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ON NON-ARCHIMEDEAN FRECHET SPACES
WITH NUCLEAR KOTHE QUOTIENTS

WIESLAW SLIWA

ABSTRACT. Assume that K is a complete non-Archimedean valued field. We
prove that every infinite-dimensional Fréchet-Montel space over K which is not
isomorphic to KN has a nuclear Kéthe quotient. If the field K is non-spherically
complete, we show that every infinite-dimensional Fréchet space of countable
type over K which is not isomorphic to the strong dual of a strict LB-space
has a nuclear Kéthe quotient.

1. INTRODUCTION

In this paper all linear spaces are over a non-Archimedean non-trivially valued
field K which is complete under the metric induced by the valuation |-| : K — [0, 00).
For fundamentals of normed spaces and Hausdorff locally convex spaces (lcs) we
refer to [6] and [8] [@].

Any infinite-dimensional Banach space of countable type is isomorphic to the
Banach space ¢ of all sequences in K converging to zero with the sup-norm, and
any closed subspace of ¢ is complemented ([6], Th. 3.16). Any infinite-dimensional
Fréchet space of finite type is isomorphic to the Fréchet space KN of all sequences
in K with the product topology.

By a Kothe space we mean an infinite-dimensional Fréchet space with a Schauder
basis and with a continuous norm.

We investigated quotients of Fréchet spaces in [10] 1T} 12].

If the field K is spherically complete, then there exist non-normable Fréchet
spaces (over K) of countable type with a continuous norm and without a nuclear
Kéthe quotient ([12], Theorem 10).

In this paper we study when a Fréchet space of countable type has a nuclear
Kothe quotient.

We show that for every Fréchet space E with a continuous norm and for every
biorthogonal sequence ((z,, f»)) C E x E such that (z,) is linearly dense in E
and (f,) is equicontinuous, there exists an infinite subset J of N such that the
quotient (E/ (), ckerf,) of E is a Kothe space (Corollary 3.7). It follows that an
infinite-dimensional Fréchet space of countable type has a Kothe quotient if and
only if it is not isomorphic to KN (Corollary 3.10).
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Next we prove that a Fréchet space E of countable type has a nuclear Kothe
quotient if and only if it has a non-decreasing base (|| - ||x) of continuous seminorms
such that the dual norms || - ||/k, k € N, are pairwise non-equivalent on the subspace
E;={fe€E :|f|; < oo} of B/ (Theorem 3.11).

Using this theorem we show that every infinite-dimensional Fréchet-Montel space
E which is not isomorphic to KN has a nuclear Kéthe quotient (Theorem 3.12).

If K is non-spherically complete, then every infinite-dimensional Fréchet space
FE of countable type which is not isomorphic to the strong dual of a strict L B-space
has a nuclear Kothe quotient (Theorem 3.13).

In our paper we use and develop some ideas of [I].

2. PRELIMINARIES

The field K is spherically complete if any decreasing sequence of closed balls in
K has a non-empty intersection. Let Bg denote the set {a € K : |a] < 1}.

For S C N we put coo(S) = {(zn) € coo : @, = 0 for any n € (N\ )}, where
coo = {(zn) € KN : 2,, = 0 for almost all n € N}.

Let E be a linear space.

The linear span of a subset A of E' is denoted by linA.

A set A C E is absolutely convex if for any «, 8 € Bk and any =,y € A we have
ax + fy € A. Let A be an absolutely convex set in E. We put A¢ = A if the
valuation of K is discrete and A° = ({aA : a € K with |a| > 1} otherwise.

If A C E, then the set coA = {>_"" | a;a; : n € N,ay,...,a, € Bg,a1,...,a, €
A} is the smallest absolutely convex subset of E that contains A.

A set A C E is K-polar if for each x € (E'\ A) there exists a linear functional f
on E such that |f(z)| > 1 and |f(a)| < 1 for any a € A.

A seminorm on E is a function p : E — [0, 00) such that p(ax) = |a|p(z) for all
a €K,z € E and p(z + y) < max{p(z),p(y)} for all z,y € E.

Let t € (0,1] and let p be a seminorm on a linear space E. A sequence (z,,) C E
is t-orthogonal with respect to p if p(3> i, a;z;) > tmax{p(a;z;) : 1 < i < n} for
alln € Ny ay,...,a, € K. (In [6], a sequence (z,) in a normed space (E,||-||) is
called orthogonal if it is 1-orthogonal with respect to the norm || - ||.)

A seminorm p on E is a norm if kerp = {0}.

For any seminorm p on E the map p: E, — [0,00),z + kerp — p(z) is a norm
on E, = (E/kerp).

Norms p,q on E are equivalent if there exist positive numbers a,b such that
ap(z) < q(z) < bp(z) for any x € E; then we write p = q.

Any two norms on a finite-dimensional linear space are equivalent.

In this paper by an lcs we mean a Hausdorff locally convex space.

Let E be an lcs.

The set of all continuous seminorms on E is denoted by P(FE).

E is of finite type if for any p € P(FE) the space E, is finite-dimensional.

E is of countable type if for any p € P(E) the normed space (E,,p) contains a
linearly dense countable subset.

The topological dual of E we denote by E’. If A C E and M is a subspace of E,
weset A°={fe€E :|f(x)|<1forze€ A} and M+ ={f € E': f(x) =0forx €
M}. If B C E’ and W is a subspace of B/, we put °B={z € E : |f(z)| <1 for f €
B} and *W ={z € E: f(z) =0 for f € W}. It is easy to see that M+ = M° and
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LW = °W. If A is an absolutely convex subset of F, then °(A°) = B¢, where B is
the closure of A in (E,o(E, E")) (8], Proposition 4.10).

A subset A of E is polarif °(A°) = A. FE is polar if for any p € P(F) there exists
g € P(E) with ¢ > p such that the set {x € F : ¢(x) < 1} is polar.

