The separable quotient problem and

the strongly normal sequences

WIESLAW SLIWA

Abstract. We study the notion of a strongly normal sequence in the dual E* of
a Banach space E. In particular, we prove that the following three conditions are
equivalent:
(1) E* has a strongly normal sequence,
(2) (E*,0(E*, E)) has a Schauder basic sequence,

(3) E has an infinite-dimensional separable quotient.

Introduction

We put S(X) ={z € X :|jz|| =1} and B(X) ={z € X : |jz|| < 1} if X is a
normed space. Let E be a Banach space. A sequence (y,) C S(E*) is normal in E*
if lim,, y,(xz) = 0 for every x € F; clearly, the normal sequences coincide with the
normalized w*-null sequences. The excellent Josefson-Nissenzweig theorem states
that the dual of any infinite-dimensional Banach space contains a normal sequence
([5], [12]). It is easy to see that a sequence (y,) C S(E*) is normal if and only if
the subspace {z € E : lim, y,(x) = 0} is dense in E. We will say that a sequence
(yn) C S(E*) is strongly normal if the subspace {x € E : Y 0 |y,(z)| < oo} is
dense in E ([18]). Clearly, every strongly normal sequence in E* is normal.

One of the most known open problems for Banach spaces is the separable quotient
problem: Does every infinite-dimensional Banach space has an infinite-dimensional

separable quotient? i.e. Does every infinite-dimensional Banach space E has a closed
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subspace M such that the quotient space E/M is infinite-dimensional and separable?
(11], 8], [10], [11], [15)-[22])

Recall that a sequence (z,) in a locally convex space F'is: (1) a Schauder basis
of F if for each element z of F there is a unique sequence («,) of scalars such that
r =Y a,z, and the coefficient functionals z,n € N, defined by z}(z) = a,,
are continuous on F'; (2) a Schauder basic sequence if it is a Schauder basis of its
closed linear span X in F.

We shall prove that a Banach space E has an infinite-dimensional separable
quotient iff E* contains a strongly normal sequence iff EX = (E* o(E*, E)) has
a Schauder basic sequence (Theorem 3). Before, developing some ideas of [4], we
shall show that every strongly normal sequence in the dual E* of a Banach space F
contains a Schauder basic subsequence in E* (Theorem 1).

We state the following.

Problem. Does every normal sequence in the dual E* of a Banach space E
contains a strongly normal subsequence?

If this problem has a positive answer for a given infinite-dimensional Banach
space F, then by the Josefson-Nissenzweig theorem and Theorem 3, E has an
infinite-dimensional separable quotient.

We show that for every WCG (i.e. weakly compactly generated) Banach space
E our problem has a positive answer (Proposition 4). Next we give an example
of a normal sequence in the dual E* of some known non-WCG Banach space F,
which is not strongly normal but every subsequence of it contains a strongly normal
subsequence (Example).

Finally, we show that a Banach space F has no infinite-dimensional separable
quotient iff every continuous linear map from a Banach space to E with dense range
is a surjection iff every sequence of continuous linear maps from F to some non-zero
(or to every) Fréchet space F', which is point-wise convergent on a dense subspace
of E is point-wise convergent on F to some continuous linear map from E to F
(Theorem 6).

Results

Johnson and Rosenthal proved that any normal sequence (y,,) in the dual E* of
a separable Banach space E has a Schauder basic subsequence (yxn)) in EZ ([4],

Theorem II1.1). Developing some ideas of their proof we shall show the following.



Theorem 1. Let E' be a Banach space. Any strongly normal sequence (y,) in E*

contains a Schauder basic subsequence (Yr(n)) in K.

Proof. Let ¢ : E — E** be the canonical embedding map.

(A1) First we shall show that for every finite-dimensional subspace Y of E*
and every £ € (0,1/2) there exists a finite subset H of S(F) such that for every
feS(Y*) thereis an z € H with || f — p(2)|Y ||< 2e.

