DESCRIPTIVE TOPOLOGY IN NON-ARCHIMEDEAN FUNCTION
SPACES C,(X,K). PART I

J. KAKOL, W. SLIWA

ABSTRACT. Let K be a non-archimedean field and let X be an ultraregular space. We
study the non-archimedean locally convex space Cp(X,K) of all K-valued continuous
functions on X endowed with the pointwise topology. We show that K is spherically
complete if and only if every polar metrizable locally convex space E over K is weakly
angelic. This extends a result of Kiyosawa—Schikhof for polar Banach spaces. For any
compact ultraregular space X we prove that C,(X,K) is Fréchet-Urysohn if and only if
X is scattered (a non-archimedean variant of Gerlits-Pytkeev’s result). If K is locally
compact we show the following: (1) For any ultraregular space X the space Cp,(X,K)
is K-analytic if and only if it has a compact resolution (a non-archimedean variant of
Tkachuk’s theorem); (2) For any ultrametrizable space X the space C,(X,K) is analytic

if and only if X is o-compact (a non-archimedean variant of Christensen’s theorem).

1. INTRODUCTION

By a non-archimedean field we mean a non-trivially valued field K which is complete un-
der the metric induced by the valuation |-| : K — [0, 00) such that |a+ 8| < max{|«/|, | 5|}
for all o, f € K. Throughout by K we mean a non-archimedean field.

Let E be a linear space over K. By a seminorm on E we mean a function p : £ — [0, c0)
such that p(z + y) < max{p(z),p(y)} and p(az) = |a|p(z) for all z,y € F and o € K.
A seminorm p on E is a norm if kerp := {x € E : p(x) = 0} = {0}. Aset A C E is
absolutely convez, if for any «, f € K with |o| < 1, |5] < 1 and any z,y € A we have
ax+ Py € A. A topological vector space E over K is locally convex space (lcs) if E admits
a basis of neighbourhoods of zero consisting of absolutely convex sets.

All topological spaces and locally convex spaces considered in this paper are Hausdorff.

Let E be an Ics over K. For a seminorm p on F the mapp : E, — [0, 00), z+ker p — p(z),
is a norm on E, := E/kerp. E is of countable type if for any continuous seminorm p on
E the normed space (E,,p) contains a linearly dense countable subset. E is strictly of

countable type if E' contains a linearly dense countable subset. If F is strictly of countable
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type, then it is of countable type; the converse holds for any metrizable lcs. If K is locally
compact, then E is strictly of countable type iff E is separable.

A subset C of E is compactoid if for each neighbourhood U of zero in F there is a finite
subset A of F such that C' C U 4 coA, where coA is the absolutely convex hull of A.

For non-archimedean notions we refer the reader to [19], [22] and [29].

Let Y be a topological space. A family {K, : a € NV} of [compact] subsets of Y
covering Y such that K, C Kz if @ < 8 in NV is said to be a [compact] resolution of Y.
Clearly every o-compact space admits a compact resolution. A resolution {K, : o € NN}
of an les E over K is compactoid if the sets K,,a € NN, are compactoid in E.

Y is analytic if it is a continuous image of NY. Y is a Lindelof X-space if there is
an upper semi-continuous (usco) multivalued compact-valued map ¢ from a non-empty
subset Q@ C NN into Y with J{p(a) : @ € Q} =Y ([2], [15]). If the same holds for
Q = NY then Y is called K-analytic. Every K-analytic space has a compact resolution;
the converse fails ([25], [6]). Countable unions and products of K-analytic [analytic]
subspaces of a space are K-analytic [analytic]. Closed subspaces of a K-analytic [analytic]
space are K-analytic [analytic], see [21], [27].

Y is web-compact ([18]) if there exists a nonempty subset 3 C NN and a family {4, :
a € X} of subsets of YV with (J{A,:a € X} = Y such that, if « = (n;) € ¥ and
Coyoomy = U{Ap: = (m;) e Xand m; =n, for j =1,... k}, and x, € C,, . ,, for all
k € N, then (z}) has a cluster point in X. Separable spaces, as well as, Lindelof Y-spaces

are web-compact ([18, Examples (B)]).