A set A C F is bornivorous if it absorbs any bounded subset of E. E is bornolog-
ical if any absolutely convex bornivorous subset of E is a neighbourhood of zero. E
is polarly barreled if any polar barrel in F is a neighbourhood of zero. E is polarly
bornological if any K-polar bornivorous subset of E is a neighbourhood of zero.

A subset B of an Ics FE is compactoid if for any neighbourhood U of 0 in E there
exists a finite subset S of E such that B C U + coS.

A subspace D of E has the weak extension property in E if for any g € D’ there
exists an f € E' with f|p = g.

Let B(E) denote the family of all bounded subsets of E. The strong dual of
E, that is, the topological dual E’ of E with the topology b(E’, E) of uniform
convergence on bounded subsets of E, is denoted by FEj.

E is reflexive if the canonical map j : E — (E})} is an isomorphism.

Let E and F' be an lcs. The space of all linear continuous maps from F to F is
denoted by L(E, F). An operator T € L(E, F) is an isomorphism if T is injective,
surjective and the inverse map 7! is continuous. E is isomorphic to F (E ~ F)
if there exists an isomorphism T : E — F. A linear map T : E — F' is compact if
there exists a neighbourhood U of 0 in E such that T(U) is compactoid in F.

An les E is nuclear if for any p € P(F) there exists ¢ € P(E) with ¢ > p such
that the map ¢p 4 : (Eq,q) — (Ep, D), © +kerq — x + kerp is compact.

Let E be a metrizable lcs. FE is of countable type if and only if it contains a
linearly dense countable subset. A sequence (p;) C P(E) is a base in P(E) if for
any p € P(F) there exists k € N such that p < py.

A metrizable complete lcs is a Fréchet space. Let (x,,) be a sequence in a Fréchet
space E. The series Y - | z,, is convergent in F if and only if lim,,_,s 2, = 0.

A normable Fréchet space is a Banach space. Any n-dimensional Ics is isomorphic
to the Banach space K™. A strict LB-space is an lcs (E, 7) which is the inductive
limit of an inductive sequence ((E,, 7,)) of Banach spaces such that 7, 1|E, = 7,
for any n € N; for fundamentals of inductive limits of locally convex spaces we refer
to [3]. A Fréchet space E is a Fréchet-Montel space if any bounded subset of F is
compactoid.

If (X,]-]) and (Y, || - ||) are normed spaces, then the map

-1 : L(X,Y) = [0,00), |T|| = inf{C > 0: ||Tz| < C||z| for anyz € X}

is a norm; the normed space (L(X,Y), | -||) is complete if (V)] - ||) is complete.

Let E be an Ics. A sequence ((2n, fr)) C E x E’ is biorthogonal if f,,(z) = dp.m
for all n,m € N, where §,, ,,, =1 if n = m and 6, ,, = 0 otherwise.

A sequence (z,,) in an lcs F is a basis in E if each € E can be written uniquely
as T = Y oo, a,T, with (a,) C K. If additionally the coefficient functionals
fn: E—=K z— «a,(n € N) are continuous, then (x,) is a Schauder basis in E.

Let (t) C (0,1]. A sequence (z,,) in a metrizable lcs E is (tx)-orthogonal with
respect to (pr) C P(E) if (z,) is tx-orthogonal with respect to py for any k € N.

A sequence (z,,) in a metrizable lcs E is orthogonal in E if it is (1)-orthogonal
with respect to some base (pi) in P(E).

A linearly dense orthogonal sequence (x,) of non-zero elements in a metrizable
les E is an orthogonal basis in E.
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Any orthogonal basis in a metrizable lcs is a Schauder basis, and any Schauder
basis in a Fréchet space is an orthogonal basis ([4], Propositions 1.4 and 1.7).

3. RESULTS
We start with the following

Lemma 3.1. Let (X,]| - ||) be a normed space and let Z be a finite-dimensional
subspace of X'. Then for any € > 0 there exists a finite-dimensional subspace W,
of X with dim W, = dim Z such that for any ¢ € Z' there is an v € W, with
ol < |lz|| < (1 + €)@l such that z(x) = ¢(z) for any z € Z.

Proof. Denote by Y the closed linear subspace ~Z of X. Then Y+ = Z since Z is
closed in (X', 0(X’, X)). As in the Archimedean case one can show that the linear
map

T:7Z— (XY, (T2)(z+Y)=2z(z)
is an isometric isomorphism. Finite-dimensional normed spaces are reflexive ([7],
Corollary 5.5), so the canonical map 7 : (X/Y) — (X/Y)" is an isometric isomor-
phism. Thus the map T’ o7 : (X/Y) — Z is an isometric isomorphism, too.

Hence for any ¢ € Z there is an 2o € X with |||zo + Y||| = [|¢|| such that
¢(z) = z(xo) for any z € Z. Put 6 > 0. For some ¢ = 245 € 290+ Y C X we have
ol < [lz] < (14 9)ll¢ll and z(z) = ¢(2) for any 2 € Z.

Let € >0,t=2(2+¢) ! and 6 = €(2+¢)"L. Let ¢1,...,¢, be a t-orthogonal
basis in Z" and let x; = x4, 5 for i < n. Put W, = lin{a; : i« < n}. Let ¢ € 7'
Then ¢ = Y7 | a;¢; for some aq,...,a, € K. For . = > "' | aya; and z € Z we
have

z(z) = Zaz‘z(%‘) = Zai¢i(2) = ¢(2).

Clearly
z z(x
e sp PO @)
zeZ\{0} (Kl 2€Z\{0} || 2]

<zl

Moreover

91l > tmax syl > #(1+6)~" max flasai]| > (1+ )~ o]

Thus for any ¢ € Z there exists an 2 € W, with ||¢|| < ||lz|| < (14 €)]||¢|| such that
z(x) = ¢(z) for any z € Z. O

We will need the following four results for biorthogonal sequences in normed
spaces.

Proposition 3.2. Let (X,| - ||) be a normed space with a biorthogonal sequence
((€n, fn)) € X x X' with lin{x, : n € N} = X. Let L be an infinite subset of
N and let t € (0,1). Then there exists an increasing sequence (n;) C L such that
(2, + M) is a t-orthogonal basis in the quotient X/M, where M = ;2 ker fy,.