Let ¢ : (E/*Y) — (E/-Y)*™ be the canonical embedding map; clearly v is an

isometric isomorphism. Since (1Y)t =Y, the map

a:Y — (B/FY) ay)(z++Y) =yx), forye Y,z € E,
is an isometric isomorphism ([14], 4.9(b)). Thus the adjoint map

o (E/RY)* = Y o (Y(z +1Y)) = o(2)]Y, forz € E,

is also an isometric isomorphism ([2], 8.6.18(a)).

Hence for every f € S(Y*) there is an x € S(E) with || f — ¢(2)|Y]| < e. Indeed,
for every f € S(Y*) there exist v € F and z € Y such that p(v)|Y = f, || v+1Y ||=
land 1 < |lv+z|] < 1+e. Thus for u = v+ z and x = u/||u|| we have z € S(F)
and || f = (@)Y [|=1— [Ju| 7" <e.

The set S(Y™*) is compact, so there exists a finite subset {fi,..., f,} of S(Y™)
with SY*) c U! _y K(fm.€). Let zy,...,z, € S(E) with || fo, — p(x,,)|Y]| < € for
1 <m <n. Put H={xy,...,2,}. Then for every f € S(Y*) there is an z € H
with || f — o(xm,)]Y]] < 2e.

(A2) Since lim,, y,(z) = 0 for every x € E, using (A1) we can choose inductively
a strictly increasing sequence (k(n)) C N and an increasing sequence (H,) of finite
subsets of S(E) such that for every n € N we have

(i) for every f € S(Y;?) there is an x € H, with ||f — o(x)|Y,|| < 27", where
Y, is the linear span of the set {yxu) : 1 <i < n};

(ii) |Yrms)(z)| < 2772 for every x € H,.

(A3) For every n € N and for all oy, ..., a,41 € K we have

n+1

1Y~ cigmll < (1+27)1D - asmn -
i=1 =1

Indeed, let n € N and ay,...,a,41 € K. Put y = Z?:l Yk and 2 = a1 Ykng1)-
Then thereis f € S(Y™*) with f(y) = ||y|| ([14], 3.3). By (A2) thereis an z € H,, with
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1f = @) [Yall < 277" and |yeuen) ()] < 27772 1E 2] > 2yll, then [ly + 2] > [ly]l.
I 2]l < 2lyll, then [y +z[| = [(y+2)(x)] = [y(z)] = [z(2)| = [f ()] = |f(y) —y(=)] -
12)] = Iyl = 10F = @Y )] = Nl ko (@)] = (1 =2yl = (1427 g

Since [, (1 4+ 2'"™) < oo, using [9], 4.1.24, we infer that (yx(,)) is a Schauder
basic sequence in E* such that ||P,|| < [[o, (1 +2"%) < 1+2*" n € N, where
P, Y =Y, 37 aily — Y oiq Qi) and Y is the closed linear span of (yy()).

(A4) The operator T : E — Y* (Tx)(y) = y(z),z € E,y € Y, is well defined,
linear and continuous. Let (f,) C Y* be the sequence of coefficient functionals
associated with the Schauder basis (yx(,)) in Y. Clearly, (f,,) is a Schauder basis of
its closed linear span F'in Y* ([9], 4.4.1). Pt G={z € E: >~ |y.(x)| < oo}.

For x € E we have Tx = Y | yi(n) () fr. Indeed, let z € G. For n > 2 we get
Ll = 1 fallgenll = [P — Pacsl] < 2+ 25" < 18, s0 the series 2, giun () fo
is convergent in F. For y € Y we have (Tz)(y) = y(z) = Qo) fu(¥)Yem))(z) =
S Fakon(®) = (S5 vk () f)(®), 50 T = 2 g(#)fa € F. Hence
T(E) = T(G) c T(G) C F. Let x € E. Then Tz = >y a;f; for some scalars
ay, ag,. ... Hence an, = (3272, ifj) (k) = (T2)(Ykn)) = Yrm)(2),n € N, so
T =307 Yrn) (@) fo-

(A5) For every g € F and every ¢ > 0 there is € E with ||z]| = ||g|] such
that ||g — Tx|| < e. Indeed, for every g € S(F') there is a sequence (g,) C S(F)
with lim g,, = ¢ such that g, € F,, for n € N, where Fj, is the linear span of the set
{fi,---, fn}. Thus it is enough to show that for every n € N and every g € S(F,)
there is x € S(F) with ||g — Tx|| <27 ™ Let n € N, g € S(F,) and h = ||g|Y,.|| 9.

