ch+a,+A,

i.e., j is near the end of one of the intervals in (5.12)) while j + ¢k “jumps over”
to the beginning of the next interval. Note that the next interval may in fact be

[Ai1, @y4) if p = py. In particular, by (5.7),

K., k
ko 1 jrck o Tjten
T ej—fT €y = x ej+Cn
j j
Both (5.12)) and (5.8) imply that
aj+cﬁ < acf,’%—cﬁ < 2“c5+an+Ay, < 2.
. -1 -1 .
Because j > ch — b +a,+ A, > ch - b, we can use the estimate from (5.18) to
obtain
e
HT "Cilln, | ek AN, jrck <5 AN, 2j
_ b
[l @ Anens Ao,

therefore we get the desired estimate by (5.16).

Now we are left only with j > A,.,; and for these j it is quite easy to get the result. We
can (and will) assume that a,..; — ¢4" > A,41.
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[+
o If j€ [Ap, @na — ci), then by (B.7), Te ej= ”fﬁ €, From (5.8) we get that

@)

X, k

jten

4
S Y
OCj 3

which leads, by (5.16)), to

k
c .
HT ”eJHNn Xk ANn,jH’,; é AN, 2j

< <l
Hej\ N1 o AN, 3AN .
e Ifj>a,, - cl", then by Corollary[5.8|
HTCﬁejHNn <2C§ ANnJ <2££n AN,,,]'
HeJ" N, 41 T AN ANy

Any i . .
Because of (5.5), ANN”:]_ — 0, so if a,,;; is much larger than ch, then
ntLj j—oo
—clin . Un
<27 forj>aug—c,. O

5.7 THE SETS K,

This section is analogous to Section[4.8] We will prove three lemmata with almost exactly
the same formulation (although one has to keep in mind that the operator T we are
dealing with is a bit different now). Proofs are almost verbatim repetitions of those in
Section but we repeat them for the convenience of the reader.

Lemma 5.10. Projection 7,:E,, ,a,-1 = Ea,+a,-1 defined in (5.9) acts on the unit vectors

as follows:

€, ] < Qp;
Tpej = , , (5.19)
—n2"AN,.a, T ey, j€[an, a,+A,).

Proof. Because (T7 eo);‘:”g 471 is a perturbed canonical basis of E, A _j, we always have

that e; = ZLO A;T'e, for some coeflicients A;. Therefore (5.9) implies that 7, (e;) = e; for
j < ay. On the other hand, for j € [a,, a, + A,) we have by and (5.9) that

Lemma 5.11. If the sequence (ay, c1, ay, €2, as, . . .) increases rapidly enough, then

” TnyH1 < H)’| (5.20)

N,+1°

where 1,:E,, ia,-1 = Eq,+a,-1 1s defined as in (5.9).
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Proof. Because we deal with weighted ¢, norms, it suffices to show (5.20) only for the
basic vectors ej, j < a, + A,.

o If j<a,, then implies that HT,,ejHl = HejHl < el

N,+1°

o Ifje[a,, a,+A,), then by (5.19) and Corollary 5.8} we have the estimate

. A
HTneJHI nznANmanz nAl:O

e

ANn+1,an

N,+1

Nn,an

This quantity is smaller than 1if a, is chosen large enough, as AA can be made
Np+l,an

arbitrarily small by (5.5)). O

Lemma 5.12. Take a sequence (ny) such that N, = N. Take x € A}(A) such that |x|, = L
Then for all but finitely many k

ﬂunk+Ank—1x € Knk .

Proof. With the preceding lemma in mind, the proof is identical to the proof of Lemma
For the convenience of the reader we repeat the proof here.

In view of we need only to show that HT”kﬂﬂnk‘fAnk—le1 > 2 holds for all but
finitely many k, but with the help of we have that:

HTnk ﬂank+Ank71xH1 - HTI’lk ﬂa"kilx + Tnk ﬂ[a"k’a”k+Ank_l)x“l
= Hﬂank—lx T Ty ﬂ[ﬂ"k’“"k*A"k’l)xHI

2 Hﬂank‘lxul h HT”k ﬂ[a”k’a"k+A”k_l)x“l

2 [, - | o o b
= N anea Xy = 1 anpane+dme=D Xy 0 ! -

5.8 THE PROOF

Now we are able to prove Theorem 5.1} Let us fix all the parameters appearing in the
diagram in a way that all the results of sections and 5.7/ hold true. Then we
have a continuous linear operator T on s given by (5.7). For this operator we have the
following result.

Theorem 5.13. Every non-zero vector from s is hypercyclic for T.

Proof. Observe that if a vector is hypercyclic, then all of its scalar multiples are also
hypercyclic. Therefore it is enough to show, that given x € s such that | x|, =1, any z € s
and N we will find a number 7 such that

| Tix - 2|, < 10.

This is indeed enough, because the unit balls of the norms form a basis of neighbourhoods
of zero in s.
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As T is a perturbed forward shift, it is clear that e, is a cyclic vector for T, so we can

find a polynomial S such that
IS(T)eo—z||y < 1.

(5.21)

Now by Lemmal5.12] we can find # so that the following are simultaneously satisfied:

o degS<mn,

o |S]<n,

« N, =N,

o Yi=Tla,en,-1X € Ky,

o Jx=ylyn= Hﬂ[an+An»+°°)xHN+1 <l

By the definition of the net S,, there is a polynomial S, ,, € S, with degS,,,, < n and

|Sy,w| < n such that
IS = Syl <

2"Ano
In particular, by Corollary|5.8}

[S(T)eo = Suw(T)eof y < 2"IS = Suwlll€of v < 1.
By Corollary[5.6} there is a polynomial P, ; € P, such that:

b

|1Pui(T)y —eoy < o

so, by Corollary[5.8}

“SH,W(T)(PH,I(T))’ - eO)HN < 2"’8mw| HPHJ(T))’_ eOHN <3.

For suitable coefficients A jwe have that

an+Ap-1 )
y= Z )L] Tjeo.
770
As y € K,,, by Corollary[5.6} we also have that
an+Ap—1
> A<D,
=0

Now, let k = p,, (I, w). Then k < u,, hence by Lemma5.9}
|9 Ge= )| <30x =yl <3
We can estimate now by the triangle inequality:
|75 =] < [T -2]
# | Ty = Pa(T)S(Ty |

+ [ S (T) (Pup(T)y - eO)“N
+[|Snw(T)eo ~ S(T)eOHN
+[S(T)eo — 2]y -

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)
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Using the inequalities (5.26)), (5.23), (5.22)) and (5.21), we get that

1t 2] < |7y - RIS,y

<
N

By expanding y from and noting that, by G.11), Q,x(T) = P, ;(T)Suw(T),
we get

anp+A,-1 ) an+A,—1 )
Ty = Py(T)Suw(T)y= > AMT%eg— > AQui(T)Te.
j=0 j=0

Now, by (5.7), for j < a, + A, — 1 we have that Tentie, = #keckﬂ. + Qui(T)Tiey,
n Nk n

hence

an+A,—1 . an+A,—1 an+Ap—1 A’]
+j j _
Z /\jTC" ]eo— Z Aan,k(T)T]eo = Wecﬁﬂ-
=0 =0 N j=0 nAN .k N
anp+A,—1 1
< ) A DAL Gkt
j=0 nNy N
AN,cﬁJranJrAn ntBn-1 /\
<o 2 W
n4iN, ck j=0
<2

by and (5.25)). So finally,

Tenx — zHN <10 as required. ]
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