Proof. Put ¢ = y/1/t. Since ¢ > 1, there is a sequence (¢;) of positive numbers
with J]72,(1 +¢;) < c¢. Using Lemma 3.1 we can inductively choose an increasing
sequence (n;) C L such that for any i € N and any ¢ € (lin{f,, : j < i})" there
exists an x € lin{x; : j < ny41} with [|¢|| < ||lz]] < (1+¢€;)| @] such that f(x) = ¢(f)
for any f € lin{f,, : j <i}.
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We shall prove that the sequence (f,,) is t-orthogonal in X "

Let (a;) C K. Put gy = (1+¢) > and hy = 375, a;fy, for i € N. Clearly
H;Zl p; >t for any ¢ € N.

We shall show that ||h;11]| > willhs|| for any ¢ € N. Let ¢ € N. We can assume
that h; # 0. By the Hahn-Banach theorem ([8], Theorem 4.2) there exists some
¢ € (lin{fn, : j < i}) with ¢(h;) = 1 such that ||¢]| < (14 €)|hi|~*. Then
there is an = € lin{z; : j < nj11} with ||2|| < (1+€)|¢ll < p; *||hi]| =" such that
hi(x) = ¢(h;) = 1. Since fp,,, (x) = 0 we obtain

il = Thivr (@)l = (@) 2] 71 2 pillhall-

Thus ||hit1]] > willhs|| for any ¢ € N.
By induction we get

(3.1) [hisall > T s max | fn, | for any 7 € N.
J=1 j<it+l

Indeed, for ¢ = 1 we get
[ha| = max{[lon fo, [, |z, I} = 1 max{lan fo, ||, lo2 fr, I}
if la f, || # [l fr, ||, and

[hall = pallar f, | = pr max{{aa fo, [, laa fns I}

otherwise. Assume that .I)) is true for some i € N. If ||ajyofn, || < [[hiv1]] we
have
i+1
Pl 2 posliial 2 [T s ol
]:

otherwise we get

i+1
HhZJrQH = ||ai+2fni+2 H = max{||ai+2fni+2||7 Hh1+1”} > H 122 jlzlr?fg ”ajfnj ”
j=1 -
Thus
i+1
I3 asfo 1 ¢ o et

for any (c;) C K and any ¢ € N. This means that (f,,) is t-orthogonal in X".

Denote by F the closure of lin{f,, : ¢ € N} in X’. Let (g;) C F’ be the sequence
of coefficient functionals associated with the basis (f,,) in F'. It is easy to check that
(g;) is a t-orthogonal sequence in F’. Denote by G the linear span of (g;) in F’. Put
M =2, ker f,,. Then lin{z,, : i € N}+M = X, solin{z,,, +M :i € N} = X/M.
The map S : X/M — F',(S(x+M))(f) = f(z) is well defined, linear and injective.
Moreover S(z,, + M) = g; for i € N; so S(X/M) = G.

To prove that (x,, + M) is a t-orthogonal basis in X/M it is enough to show
that S is an isometry. Let € X. For y € M we have

IS@+a)) = sup L gy H@EDL

rervioy WL rervioy ISl
hence ||S(z + M)| < |||l + M]||. Put ¢ = S(x + M). For some iy € N we have
g € lin{g; : j < io}. Let @ > dg and F; = lin{f,, : j < i}. Clearly, g|r, € F]
and ||lg|g || < |lgll. Then there exists some y; € lin{z; : j < njp1} with |Jy;]| <
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(1 + €)llg|r, || such that f(y;) = g(f) for any f € F;. Hence fo,(y;) = g(fn,) for
J <i; for j > i we have f, (y;) =0 = g(fn,). It follows that f(y;) = g(f) for any
f € F. Thus S(y; + M) =g, so

1157 gl = Illys + Ml < llall < A+ e)llgle |l < (1 +e)lgll-

Since lim; o0 € = 0 we get |||S™g[[| < [lgll; so |||z + M|| < [|S(z + M)]|. We have
shown that ||S(z+M)|| = |||+ M]||| for any 4+ M € X/M; so S is an isometry. [

Lemma 3.3. Let (X, || -||) be a normed space and let ((xn, fn)) € X x X' be a
biorthogonal sequence. Then for any finite subset A of N there exists da € (0,1]
such that

o0
[ Z Gnn| > da max{meajxi [ prznll, Z nnll} for all (¢n) € coo-
n=1 " neN\A
Proof. Put di, = (|| fxlll|lzk]]) "t for k& € N; then (dy) C (0, 1]. We shall show that
(32) 1D bnwnll > dpmax{||grarll, [| Y ¢nznll} for (¢n) € coo and k € N.
n=1 n#k

Let (¢n) € coo and let k € N. Then

6] = 115 dnwn)| < I FxllllD dnnll-
n=1 n=1

Hence
| Z%%H > |kl fell " = dilldrwrll-
n=1

Using [7], Lemma 3.1, we get

1D dnall = di max{|lgrar]l, | Y dnwnll}-

n=1 n#k

Let m € N. Assume that for any m-element subset B of N we have

1D~ ¢nwnll = T dn max{max [[¢nzx], | D~ dazall} for () € coo-
n=1

neB neN\B

Let A C N be a set with m + 1 elements and let (¢,,) € copo. Take an element k of
A and put B = (A\ {k}). Let v, =0 if n € B and ¢, = ¢,, if n € (N'\ B); clearly
(¥n) € coo- Using ([B2) we get

1>~ dawall = 11D $nzall = dimax{|[waxll, | D ¥nwnll}

neN\B n=1 n#k

= dp max{||gurll || Y dnzall}.

neN\A
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Hence, by our assumption, we have

o0
>
H;%xnu_ [T d max{max onzall, | Y dnrall}

neB neN\B

> H dnmaX{glg}H(bnan,H Z ¢nan}

ncA neN\A

Thus, by induction, we have shown our lemma. O

Lemma 3.4. Let (X, || -||) be a normed space and let ((xn, fn)) € X x X' be a
biorthogonal sequence with lin{z,, :n € N} = X. Put Xg =, cgker f, for S CN.
Assume that C;B C N and C \ B is finite. If (x,, + XB)nep is t-orthogonal in
X/Xp for some t € (0,1], then (x, + Xc)nec is s-orthogonal in X/X¢ for some
s € (0,1].