Y is angelic ([10]) if every relatively countably compact set A in Y is relatively compact
and for each « € A there is a sequence in A converging to z. In angelic spaces the countably
compactness, compactness, and sequential compactness are equivalent, see [10, Theorem
3.3(1)]. If Y is a web-compact space and Z is a metric space, then C,(Y, Z) is angelic
([18, Corollary 1.3]). Clearly any metric space is angelic and so, by [10, Theorem 3.3(2)],
any regular space with a weaker metric topology is angelic.

Motivated by the above results we proved in [13] a somewhat surprising

Theorem 1. Assume that K is locally compact. Then a non-archimedean Banach space
E over K is separable iff E is weakly Lindelof.

A topological space X is called ultraregular if for each x € X and any closed subset F'
of X not containing x there exist clopen disjoint subsets U and V' in X such that z € U
and F' C V. It is easy to see that X is ultraregular iff X is zero-dimensional, i.e., X has
a basis consisting of clopen subsets.

A topological space X is K-replete if it is homeomorphic to a closed subset of the
cartesian product K? for some set B ([4, p. 98]).
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The present paper begins a systematic study of descriptive topology in non-archimedean
function spaces C,(X, K) for ultraregular spaces X.

Non-archimedean variants of deep results of Tkachuk, Gerlits—Pytkeev, and Chris-
tensen, respectively, are shown (see the Abstract).

Cp(X,K) denotes the corresponding lcs as well as the underlying vector space of con-

tinuous functions.

2. NON-ARCHIMEDEAN ANGELIC SPACES
The following observation leads to a non-archimedean definition of the analyticity.
Proposition 2. If K is locally compact, then KN is homeomorphic to NV,

Proof. By [24, Proposition 6], K is homeomorphic to the product N x kY, where k is the
residue class field of K. It follows that K is homeomorphic to (N x k)N. The field k is

finite since K is locally compact. Thus K~ is homeomorphic to NV, O

Hence an lcs E over locally compact K is analytic iff E is a continuous image of K,
and F is K-analytic iff there exists an upper-semicontinuous multivalued compact-valued
map ¢ from KN into F with J{p(a) : a € KN} = E.

For Proposition 3 see [25], [6], or [7].

Proposition 3 (Talagrand). Any angelic space with a compact resolution is K-analytic.
Any regular space with a compact resolution admitting a weaker metrizable topology is

analytic.

We need also the following concept (compare to [7]). A polar les E over K is in the
class & if its x-weak topological dual (E',o(E’, E)) has a resolution {4, : « € NV} such
that every countable subset of A,,a € NV is equicontinuous. In this case {A, : @ € NV}
is said to be a &-representation of E.

(1) Polar (LM)-spaces are in the class &; in particular, polar metrizable lcs are in
the class &. Indeed, let E = (E,£) be an (LM)-space, i.e. there exists an increasing
sequence (called defining for F) E,, := (E,,&,),n € N, of metrizable locally convex spaces
with £ = |J, E, such that &,.4|E, < &, for each n € N and ¢ is the finest locally
convex topology on E such that ¢|E, < &, for all n € N. For each n € N let (U') be a
decreasing countable basis of neighbourhoods of zero in E,,. For a = (n;) € NY we put
Aq = sy (U )°. Then the family {A, : @ € N} is a resolution of E’. Fix an a € N¥
and a sequence (f,) C A,. Then the set U := | J—, Z§:1 Uj, is a neighbourhood of zero
in F such that (f,,) C U°. Hence (f,,) is equicontinuous. This proves that E is in the class
&,

(2) Polar (DF)-spaces are in the class &. Let a polar lcs E be a (DF')-space i.e.