Since h|Y,, € S(Y."), by (A2) there is an x € H, with ||h]Y, — ¢(2)|Y.] <
27 Put f = 300wk (@) fie For y € YV, we have f(y) = 20, ko (2) fily) =
i1 filWyra) (2) = y(z) = @()(y), so fIYn = o(z)|Yn.

By (A4) and (A2) we get |Tw —gll = [ 2w (@) fi —gll < If —gll +
Yt ey @A < N =gll+ 2220 27712427 < (I —hll+[1h—glD) +2°7".
For u € F,, we have [[ul| = sup{lu(Poy)| : y € SY)} < [[ulYal[[Ball, so [If = Al <
LAY =AYl Pall = ll(@)|Ye = RYu[lll Pall < 277711 + 27") < 27" Moreover
1B =gl = llglYall ™" = 1 < [lglI 7} Pall = 1 < 27" Thus || T — g[| < 277,

(A6) We show that T'(E) = F. Let g € F. Using (A5) we choose an element x; €
E with ||z1]| = ||g]| such that ||g — T'z;]| < 27! Next we choose an element z, € F
with [|zs|| = ||g — Tx1|| such that ||g — Ty — Txs|| < 272. This way we can obtain a
sequence (z,) C E such that ||z, || = |lg—>_7_, Tl and [|g— Z"H Tzl <271



for n € N. Clearly, the series Z]O; x; is convergent in F to some x and Tz = g.

(A7) The sequence (g,) C F* of coeflicient functionals associated with the
Schauder basis (f,,) in F' is a Schauder basis in F)f. The adjoint map T* : F* — E*
is an isomorphism of F} and the closed subspace T*F* of E* ([14], 4.14 and 4.15).
Thus the sequence (T%g,) is a Schauder basic sequence in E*. We have (T*g,)(x) =
9n(T2) = 93 02, Uk (@) i) = Yry (@) for o € E and n € N, so T*g, = yx(n) for
n € N. We have shown that (yx(,)) is a Schauder basic sequence in E}. O

Let E be a Banach space. By the Banach-Steinhaus theorem every sequence
(yn) C E* which is point-wise bounded on E is bounded. We will say that a sequence
(yn) C E* is pseudobounded if it is point-wise bounded on a dense subspace of E

and sup,, [|y|| = oo.

For Schauder basic sequences in E we have the following.

Proposition 2. Let E be a Banach space and let (y,) be a Schauder basic sequence
in EX. If (yn) C S(E*), then (y,) is strongly normal in E*. If sup, ||y.|| = oo,
then (y,) is pseudobounded in E*. Every pseudobounded sequence (z,) in E* has a

Schauder basic subsequence in E.

Proof. Denote by Y the closure of the linear span of the set {y, : n € N} in
E*. Then there is a sequence (x,) C E such that y,(x,,) = d,m for all n,m € N
and y(z) = > 07 y(@,)yn(z) for all y € Y,z € E. For the linear span X of the set
{x, : n € N} we have

X+Y) P =XxXuty)t=xtn*ty)t=xtny = {0}

Thus X ++ Y is dense in F, so the subspaces {x € E : > " |y,(x)] < oo} and
{z € E :sup, |y,(x)| < oo} are dense in E, too.

Let (k(n)) C N be a strictly increasing sequence with | z)|| > n* for n € N.
Put v,, = 2i(n)/| 26y || for n € N. The sequence (v,,) is strongly normal in £, since
{x € E:sup,|z.(z)| < oo} C{xe E:> 7 |va(z)] < co}. Using Theorem 1 we

infer that the sequence (2x(,)) has a Schauder basic subsequence in E. O

Using the last proposition we get the following.

Theorem 3. Let E be a Banach space. Then the following conditions are equivalent:

(1) E has an infinite-dimensional separable quotient;



(2) E* has a strongly normal sequence;
(3) E* has a Schauder basic sequence;

(4) E* has a pseudobounded sequence.