Proof. Pt A=C\B,D=CnBand H=B\C. Let Ys = lin{z,, : n € S} for
S C N; then we have Y = {3 " | ¢n%y : (on) € c00(S)} = Xms. It is easy to see
that Xp = X¢ 4+ Ya = Xp + Y. Let d4 be as in Lemma 3.3 and put s = td%.

For m € D we have |||z, + Xpl|| > dalllzm + Xcl||- Indeed, let m € D and
let € Xp. Then x =y + Y .2 | nx, for some y € X¢ and some (¢,) € coo(A).
Using Lemma 3.3 we get

|zm+z| = me"‘y"‘z YnZn | >da max{rggg]( [z lls |Tm+yll} > dall|zm+Xcll-

n=1

Hence we obtain

nTn + Xpl|| > td nTn + X fi n D).
11D e + Xpl[| > tda max || anan + Xol|| for (an) € coo(D)

n=1

Indeed, let (ay,) € coo(D) and let € Xp. For some y € Xp and some (5,) €
coo(H) we have x =y + > >~ | B,x,,. Then

o0 o0 o0
1D anzn+al 211 anea + Y Butn+ Xpll| = tmax ||lan s + Xl

n=1 n=1 n=1

> tmax |||apz, + Xpl|| > tda max |||apz, + Xelll-
neN neN

We shall prove that the sequence (z, + X¢)nec is s-orthogonal in X/Xo. To
show this it is enough to prove that

o0

> :
11> dnan + Xelll > smax|||¢nzn + Xcll| for (¢n) € coo(C)

n=1
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Let (¢n) € coo(C). Then (¢,,) = (n) + () for some (v,) € coo(A) and some
(o) € coo(D). Let € X¢. Using Lemma 3.3 we get

oo oo oo
[ Z Ony + | = || Z’Vﬂxn + Z ann + |
n=1 n=1 n=1

o0
> damax{max vzl | anea + o]}

n=1

>d n4n X ) n+n X
> damac{max| [l + Xelll 1| anen + Xoll[}

n=1

> tdi max{max |||[ynz, + Xcl|||, max |||z, + Xc|||} = s max |||dnzn + Xc||]-
neN neN neN
O

Lemma 3.5. Let (X, -||) be a normed space and let ((xy, frn)) C X x X' be a
biorthogonal sequence such that the subspace Xy = lin{x,, : n € N} is dense in X.
Let LCN. Put W =, cp ker f, and Wy = XoNW. If the sequence (xn+Wo)ner
is t-orthogonal in Xo/Wy for some t € (0,1], then (x,, + W)neyr is a t-orthogonal
basis in X/W and

£l ™" < Man + W < @ELfull) ™" for any n € L.

Proof. For any x € X we have inf{[|z +y|| : y € Wo} = inf{[lz +y[| : y € Eo},

where Wy is the closure of Wy in X. Thus (@-FWo)neL is t-orthogonal in (X/Wy).
Denote by 7 the quotient map X — X/W,. We have
7(Xo) = lin{z,, + Wy :n € L},

so (z, + Wy) is linearly dense in X/Wy. It follows that (z, + Wo)ner is a t-
orthogonal basis in X/W.
We shall prove that W, = W. For any n € L the functional

fo: X/Wo =K, fulz +Wo) = falz)
is well defined, linear and continuous. Indeed, for any neighbourhood V of zero
in K we have f,1(V) = wfl(fn_l(V)), so the set fn_l(V) = m(f,;1(V)) is open
in X/Wy. Clearly Wy C W. Let w € W. Then for some (o) C K we have
w+Wo =3 Qn(Tm + Wp). Hence for any n € L we get

0= fn(w) = fn(w +WO) = Z amfn(xm +W0) = Qp.
meL

Thus w4+ Wy =0, so w € Wy. It follows that Wy = W.
We have shown that (x, + W),er is a t-orthogonal basis in X/W.
Let n € L. It is easy to see that

x4+ W = Z fm(z) (@, + W) for z € X.
meL

For z € X we get
2l = lllz + Wl = t max | f ()| [lzm + WII| 2 t] fa ()] [llzn + W

Thus
Ifall = sup |fu(@)llzl| ™" < (@llzn + WD
zeX\{0}
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Hence |||z,, + W||| < (t||fa]])~!. On the other hand we have
1=|fu(zn +w)| < || fullllzn + w]|| for w € W.
Thus || f||7* < |||zn + W]||- This completes the proof. O

Let E be a metrizable les with a non-decreasing base (|| - ||x) in P(E). For k € N
we denote by E,; (or EI/I-Hk) the linear subspace of E consisting of all f € E' such
that for some C' > 0 we have |f(z)| < C||z||x for any « € E. Clearly, the map

-l = Bj, — [0, +00), || fll, = inf{C > 0: | f(2)| < C|l|y for any z € E}

is a norm on E,, and the normed space (E},|| - ||;) is complete. Moreover we have
UZi B =E, E; C Ejyy and |[fllyy < [If]l, for f € E, and k € N.

Clearly, a metrizable lcs has a non-decreasing base of continuous norms if and
only if it has a continuous norm.