E admits a fundamental sequence (S,,) of bounded sets, and for every sequence (V) of
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absolutely convex neighbourhoods of zero in E such that V' = (", V,, is bornivorous,
the set V' is a neighbourhood of zero in E. Take 8 € K with |3] > 1 and a = (n;,) € NV
Put A, := o, 8"S;. Fix any sequence (f,) C A,. Note that (f,,) is (E’, E)-bounded.
Choose (tx) C R such that t, > sup, sup,cg, |f2(2)],k € N. Take (uz) C K with 0 <
lug|ty < 1 for each k € N. Put U = _{z € E : |fn(z)| < 1}. Then u;Sy C U for each
k € N. This proves that U is bornivorous in £. Thus U is a neighbourhood of zero in £
and the sequence (f,,) is equicontinuous, since (f,,) C U°.

Although the class & is large, we note the following important

Proposition 4. (a) Let E € & and let ¢(E', E) be the locally convex topology on E' of
the uniform convergence on compactoid subsets of E. Then the lcs E! = (E',c(E', F)) has
a compactoid resolution. Thus E! is of countable type and any compactoid subset of E is

metrizable.

(b) Let X be an ultrareqular space. Then Cp(X,K) belongs to & iff X is countable.

Proof. (a) Let {4, : @ € NV} be a B-representation of E. Any countable subset of
Ay, € NV is equicontinuous. Thus using [12, Lemma 9] and [12, Remark 8] (or [19,
Theorem 3.8.12]), we infer that {4, : a € NV} is a compactoid resolution of E/. By
[12, Proposition 5 and Theorem 2| the space E. is of countable type and any compactoid
subset of E is metrizable.

(b) Assume that C,(X,K) € &. Since C,(X,K) is dense in K¥, then (as easily seen)
E = K* also belongs to the class &. By [19, Theorems 5.3.11 and 5.4.1] every bounded
subset of E is compactoid. Thus ¢(E', E) = B(E', E), where G(E', F) is the strong
topology on E’, so the les K&X) = @, _ K, isomorphic to the strong dual (E', 3(E’, E)) of
E, is of countable type. Hence, by [19, Remark 4.2.17(a)], the space X is countable. If X is
countable, the subspace C,(X,K) of K¥ is a polar metrizable lcs. Thus C,(X,K) € &. [

In [14, Corollary 2.2 and Theorem 2.3] Kiyosawa and Schikhof proved that in the weak
topology of a non-archimedean Banach space over a spherically complete non-archimedean
field the statements in the Eberlein-Smulian theorem hold. We extend this result. A
corresponding variant for spaces over the real and complex numbers has been proved in
[7].

Theorem 5. The following assertions are equivalent:
(i) The field K is spherically complete.
(i1) Every les E in the class & is weakly angelic, i.e. (E,o(E,E'")) is angelic.

(11i) Every weakly compact set in any les E in the class & is weakly metrizable.

Proof. (i) = (ii): Consider two cases.
Case 1. K is locally compact. Let E € &. Let {A, : a € NV} be a &-representation of
E. Then each A, is relatively countably compact in o(E’, E'). Hence E! = (E',0(E', E))



DESCRIPTIVE TOPOLOGY IN NON-ARCHIMEDEAN FUNCTION SPACES C,(X,K). PART I 5

is web-compact. Indeed, for o = (n;) € N¥ and k € N we put
..... —U{A,g B=(m;) € NNandm; =n;forj=1,... k}.

If 2, € Cp,...my, k € N, then for every k € N there exists f; = (mf) € NN such that
xp € Ag, and mf =n; for j =1,2,... k. Let v, = max{mé? : k € N} for j € N and
v = (7). Then B <, so Ag, C A, for every k € N. Hence (z;) C A,. The set A, is
relatively countably compact in E! so (zx) has a cluster point in E’.

Since E! is web-compact and K is metrizable, the space C,(E’,K) is angelic, by [18,
Corollary 1.3]. Hence E, = (E,0(E, E’)) is angelic, since it is isomorphic to a subspace
of C,p(E!,K).

Case 2. K is not locally compact. Let A be a relatively countably compact set in E,.
It is easy to see that A and its closure A° are precompact in E,. By [19, Theorem 5.6.1],
A" is precompact in F, so it is compactoid in E. By Proposition 4, A’ is metrizable in
E. Using [19, Theorem 5.2.12] we infer that A” is metrizable in E,. Tt is easy to see that
A’ is sequentially compact, so A° is a metric compact subspace of E,. It follows that E,
is angelic.