Proof. (1) = (2). By [6], Proposition 1, there exists a biorthogonal sequence
((zn,yn)) C E x E* such that A = (lin{z, : n € N} + 2 kery,) is a dense
subspace in F; clearly we can assume that (y,) C S(E*). The sequence (y,) is
strongly normal in E*, since {z € E: > 7 |y,(z)] < 0o} D A.

Using Theorem 1 we get (2) = (3). By [20], Proposition 1, we obtain (3) = (1).
Using Proposition 2 we get the equivalence (3) < (4). O

It is known that every infinite-dimensional WCG Banach space has an infinite-

dimensional separable quotient. We shall show the following ([18]).

Proposition 4. Let E be a WCG Banach space. Then every normal sequence (yy,)

in E* contains a strongly normal subsequence.

Proof. Case I: E is separable. Let X = {z,, : n € N} be a countable dense
subset of E. For every n € N we choose k(n) € N with |yxm)(z;)] < n~? for
1 <i < n; we can assume that the sequence (k(n)) is strictly increasing. Then the
sequence (Yx(n)) is strongly normal in E*, since {z € E : > | |y (z)] < 00} D X.

Case 2: E is not separable. By [3], Proposition 1, there is a continuous linear
projection @ : E — E with ||Q] = 1 such that FF = Q(F) is a separable closed
subspace of E and (y,) C Q*(E*). Let i : F — E be the identity embedding.
Put P: E — F,z — Qz. Then Q = iP and Q*(E*) = P*(i*(E*)) C P*(F*), so
(yn) C P*(F™*). Moreover P(B(E)) = B(F). Therefore for every z € F* we have

|1P*2|| = sup{[(P"2)(2)| : © € B(E)} = sup{|2(Px)| : x € B(E)} =

sup{|2(2)| : x € B(F)} = 2]

Since (y,) C P*(F*)NS(E*), thereis (z,) C S(F*) with P*z, = y,,n € N. Thus (z,)
is a normal sequence in F*. By Case 1, (z,) contains a strongly normal subsequence
(Zk(ny) in F™*. Then the subspace ({z € F': > " |2km)(2)] < oo} + ker P) is dense
in E, so the subspace {x € E: > | |yxmn)(x)| < oo} is dense in E. Thus (ym)) is

strongly normal in F*. O

Example. The linear space E = {(z,) € ¢ : sup, | S.F_, ,| < oo} with the
norm ||z|| = supy, | S2F_, x|, 2 = (2,), is a Banach space and it is not WCG ([17]).
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Let f, : F — K,z = (2) — xp,n € N. Then (f,) C E* lim, f,(z) = 0 for every
x € Eand 1 < ||f,]] £ 2forn € N. Put y,, = f,./||fnll,n € N; clearly (y,) is a
normal sequence in £*. We shall prove that a subsequence (yx(,)) of (y») is strongly
normal in E* if and only if the sequence (k(n)) C N does not contain arbitrary long
series of successive integers. In particular the normal sequence (y,) is not strongly

normal but every subsequence of it contains a strongly normal subsequence.

Proof. Let (k(n)) C N be a strictly increasing sequence.

Assume that (k(n)) contains arbitrary long series of successive integers. Then for
every s € N there is n(s) € N such that k(n(s) +1);...;k(n(s) 4 2s) are successive
integers; we can assume that n(s+ 1) > n(s) 4+ 2s for s € N. Put

st if k(n(s) +1) <1 < k(n(s) + s) for some s € N;
=4 —s bt ifk(n(s)+s+1) <l <k(n(s)+2s) for some s € N;
0 for all other [ € N.
Clearly z = (z) € E. Let x € E with > 7| |ykm)(z)] < 0o. Then > 07 | |zxm)| =
2 net ey (@) = 22021 [ fem 1Y) ()] < o0. For s € N we have

k(n(s)+s) k(n(s)+s) k(n(s)+1)—1 k(n(s)+s)
1= ) a=l X @-w)- 3, (-w+ Y, al<
I=k(n(s)+1) =1 =1 I=k(n(s)+1)
n(s)+s
lz =zl +llz =2l + > |owml-
m=n(s)+1

Hence for s € N we get 1 <2z —z|| + st):(i 1 |yl Since Y700 |Trm)| < 00
we have limg Zm( n(e)+1 [Teem| = 0. Thus ||z — | = 1/2. It follows that the set

{x e E:> 7 | |ysm)(z)] < oo} is not dense in E, so the subsequence (yx(n)) of (yn)
is not strongly normal in £*.