For biorthogonal sequences in a metrizable lcs with a continuous norm we get

Proposition 3.6. Let E be a metrizable lcs with a non-decreasing base (|| - ||x)
of continuous norms and let ((zn, fn)) C E x Ey, where Ey = (E,| -|1), is a
biorthogonal sequence such that (xy) is linearly dense in E. Let L be an infinite
subset of N. Then there exists an infinite subset J of L such that the sequence
(n +W)nes, where W =, o, ker fn, is an orthogonal basis in the quotient space
E/W with a continuous norm. The space E/W is nuclear if

!
ned | fallkia

Proof. Let t € (0,1). Put Ey = lin{z, : n € N}, B}, = (E,||-|[x) and Eg) =
(Eo, || - lx| Eo) for k € N. Clearly, Ef;) C Ef;, and Ej is dense in Ej, for any k € N.
By Proposition 3.2 we can inductively choose a decreasing sequence (J;) of infinite
subsets of L such that the sequence (z,, + Wg)ney, is t-orthogonal in E) /W, for
k € N, where Wy, = ﬂneJk ker f,, N Ey.

Let (my) C N be an increasing sequence such that my € Ji for k € N. Put
J={my ke N}, W=, ker f, and Wy = Eg N W. Clearly, the set (J\ Ji) is
finite for any & € N. By Lemma 3.4 there exists (s;) C (0, 1] such that the sequence
(xn + Wo)nes is sp-orthogonal in (E(;)/Wy) for any k € N.

Using Lemma 3.5 we infer that the sequence (z,, + W),es is an sg-orthogonal
basis in the quotient space Ey/W for any k € N. It follows that (z,, + W),ecs is an
orthogonal basis in E/W (see [], Proposition 2.6). W is closed in Ej, so the space
E/W has a continuous norm.

If imye s [|| fulli/ Nl frlli 1] = oo for any k& € N, then using Lemma 3.5 we get
o en + W[k

lim
neJ |||$n + W|||k+1

= oo for any k € N.

=0 for any k € N.

It follows that E/W is nuclear (see [2], Proposition 3.5, and its proof). O

Corollary 3.7. Let E be a Fréchet space with a continuous norm. For any biorthog-
onal sequence ((z,, fr)) C E X E such that (zy,) is linearly dense in E and (f,) is
equicontinuous, there exists an infinite subset J of N such that (E/ (), ker f,) is
a Kéthe space.
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Corollary 3.8. Any infinite-dimensional metrizable lcs E of countable type with a
continuous norm has an infinite-dimensional quotient with a continuous norm and
with an orthogonal basis.

Proof. Let (|| - ||x) be a non-decreasing base of continuous norms on E and let (y,)
be a linearly independent sequence in E such that its linear span Ej is dense in E.
Put By = (B, | - ).

Using the p-adic Hahn-Banach theorem we can inductively choose a sequence
((xn, f)) C E1 x B, such that lin{z; : i <n} =lin{y; : i < n}, z, € Mk ker fr,
fn € (lin{x; : i < n})* and f,(x,) = 1 for any n € N. Clearly, the sequence
((xp, fr)) is biorthogonal and lin{z, : n € N} = E;. Using Proposition 3.6 com-
pletes the proof. O

Corollary 3.9. Any infinite-dimensional Fréchet space E of countable type with a
continuous norm has a Kdéthe quotient.

Clearly, any Fréchet space which is not of finite type has an infinite-dimensional
quotient with a continuous norm. Hence using the previous corollary we get the
following one (see [10], Corollary 13).

Corollary 3.10. An infinite-dimensional Fréchet space E of countable type has a
Kéthe quotient if and only if it is not isomorphic to KY.

Let E be a Fréchet space with a non-decreasing base (|| - ||x) in P(E). Let M

be a closed subspace of E. Let £k € N and f € E,; N M*. Then the functional
om(f): E/M - K, x + M — f(x) is well defined and linear. Moreover we have

[(@ar () (@ + M)| = |f(@)| = [f(@ + )| < [ flellz +yllx for allz € Eand y € M.
(

Hence [(ér(f))(@ + M)| < £ llle + Ml for = € E, 0 6x(f) € (E/M)), and
loar(HIIl < 11+ On the other hand we get ||, < [[lgar(f)]} since

1f @) = 1(éar () (@ + M| < o (NIl + M|l < [ar (][l for @ € E.

We have shown that ||| (f)|||, = IIf]; for all f € Ef N M* and k € N.
IfkeN, ge (E/M);,C and 7 : E — E/M is the quotient map, then gow €
E,; N M=+, It follows that the map

dar s MY — (B/M), = dur(f)
is well defined and surjective.
Clearly, ¢,/ is linear and injective. Thus ¢, is an isomorphism. Moreover we
have
o (NIl = Ifli for all f € B{ N M+ and k € N,

Now we can prove our main result.

Theorem 3.11. A Fréchet space E of countable type has a nuclear Kéthe quotient
if and only if for some non-decreasing base (|- [x) in P(E) the norms |- |[}| 5 and

II - ||;€+1\E1 are not equivalent for any k € N.

Proof. (A) Assume that E has a nuclear Kothe quotient Z = E/M. Let (z,) be
a Schauder basis in Z and let (g,) C Z be a sequence of coefficient functionals
associated with the basis (z,,). Clearly, (z,) is (1)-orthogonal with respect to some
non-decreasing base of norms (px) in P(Z). By the nuclearity of Z we can assume
that limy, oo [Pr+1(2n)/Pr(2n)] = 0o for k € N (see [2], Proposition 3.5).
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We shall prove that limnﬁoo[p;c(gn)/p;cﬂ(gn)] = oo for k € N. We have p(z) =
maxmen |gm (2)|Pk(2m) > |9n(2)|pr(2n) for z € Z and k,n € N, so (g,) C Z;l and
Pr(gn) < [pe(zn)]~" for k,n € N. On the other hand we have 1 = |g,(2,)| <
P1(9n)Pk(20) for k,n € N. Thus p;.(g,) = [pe(2n)] " for all k,n € N. Hence we get

limnﬁoo[p;c(gn)/plkﬂ(gn)] =oo for k e N.
Let (|- |x) be a non-decreasing base in P(E) and let (||| |||x) be the base in P(Z)

induced by (|- |x). Passing to subsequences we can assume that pr < ||| |||z < pr+1
for kK € N. Then pk+1‘Z;1 <||I- |||,€|Z;1 < pk|Z]/J1 for k € N.