(ii) = (i): Suppose that K is not spherically complete. In [14] it was proved that for
any set I of non-measurable cardinality with |[I| > 2% (in particular, for I = [0,1]) the
set {xs : S C I} of K-valued characteristic functions is weakly compact in the polar
Banach space ¢°(1,K) but is not weakly sequentially compact. Thus ¢*°(I,K) is not
weakly angelic by [10, Theorem 3.3].

(iii) = (i) follows also from the above example from [14].

(i) = (iii): If E belongs to the class ® and X C E is weakly compact, X is compact
in E by [19, Theorem 5.6.1]. By Proposition 4 the space X is metrizable in F, hence in
o(E,E"). O

We showed that if K is spherically complete and E € &, the weak compactness,
weak countably compactness and weak sequential compactness for F coincide, [10, The-
orem 3.3]. The following corollary provides a non-archimedean variant of the Amir-

Lindenstrauss theorem [1].

Corollary 6. Assume that the field K is locally compact. Then E € & is separable iff £
admits a sequence (K,) of weakly compact sets such that the linear span of | J7—, K, is

dense in E. Consequently, every weakly compactly generated Banach space is separable.

Proposition 7. A non-zero metrizable lcs E over the field K is separable iff E has a

compactoid resolution and K is separable.

Proof. Assume that E is separable. Then K is separable and FE is of countable type.

By [12, Theorem 21], E has a compactoid resolution. For the converse, assume that
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K is separable and F is a metrizable lcs with a compactod resolution. We apply [12,
Proposition 5] to deduce that E is of countable type. Thus E is separable, since K is
separable. O

Proposition 8. Assume that the field K is locally compact. Then E € & is analytic iff

E is separable and has a compact resolution.

Proof. Assume that £ € & is separable and has a compact resolution. Let {x, : n € N}
be a dense subset of £ and U,, = {f € E' : m|f(z,)| < 1 for 1 <n < m},m € N.
Then (U,,) is a decreasing sequence of absolutely convex neighbourhoods of zero in E! =
(E',o(E', E)) with ()-_, U, = {0}. Thus there exists on E’ a metrizable locally convex
topology weaker than o(E’, E'). Hence E! is angelic. Using Proposition 4, it is easy to
see that £/ has a compact resolution. Thus it is separable by Proposition 3. This implies
that E admits a weaker metric topology. Applying again Proposition 3 we have that E

is analytic. The converse is obvious. 0J

Corollary 9. Assume that the field K is locally compact. Let E be a separable (LM )-space

over K such that every bounded set in E is relatively compact. Then E is analytic.

Proof. Let B € K with |5| > 1. Let (E,) be an increasing defining sequence of metrizable
les for E. It is easy to see that there exists a decreasing basis (U}')52, of absolutely
convex neighbourhoods of zero in E, for n € N, such that U}" C U;H'l for all j,n € N. For
a = (k;) € N¥ we put A2 := (), 4 U7 and K, := U, <, As. Clearly every K, is bounded
in F, since every A" is bounded in E,. The closures in E of the sets K,,« € N¥ form a

compact resolution in £. Now we apply Proposition 8. U

Recall that the real nonseparable (so non-analytic) space ¢o(/,R) is K-analytic in the

weak topology of ¢o(1,R) ([25]). The following non-archimedean case is somewhat striking.

Proposition 10. For a metrizable lcs E over locally compact K the following conditions
are equivalent:

(i) E is analytic.

(ii) (E,o(E,E")) is analytic.

(i1i) (E,o0(E, E")) is K-analytic.

Proof. (i) = (ii) = (iii) are clear. (iii) = (i): If F is metrizable and (E,o(F, E")) is
K-analytic, then by [19, Theorem 5.6.1] we conclude that E has a compact resolution.
Then by Proposition 3 the space F is analytic. U

3. A NON-ARCHIMEDEAN TKACHUK’S THEOREM

In this section we assume that K is locally compact. We show (Theorem 14) that for

an ultraregular space X the space C,(X,K) is K-analytic iff C,(X,K) has a compact
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resolution; we will use Theorem 14 to deduce even a stronger result, see Corollary 15.
This provides a non-archimedean counterpart of Tkachuk’s Theorem of [26]. We need
some preparation work.