Assume now that (k(n)) does not contain arbitrary long series of successive
integers. Then there are two strictly increasing sequences (¢(n)), (w(n)) C N and
m € N such that

(1) t(n) <w(n) <t(n)+m—2forn e N;

(2) w(n)+1<t(n+1)forneN;

B) U, {leN:tn) <l <wn)}={k(n):neN}

Let z € E. For s € N we put s = (25;), where

0 if t(n) <1 <w(n) for some n > s;
Ts) = Zz”:(?(gl zi if i =w(n)+ 1 for some n > s;
2 for all other [ € N.



Since \ZZ”:(Z);;I z| < mmax{|z| :i > t(n)},n € N and lim,, max{|z| : i > t(n)} =
0, we have x, € ¢o. Moreover for [ € N we have Y'_| z,,; = Zf(:"l)_l ziif t(n) <1<
w(n) for some n > s, and 3\_ x,; = ', 2 for all other | € N. Thus z, € E.

Since g kny = 0 if k(n) > t(s), we have

[ee) o o0
D k@) =D [ faem @/ x|l =D 1w /Il fem || < 00;
n=1 n=1 n=1

so (z5) C {x € B 30 |k (z)| < 0o}, For s € N we have S0 (2 — 24;) =
Zizt(n) zi, if t(n) <1 < w(n) for some n > s; and Zizl(zi — x,,;) = 0 for all other
[ € N. Thus ||z — z4|| < mmax{|z]|: 7> t(s)} for s € N; so lim, ||z — z4|| = 0. Hence
the set {x € E : Y > |ykm)(x)| < oo} is dense in E. Therefore (yy(,)) is strongly

normal in £*. O

By the equivalence (1) < (4) in Theorem 3 we obtain the following well known

result ([1], [17]); our proof is quite different from the the original one.

Corollary 5. A Banach space has an infinite-dimensional separable quotient if and

only if it contains a dense non-barrelled subspace.

Proof. Assume that a Banach space E has an infinite-dimensional separable
quotient. By Theorem 3, the space E* has a pseudobounded sequence (y,). Put
G ={z € E :sup, |y.(z)| < o0} and V = {x € E : sup, |y,(z)| < 1}. Using the
Banach-Steinhaus theorem we infer that G is a proper and dense subspace of E.
The set V is a barrell in G and it is not a neighbourhood of zero in G, since V' is
closed in E. Thus G is not barrelled.

Assume that a Banach space E contains a dense non-barrelled subspace G. Let
W be a barrell in G which is not a neighbourhood of zero in G. The closure V' of
W in FE is absolutely convex and closed in E. The linear span H of V is a dense
proper subspace of E. For every n € N there is z,, € (E'\ V) with ||z,|| < n72. By
the Hahn-Banach theorem for every n € N there is z, € E* with |2,(z,)| > 1 such
that |2,(x)] <1 for all z € V. Then ||z,|| > n? for n € N and sup,, |z,(z)| < oo for
x € H;s0 (z,) is pseudobounded in E*. By Theorem 3, E has an infinite-dimensional

separable quotient. O

Applying Corollary 5 we get our last result.

Theorem 6. Let E be an infinite-dimensional Banach space. Let F be a non-zero

locally convex space. Then the following conditions are equivalent:
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(1) Every separable quotient of E is finite-dimensional;

(2) Every continuous linear map from a Banach space to E with dense range is
a surjection;

(3) Every family {T, : v € I'} C L(E, F) which is point-wise bounded on a dense
subspace H of E is equicontinuous;

(4) Every sequence (T,,) C L(E,F) which is point-wise convergent to zero on a
dense subspace G of E is point-wise convergent to zero on E;

If additionally F is sequentially complete then above conditions are equivalent to
the following

(5) Every sequence (T,) C L(E,F) which is point-wise convergent on a dense
subspace G of E is point-wise convergent on E to some T € L(E, F).