For g € Z;,l = (E/M)/p1 and h = ¢y} (g) we have
[h(2)] = |(¢as(h))(x + M)| = |g(z + M)
< pi(g)pr(x + M) < p(9)ll|x + M1 < pi(g)le]:
for x € E, so ¢, (9) € E\,~|1 for g € ZI;I.
Put || - ||x = |- |ak—1 for k € N. Then (]| - [|x) is a non-decreasing base in P(FE)
and (¢} (gn)) C Ell-h = EII\-Ill' Moreover we have

B , _1 ’ ’ ’
||¢Ml(9n>||k _ |90 (9n)lar—1 — gnll2s—1 > P (9n) for all k,n € N.

— ’ - —1 ’ - ’ - /
||¢M1(9n)||k+1 |¢M (gn)‘2k+1 \Hgnmzkﬂ p2k+1(gn)
It follows that the norms || - ||/k| B, and || - ||/,~C 41l g, are not equivalent for any
LIRS

[

keN. 1
(B) Now assume that F has a non-decreasing base (|| -||x) in P(E) such that the
norms || - |\;€|E1 and || - ||;€+1|E1 are not equivalent for any & € N. Without loss of

generality we can assume that || - ||, k¥ € N, are norms. Indeed, put M =+ E and
Z =E/M. Let x € E with |||z + M||]1 = 0. Then there exists (y,) C M such that
limy, o0 ||[2—ynl|l1 = 0. Let f € E{. Then |f(x)] = lim, 00 | f(x—yn)| =0, s0 f(z) =
0. Tt follows that x € M, so (||| - |||x) is a non-decreasing base of norms in P(Z).
Clearly F; ¢ M*. Thus |[|¢ar(f)]||, = | fIl, for all f € B} and k € N. Let k € N.

Then there exists a sequence (hy,) C E; such that limn_mo[||hn\|;€/\|hn||;c+1] = 0.
Hence (¢nr(hn)) C Zjj-qi1, and limy oo [[|[@ar (B )|/ Il @21 (ha) |||, 1] = 00, so the

norms ||| - Hl;“‘Z\/H X and ||| - |||;H_1|Z|/H |, are not equivalent for any k € N. If Z has
ARNE RN E
a nuclear Kéthe quotient, then E has one.
Thus from now on we shall assume that || - ||z, ¥ € N, are norms on E. We show
that for any linear subspace G of E; with dim(E}/G) < oo we have
(3-3) sup{llgll/lgllk+1 9 € (GN{0})} = oo for k € N.

Indeed, suppose by contradiction that for some subspace G of finite codimension
in E] there exist some k € N and C' > 0 such that [|g||, < C|g||;,, for any g € G.

Denote by G the closure of G in the Banach space (E,,|| - ||,). For any h € Gy,
there exists (g,) C G with lim,, o || — gn||;, = 0. Since ||h — gn||;€_|r1 < b = gnllz,
then lim,, o ||gn||;€Jr1 = ||hH;CJrl and limy, o0 ||gnllx = ||A]l,. By our assumption we
get gall < Cllgallss for n € N Thus [y < 1], < Ol for any h e Gy,
It follows that the norms | - ||, ,,|c, and || - |||, are equivalent, so the normed
space (G, | - ||;€+1|Gk) is complete. Hence G}, is closed in (E,/H_l, Il - ||;€+1) For
some finite-dimensional subspace S of E] we have E; =G+ S. Put H, =G+ S.
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Then E} C Hy; moreover Hy, is closed in E, and E,;H ([6], Lemma 3.14). Thus
the norms | - |||z, and | - ‘|;§+1|HR are equivalent, a contradiction.

Using (3:3) we shall construct a biorthogonal sequence ((2n, f»)) C E % E; such
that the sequence (x,) is linearly dense in F and limn_mo[||fn||;€+1/||fn||/k] =0 for
k € N. Let Ey be an Rg-dimensional dense subspace of E with a Hamel basis (y,).
Put 1 = y;. Let f1 € E; with fi(xz1) = 1. Suppose that for some n > 2 we have
{(zg, fr) : k < n} C Ex E] with lin{z : k < n} = lin{yx : ¥ < n} such that
fu(x;) = 0k for k <n, i <n, and [||fm\|;€+l/\|fm||;€] <m~! form < nand k < m.
Let g, € Ey N (lin{yg : k < n})L such that g, (y,) = 1 and |gn(Yns1)] > [[Ynsilln;
then ||gn |, > 1. Using B3) we can inductively choose

gn-1s---591 € E; N (lin{ys : s < n})J‘
such that

lgkllni1 <1and gkl >n max [lgll, fork=n—1,... 1.
k<i<n

Put z, = yn — Zz;ll fk(yn)xk and f, = ZZ:] gk- Then (xnafn> € E x Ei and
lin({zy : &k < n}) =lin({yx : k¥ < n}). Moreover f,(z,) =1 and f;(z,) =0 =
fu(:) for i < n. We shall show that || fullj 1/l fall] < 77" for k < n. Let k <n.
Then

max|lgillier < maxflgillivs <1 <llgnlln < lgnllin < max llgilliss

and

| < Rl -1 r
[max lgillk+1 < k@ggﬂllgz\lk <n”|lgkllk

Thus an||lk_|r1 < n 7 gkll}- On the other hand we have

lgill < llgillisr <1 <lignlln < lgnlls < llgxlly fori <k

and gl < llgrll, for k < i < n. Thus ||g|l, < llgrlly for ¢ < n with i # k. Hence
£l = llglly- Tt follows that [ fulle iy /Il fulle] <n7

Thus we have inductively constructed a biorthogonal sequence ((xy, f,)) C E x
Ey with lin{z, : n € N} = Ep such that [||fo]s./lfull,] < n~! for all k,n € N
with k£ < n, so limnﬁoo[||fn||;€+1/||fn\|;€] =0 for any k € N.

Using Proposition 3.6 we infer that £ has a nuclear Kothe quotient; in fact for
any infinite subset L of N there exists an infinite subset J of L such that E/W is

a nuclear Kothe quotient of £, where W = _; ker f,. (]

In [10], Theorem 11, we have shown that any nuclear Fréchet space which is not
of finite type has a nuclear Kéthe quotient. Now we can generalize that result by
proving the following.