Let X be an ultraregular space. The Banaschewski’s compactification £y X of X is an
ultranormal compactification of X. Clopen subsets of X have clopen closures in 5y,.X. For
each ultraregular space Y and each f € C(X,Y) there is a unique continuous function
Bof : BoX — [BoY extending f. If X ultranormal then Sy X = (X, where X is the
Cech-Stone compactification of X, see [4, Theorem 1].

Denote by voX the set of all elements x € 5y X such that for every sequence (V},) of
neighbourhoods of = in Gy X we have (°_, V,, N X # 0. Using [4, Theorem 7] we note
v X = {x € BoX : (of)(z) € K for every f € C(X,K)}. It is clear that any continuous
function f : X — K has a unique continuous extension vyf : vgX — K such that
vof = Bofluox-

Let X be a topological space. Let A and N be families of subsets of X. We say that
N is a network modulo A, if for any A € A and any open subset U of X with A C U
there exists N € N such that A € N C U. Let N be a network modulo A. We say that
a function f € K¥X is A-bounded at a point x € X, if f(N) is bounded in K for some
N € N with x € N, and N-bounded if it is bounded at any point of X.

It is known that a topological space X is a Lindelof Y-space iff it has a countable
network modulo some compact cover of X, see [15]. By a simple modification of the proof

of [2, Proposition IV.9.3] we note the following

Proposition 11. Let N be a countable network modulo a countably compact cover A of
an ultraregular space X. Then any function f € Cp(X,K) is N'-bounded and the set H
of all N'-bounded functions f € K¥ is a Lindelof X-space.

Proof. Let N = {N; : k € N} and A= {A, : v €T} Let f € C\p(X,K). Take an z € X.
Then z € A, for some v € I". Clearly, f is bounded on A,, so on some open subset U of
X with A, C U. Thus there is a &k € N with A, C N, C U; of course x € Nj, and f is
bounded on Nj. So f is N-bounded. Now we shall prove that H is a Lindelof X-space.

Put M := NxN. Let L := oK. Clearly, H is a subspace of the compact space G := L.
For m = (k,n) € M we set B, := {A € K: |\ <n} and G,,, ;== {f € G: f(N) C B,}.
Note that B, is a compact set, so G,, is closed in G.

Let h € H. Put S, :={m € M : h € G,,} and D, = ({Gp, : m € Sp}. Then h € Dy,
and Dj, C H. Indeed, suppose that there is a g € (Dy, \ H). Then g is not N-bounded at
some point xg € X. Clearly, h is N-bounded at x¢; so for some m = (k,n) € M we have
r9 € N, and h € G,,. Hence m € Sy, so g € D, C G,,; a contradiction, since ¢ is not
N-bounded at xg. Thus D = {D), : h € H} is a compact cover of H.



8 J. KAKOL, W. SLIWA
The family

M ={ ﬂ G NH : W C M is finite and non-empty }

mew
is countable. Let h € H and let U be an open subset of G with D, C U N H. Then
Nnew GmN(G\U) = 0 for some finite subset W of Sy. Hence Dy, C (e GmNH C UNH.
Thus the countable family M is a network modulo the compact cover D of H; so H is a
Lindelof Y-space. O

Applying [3, Theorem 24] we note the following

Corollary 12. Let Y be a Lindeléf X-space. Then a subspace M of C,(Y,K) is a Lindeldf

space iff any closed discrete subset of M is countable.
We need also the following

Proposition 13. Let X be an ultraregular space.

(a) The map ® : Cp(X,K) = Cy(voX,K) defined by f — vof is linear, injective and
surjective. The converse map ®~1 is continuous.

(b) If (fn) C Cp(X,K) and y € voX, then there exists x € X with (vofn)(y) = fu(x)
for every n € N.