Proof. (1) = (2). Let T be a continuous linear map from a Banach space X to
E such that the range T'(X) is dense in E. By Corollary 5, T'(X) is barrelled. Using
the open mapping theorem we infer that the map 7' is open (i.e. for every open
subset U in X the set T'(U) is open in T(X)). By the Banach-Schauder theorem
([7], 15.12(2)), T(X) is closed in E;so T(X) = E.

(2) = (1). By Corollary 5 it is enough to show that every dense subspace M of
E is barrelled. Let D be a barrell in M and let B be the closed unit ball in M.
Denote by S the closure of the set C' = D N B in E and by H the linear span of
S. Let p: H — [0;00) be the Minkowski functional of S. Since S is a bounded
and complete barrell in H, p is a complete norm in H and the embedding map
i:(H,p) — FE is a continuous linear map with dense range; so H = E. Thus S is
a neighbourhood of zero in £. Hence D is a neighbourhood of zero in M, because
D D> C=S5nNM. Thus M is a barrelled space.

(1) = (3). By Corollary 5, H is a dense barrelled subspace of E. Using the
Banach-Steinhaus theorem we infer that the family {7, |H : v € I'} is equicontinu-
ous. Let V' be a closed neighbourhood of zero in F'. For some open neighbourhood
U of zero in E we have T, (U N H) C V for all v € I'. Hence T,(U) C T,(UN H) C
T,(UNH) CV for all ¥ € I'. Thus the family {7}, : v € '} is equicontinuous.

(3) = (4). By (3) the sequence (T},) is equicontinuous. Let x € E. Let W,V be
neighbourhoods of zero in ' with V' — V' C W. For some neighbourhood U of zero
in E we have T,,(U) C V for n € N. Moreover there exists y € E with y —x € U
such that lim, 7,,(y) = 0. For some ny € N we have T,,(y) € V for n > ng. Since
To(x)=T,(y) —To(y—x) and V =T, (U) CV =V C W, so T,,(z) € W for n > n,.



Thus lim,, T,,(z) = 0 for every x € E.

(4) = (1). Suppose, to the contrary, that £ has an infinite-dimensional separable
quotient. By Theorem 3, E* has a Schauder basic sequence (y,); we can assume
that lim, ||y,|| = oo, so (y,) is pseudobounded in E* (Proposition 2). Put z, =
Yn/\/|ynl| for n € N. Then lim, ||z,|| = oo. Let z € F with z # 0. For every
n € N the map 7, : E — F,x — z,(x)z, is linear and continuous. Since {z € E :
sup,, |yn(z)| < oo} C {x € E : lim, z,(x) = 0}, the sequence (7,,) C L(E,F) is
point-wise convergent to zero on a dense subspace of E. By (4), (T,) is point-wise
convergent to zero on E. By the Banach-Steinhaus theorem, (7},) is equicontinuous,
S0 sup,, ||za]| < oo; a contradiction.

Assume now that F' is additionally sequentially complete.

(3) = (5). By (3), the sequence (7},) is eqiucontinuous. Let = € E. Let W,V be
neighbourhoods of zero in F with (V —V)— (V' —V) C W. For some neighbourhood
U of zero in E we have T,,(U) C V for n € N. Moreover there exists y € E with
y —x € U such that the sequence (7,(y)) is convergent in F' to some element z.
Let ng € N with T,,(y) — z € V for n > ng. For n,m > ny we have T,x — T,,x =
(Thy —2) = Taly =) = (Twy — 2) =Ty —2)) € (V =V) = (V=V) C W
It follows that (7,z) is a Cauchy sequence in F', so it is convergent in F' to some
T, for every x € E. Clearly, the map T': £ — F,x — T, is linear. If z € U, then
(Tz) C V; hence Tx € W. Thus T'(U) C W; so T is continuous.

The implication (5) = (4) is obvious. Thus (5) is equivalent to conditions (1)-(4).

O
Acknowledgment. The author wishes to thank the referee for helpful com-

ments.
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