Theorem 3.12. Any Fréchet-Montel space E which is not of finite type has a
nuclear Kothe quotient.

Proof. By Theorem 3.11 it is enough to show that for some non-decreasing base
(I lx) in P(E) the norms || - H;€|E1 and || - ||;€+1|E1 are not equivalent for any k € N.
Suppose, by contradiction, that it is not true. Let (|- |z) be a non-decreasing base
in P(E). Then for any ! € N there is some k > [ such that | - \;C|El/ ~ |- |;|Elf for
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any j > k. Passing to a subsequence we can assume that | - |, 1l B~ |- |;| B for all

l,j € Nwith [ + 1 < 5. Let F; denote the closure of E, in (El/+1’ | - |2+1) for [ € N.
We have | - |;+1|Fz ~ |- |;+2|Fz for I € N. Indeed, let [ € N. For some C > 0

we have |f\2+1 < C|f|;Jr2 for any f € Ej. Let g € F; and let (f,) C E, with

limy, oo | frn — 9|2+1 = 0. Thus lim, 0 | fn — 9|2+2 =0, so lim,_, |fn\;+1 = |g\;+1

and 1imn—>oo|fn|l+2 = |g‘l+2' Hence |g|2+2 < |g‘z+1 < C|g|l+2, so | - ‘l+1|FL ~
[Trsale |
It follows that the normed space (Fy,| - [, o|r) is complete, so Fj is a closed

subspace of Fj11 = (Fi41,]- |2+2|Fz+1)' Thus (F}) is a strict inductive sequence with
U, Fr = E'. Let F = lim F}.

It is easy to see that the identity map I : F — Ej is continuous. E is a
Fréchet-Montel space, so its strong dual E} is an LB-space ([3], Corollary 2.5.9).
Hence, by the open mapping theorem for LF-spaces ([5], Theorem 3.1), the map
I is open. Thus Ej = lim £7. Since Ej is a Montel space (8], Theorem 10.7) the
Banach spaces F,,,n € N, are finite-dimensional. Hence the spaces E/ ,n € N, are
finite-dimensional, too. It follows that E is of finite type, a contradiction. O

In the case when K is not spherically complete we get

Theorem 3.13. Assume that K is not spherically complete. Let E be an infinite-
dimensional Fréchet space of countable type which is not isomorphic to the strong
dual of a strict LB-space. Then E has a nuclear Kithe quotient.

Proof. Suppose, by contradiction, that E has no nuclear Kéthe quotient. Then, as
in the proof of Theorem 3.12, we get a non-decreasing base (|-|;) in P(E) such that
the sequence (F}), where [ is the closure of Ej in (Ej, ,|-|;, ), is a strict inductive
sequence with | J, F; = E’. Let F' = lim F7. We shall prove that F, = (E,),.

Let V,, = {x € E: ||, <1} and B,, = {f € E/, : |f|,, < 1} for n € N. Clearly
B, C{feF,:|fl;1 <1} C By forneN.

We shall prove that (B,) is a fundamental sequence of bounded subsets of Ej.
Let A be a closed absolutely convex bounded subset of E and let n € N. Then
°(A°) = A° ([8], p- 199), so °(A°) C oV, C «(°B,) for some o € K. Hence
B, C a[°(A°)]° C a4°. Thus (B,) C B(E,). Let B € B(E,) and let 8 € K with
|6 > 1. Then °B is a barrel in E, so it is a neighbourhood of zero in E. Therefore
BVi C °B for some k € N. Hence B C (°B)° C 371V C By.

It follows that B(F) = B(E,).

Let f be a linear functional on F' which is bounded on bounded sets. Then
f|Fy is bounded, so continuous, for any n € N. Hence f is continuous on F ([3],
Proposition 1.1.6). By Proposition 3.14 (see below) any linear functional on E;
which is bounded on bounded sets is continuous. It follows that F, = (E,),.

The Fréchet space E is reflexive since K is not spherically complete ([8], Theorem
10.3). Thus F is isomorphic to the strong dual of a strict L B-space, a contradiction.

O

In the proof of our previous theorem we used the following

Proposition 3.14. Assume that K is not spherically complete. Let E be a Fréchet
space of countable type. Then any linear functional f on E;) which is bounded on
bounded subsets of E;) s continuous.
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Proof. Let (px) be a non-decreasing base in P(FE). Let k € N. Denote by (Gg, qx)
the Banach space (E},p},). By our assumption the functional f|g, is continuous on
(Gk,qx). Let mp : E — Ep, be the quotient map. For any h € Gy the functional
hi : (Ep,,DPr) — K, mi(xz) — h(x) is well defined, linear and continuous and the
linear map (G, qx) — (Epk,p_k)/ : h — hy, is an isomorphism. The space (Ep, ,Dx)
is of countable type, so its completion (E;,k,]ik) is a reflexive Banach space ([8],
Corollary 9.9).

Thus (Gk,qk)/ is isomorphic to (Epmpk), so there exists y; € Epk such that
f(h) = f{k(yk) for any h € G}, where hNk S (E;,k,]fk)/ with h~k|Em€ = hg.

It follows that fg(yx) = hry1(yes1) for all h € Gy, k € N.

For any k € N there exists (yg,n) C Ep, with lim,_ o Pk (yx — yk,n) = 0; clearly
limy, 1 —00 Pk (Yk,n — Yk,m) = 0. Moreover hy, o ¢ = hyy1, where

Or B, = Ep,, mrq1(x) — mp(x) for k € N,

Thus lim, 00 hi(Yk,n) = UMyyoo Ak(Ok(Yrt1,n)) for all b € Gg, k € N, so we
obtain lim,,_,co ¢(Ykn — Gk(Yk+1,n)) = 0 for all ¢ € (Epk,]Tk)/, k € N. We have
shown that (Y. — @k (Yk+1,n))5%; converges weakly to 0 in (E,, ,Px) for any k € N.
By [8], Proposition 4.11, we infer that lim, o Dr(Yt,n — Ok (Yk+1,n)) =0, k € N.