(c) If a subset A of C,(X,K) is countable then the map ®|4 is continuous.

(d) If voX is a Lindeldf ¥-space and a subset B of Cp(X,K) is compact, then the map

®|p is continuous.

Proof. (a) is clear.
(b) Let z, = (Bofn)(y),n € N. Clearly (z,) C K. For each n € N set

Kym={2z€K:|z—2z,)] <m_1}

for m € N. By W, ,,, denote the closure of K, ,, in fyK for each m € N. It is easy to see
that W,,,,,m € N, form a base of neighbourhoods of z,. Thus V,,,,, = (Bofn) " (Wam),
m € N, are neighbourhoods of y in 5y X and

ﬂ Vn,m = (ﬁofn)il(zn)

Since y € vgX, there exists an

T E ﬁ ﬁmeﬂX.

n=1m=1

Then
fn(x) = (BOfn)(x) = (ﬁOfn)(y) = (Uofn)<y)

for every n € N.
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(c) Assume (f,) C A, fo € Aand f, = fy in Cp(X,K). Let y € vpX. By (b) there is
x € X with f(z) = (vof)(y) for every f € A. Then f,(z) — fo(x). Hence (vofy)(y) —
(vofo)(y). Thus vy fy, — vofo in Cp(veX, K), so the map ®|4 is continuous.

(d) Let C := ®(B). Clearly, any countable subset of B has a cluster point in B. Using
(c) we infer that C' is countably compact. Hence any closed discrete subset of C' is
finite, and therefore C' is a Lindelof space. It follows that C' is compact. Since ®7!|¢ is

continuous, ®|p is continuous. UJ

Now, using some ideas of [26] we show that for any ultraregular space X the space

Cp(X,K) is K-analytic iff it has a compact resolution.

Theorem 14. For any ultrareqular space X the following conditions are equivalent.
(a) Cp(X,K) has a compact resolution.
(b) Cp(voX,K) has a compact resolution.
(¢) Cp(voX,K) is K-analytic.
(d) Cp(X,K) is K-analytic.

Proof. (a) = (b): Let A = {A, : @ € NV} be a compact resolution on the ultraregular
space S = C,(X,K). For a = (n;,) € NY¥ and n € N set

Aopn = {45 : 8= (mr) e N my =y, 1 <k <n}and A, = (1] Agjn-
n=1

Then A’ = {A, : @ € NV} is a countably compact resolution of S by [26, Proposition 2.4],
and the family N := {A,, : @ € N¥,n € N} is a network modulo A’, by applying [26,
Corollary 2.5]. The network A is countable, since Aq,j, = Agp, whenever o = (ng), 8 =
(mg) € NN n e N, and nj, = my, for 1 <k < n.

Using Proposition 11 we obtain a Lindelof Y-space H with

C,(S,K) c HC K®.

The space X is homeomorphic to the subspace F' := 0(X) of C,(S,K), where § : X —
C,(S,K) is the evaluation map. Clearly ¢ is continuous. Denote by G the closure of F
in H. Clearly G is a Lindelof »-space, and so G is an ultraregular Lindelof space. Using
[4, Theorem 8], we note v9G = G. Note that F is C-embedded in K® i.e. any continuous
function g : ' — K can be extended to a continuous function § : K® — K. Indeed, let
g € C(F,K). Then go§ € S, so the function g : K® — K, h — h(g o ) is well defined,
continuous and g|r = ¢g. Hence F' is C-embedded in G. It follows that

ﬁoF = ﬁoG, U()F = U()G.

Thus voF' = G} clearly vyX is homeomorphic to vgF'. This implies that vy X is a Lindelof
Y-space. Using Proposition 13(d) we conclude that {®(A,) : @ € NV} is a compact
resolution of C),(vpX, K).
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(b) = (c) Using Proposition 13(a) we infer that C,(X,K) has a compact resolution.
Thus by the proof of the implication (a) = (b) we conclude that vy X is a Lindel6f X-space.

If an uncountable space W has a resolution {W, : a € NV}, then W, is infinite for some
a € NN/ see [16, Lemma 2.1]. It follows that any closed discrete subset of T' = Cj,(vp X, K)
is countable. Using Corollary 12 one obtains that 7" is an ultraregular Lindelof space, so
it is a K-replete by [4, Theorem 8]. Thus 7" is homeomorphic to a closed subset of the
product K® for some set B. It follows that T is K-analytic, see [7].

(c) = (d) Cp(X,K) = &71(Cp(voX,K)), and the map ®~! is continuous, so C,(X,K)
is K-analytic. The implication (d) = (a) is obvious. O

Next Corollary 15 extends Theorem 14 (a) < (d).

Corollary 15. Assume that X is an ultrareqular space and C,(X,K) has a compact
resolution. Then C,(X,K) is angelic. Moreover, if £ is a regular topology on C(X,K)
that is finer than the pointwise one of Cp(X,K), then (C(X,K),§) is K-analytic if and

only if it has a compact resolution.

Proof. ;From the first part of the proof of Theorem 14 it follows that vy X is a Lindelof
Y-space, so vpX is web-compact. Then by [18, Corollary 1.3] the space Cp(voX,K) is
angelic. It follows that C,(X,K) is angelic. Indeed, let A C C,(X,K) be a relatively
countably compact set. Let ® be the map from Proposition 13. Then ®(A) is relatively
countably compact in C,(vo X, K), since for every countable subset B C C,(X, K) the map

®|B is an homeomorphism. Therefore ®(A) is compact, since C,(vpX, K) is angelic. By
the continuity of ®' the set ®~(®(A)) is compact in C,p(X,K). Thus A = d=1(d(A)) C
d~1(®(A)), so A is compact in C,(X,K) and ®(A) € ®(A). Let f € A. Then &(f) €
®(A), so there is a sequence (f,) C A with lim, ®(f,) = ®(f) in C,(veX,K). Hence
lim, f, = f in C,(X,K). Thus C,(X,K) is angelic.

Let £ be a regular topology on C'(X, K) that is finer than the pointwise one of C,(X, K).

Assume that Y = (C(X,K),&) has a compact resolution. Since C,(X,K) is angelic,
also (C(X,K),¢) is angelic, by [10, Theorem 3.3]. Applying Proposition 3 we infer that

Y is K-analytic. The converse is obvious. U

4. A NON-ARCHIMEDEAN GERTLITS-PYTKEEV’S THEOREM

We prove the following non-archimedean counterpart of Gerlits—Pytkeev’s result, see [2,
Theorem I11.1.2] for the archimedean case. Recall that a topological space X is Fréchet-
Urysohn if for each A € X and x € A there exists a sequence in A converging to .
Clearly, any subspace of a Fréchet-Urysohn space is Fréchet-Urysohn.

A topological space X is said to be scattered if for every closed subset C of X | the set

of isolated points of C'is dense in C.
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Theorem 16. Let X be an ultraregular compact space. Then the space C,(X,K) is
Fréchet-Urysohn iff X 1s scattered.

Proof. Assume that X is scattered. By [2, Theorem III.1.2] the space C,(X,R) is Fréchet-
Urysohn. Take a set A C C,(X,K) and an f € A. Clearly, the map

T: Cy(X,K) = Cp(X,R), T(g) := |f — g

is continuous. Thus T'f € T(A) C T(A). Since C,(X, R) is Fréchet-Urysohn, there exists a
sequence (f,) C A such that T'f, — T'f in C,(X,R). It follows that f, — f in C,(X,K).
We proved that C,(X,K) is Fréchet-Urysohn.