For some (zy,,) C E we have my(zk,n) = yk,n for all k,n € N. Then we obtain
limy, o0 Pr(Tkn — Thm) = 0 and limy, o0 P& (k0 — Tht1,n) = 0 for any k € N.

Let (ex) be a decreasing sequence of positive numbers with limy_, o €5 = 0. Then
for any k£ € N there exists ni € N such that

Pi(Thn — Thom) < €, and px(Tkn — Th1,n) < € for all n,m € N with n,m > ng.

Clearly, we can assume that the sequence (ny) is increasing.
We shall prove that lim,,—cc pr(Tk,m — Tmn,,) =0 for k € N.
Let k € N. For m € N with m > k we have

pk(xk’m — Tmn,) < max{pk(ﬁk,m — Tk, ), MAX  Pryi(Thiin, — xk+i+1’nm)}~
0<i<m—k

Let € > 0. Then there exists mg > k such that ¢,, < e for m > myq.

We have lim,, o0 Dk (Tk,m — Tkn,,) = 0 and

lim pk+i($k+i7nm — Ik:+i+l7nm) =0for0<i<mg—Ek,
m—r00
and
Prti(Thting, — Thtitlng,) < ks < eformg —k <i<m — k.

It follows that lim,, oo Pk (Tk,m — Tm,n,,) = 0.

Put 2y, = Tmn,, for m € N. Then lim,, oo Pk (Y, m — Tk (2m)) = 0. Since

pk(zm - Zl) S max{pk(xm,nm - xk,m)apk(xk,m - ﬂfk,l)apk(fk,l - xl,m)}

we infer that (z,,) is a Cauchy sequence in FE, so it converges to some zp in E.

Let k € N. For any h € G, we have
F(h) = hi(yr) = im Ay (yem) = Hm hy(m(zn)) = lim h(zn) = h(zo).

m—r oo

Thus f(h) = h(zo) for any h € E', so f is continuous on E;. O

It is known that the strong dual E} of a reflexive Fréchet space E over a spheri-
cally complete field is bornological ([9], Proposition 15.6). For Fréchet spaces over
a non-spherically complete field we get the following.
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Corollary 3.15. Assume that K is not spherically complete. If E is a Fréchet
space of countable type, then E, is polarly bornological.

Proof. By [§], Lemma 9.5 and Corollary 9.9, the strong dual E} of E is polarly
barreled. Let A be a bornivorous K-polar subset of E,. Then A = Niep f~1(Bg)

for some set P of linear functionals on Ej. Since A absorbs bounded subsets of E;),
each f € P is bounded on bounded subsets of El/). Using Proposition 3.14 we get
PC (E;))/. Hence A is a polar barrel in E;], so it is a neighbourhood of zero in El;.
Thus F is polarly bornological. O

In connection with Theorem 3.13 we show the following

Proposition 3.16. If a Fréchet space E of countable type is isomorphic to the
strong dual of a strict LB-space F' = hﬂFn such that F,, has the weak extension
property in F,11, n € N, then E is isomorphic to a countable product of Banach
spaces.

Proof. Let i, : F,, = F, 41 be the inclusion map for n € N. By the weak extension
property the adjoint map 4/, : F1/1+1 — F,;, f — flF, is surjective for n € N. Put

H, = F{ and H,, = keri_, for n > 1. The closed subspace
H=A{(fa) € [[ F0: i (fas1) = fu forn € N}
n=1

of the Fréchet space [] 7, F,; is the projective limit of the projective sequence (F,'L)
(Bl, 1.3.2).

By [3], Theorem 1.3.5, H is isomorphic to Fl;, so H is of countable type. Let
n € N. It is easy to check that the linear continuous map m,, : H = F., () = fn
is surjective. Thus H has a quotient isomorphic to F.,, so F, is of countable
type. Thus H,, is complemented in F), ([6], Theorem 3.12), so there exists T, €
L(F},F) ) such that i}, o T}, is the identity map on F},.

Hence the map

T: ][ Ho = H.(fa) > (f1, Tifr + for o, To -0 Ti fy

n=1
+Tno"'OT2f2+"'+Tnfn+fn+1a-~')

is well defined. Clearly T is linear and injective.

We show that T is surjective. Let (g,,) € H. Put f; = ¢g1. Then g5 — 11 f1 € Ho,
so there exists an fo € Hs such that go = 11 f1 + fo. Assume that for some n > 1
we have a sequence (fi,..., fnt1) € H;:ll H; with gp41 =Tpo0---0oTif1 +---+
Tnfn + fn+1- Then gn+2 — T7L+lgn+1 S H7L+2. Hence there exists an fn+2 in H.,H_g
such that

In+2 = Tny1gnt1 + frnyo = Thyr0---0 Tifi+---+ T7L+1fn+1 + fn+2~
Thus we can inductively construct a sequence (f,,) € [[7—; H, with T((fn)) = (gn)-
The linear maps T},,n € N, are continuous, and the spaces Hzo:l H, and H have
the product topologies. It follows that the maps T and T—! are continuous. Thus T
is an isomorphism, so F is isomorphic to a countable product of Banach spaces. [

Corollary 3.17. If a Fréchet-Montel space E is isomorphic to the strong dual of
a polar strict LB-space F = lian, then it is of finite type.
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Proof. F is polar and polarly barreled ([3], Proposition 1.1.10), so it is isomorphic

to

a subspace of (FY); ([8], Lemmas 9.2 and 9.3). Clearly (F}); ~ Ej; by [8],

Theorem 8.5, Ej is of countable type. Thus F' and F,,n € N, are of countable
type ([8], Proposition 4.12 and [3], Theorem 1.4.7). It follows that F,, has the
weak extension property in Fj,1,n € N. Using Proposition 3.16 we infer that E is
isomorphic to a countable product of Banach spaces. Thus FE is of finite type since
it is a Fréchet-Montel space. ([l
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