Now assume that C,(X,K) is Fréchet-Urysohn, and assume that X is not scattered.
By D denote the Cantor set {0,1}". By [23, Theorem 8.5.4] there exists a continuous
surjection ¢ from X onto D. It follows that C,(X,K) contains a closed subset homeo-
morphic to Cy(D, K). We prove that C,(D,K) is even not sequential, i.e. there exists in
Cy(D,K) a sequentially closed set which is not closed. Denote by p the product measure
VN where v is the measure on {0,1} with v({0}) = v({1}) = 271, Set

V(sty.ooyskg) ={(z;) € D:x;=s;for 1 <i<k}

for s; € {0,1},1 <i < k,k € N. Denote by W the family of all sets of the form

t

U V(Sias---s8ik)

i=1
with S0 2% < 272 where s;1,...,8:4, € {0,1},1 < i < t,t € N. Clearly W is
countable, and any element W of W is a clopen subset of D with pu(W) < 272, 1t is
easy to see that for every finite subset Z of D there exists W € W with Z C W. Let
{wy, : k € N} be a dense subset of D and let U, € W with {wy,...,w,} C U,,n € N.

Set

W={W,:neN}, V,=W,UU,, neN.
Denote by f, the characteristic function of the set (D \ V;,) for n € N. Then f,,(w,) =0
for all m,n € N with m > n. Put F = {f,, : n € N}. Clearly F' C C,(D,K). Denote by G
the closure of F' in C,(D,K). Let fo : D — K, fo(z) = 0. Note that fy € G. Indeed, let
S be a neighbourhood of f, in C,(D,K). Then there is a finite subset Z of D and € > 0
such that
Sy ={feC(D,K):|f(zx)|<e forxeZ} CS.

Since for some n € N we have Z C W,, C V,,, then f,|Z = 0. Hence f, € S.

We prove that G = F U {fo}. Let g € (G\ F) and (fx,) C F with lim f;, = g. Let
n € N. Then there exists «,, such that k, > n for all @« > «,. Hence fi (w,) = 0 for
a > ap, so g(w,) = 0. Thus g(w,) =0 for all n € N, so g = fo.
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Suppose that for some strictly increasing sequence (n;) C N we have lim f,,, = fo. Let
x € D. Then x € ﬂZO:kO Uy, for some kg € N. Thus

A0

m=1k=m

On the other hand,

i) Uni) < 0(Us,) < 272

k=m

:u(U ﬂ Unk) S 2727

m=1k=m

for any n € N. Consequently

a contradiction. It follows that no sequence in F' is convergent to fy in C,(D,K). Thus
C,(D,K) is not sequential, hence not a Fréchet-Urysohn space. This implies that C,(X, K)

is not a Fréchet-Urysohn space, a contradiction. O

Problem 17. Does there exist an ultraregular space X such that the space Cp(X,K) is
Fréchet-Urysohn but C,(X,R) is not Fréchet-Urysohn?

In [24, Corollary 8] (and in [28, Theorem 3.8]) it was proved that every locally compact
K is homeomorphic to N x D, where D is the Cantor set. This implies the following

Proposition 18. (i) If L and M are locally compact non-archimedean fields, then for any
ultraregular space X the spaces C,(X,L) and C,(X,M) are linearly homeomorphic.

(11) If K is locally compact, then C,(K,K) is linearly homeomorphic to the space
C,(D,K)N. Hence C,(Z,K) is not Fréchet-Urysohn for any separable Fréchet space Z.

Proof. (i) Let ¢ : M — LL be an homeomorphism. Then the map S : C,,(X,L) — C,(X, M)
defined by Sf = ¢! o f is a linear homeomorphism.

(ii) Let ¢ : N x D — K be an homeomorphism. Let T,, : C,(K,K) — C,(D,K) be
defined by (7, f)(x) := f(¥(n,z)) for x € D and n € N. Then the map

T:Cy(K,K) = Co(D, KN, Tf = (T, f)

is a linear homeomorphism. By Theorem 16, C,(D, K) is not Fréchet-Urysohn, since D is
not scattered. It follows that C,(K, K) is not Fréchet-Urysohn, since it is homeomorphic
to Cp(D,K)N. The map P : C,(K,K) — C,(KN,K) defined by (Pf)(z1,z2,...) = f(z1)
for any (z1,2s,...) € KV is an homeomorphism onto its range. Thus C,(K",K) is not
Fréchet-Urysohn.

Let Z be a separable Fréchet space. If Z is finite-dimensional, then it is homeomorphic
to K ([24, Proposition 6]). If Z is infinite-dimensional, then it is homeomorphic to KN
([24, Corollary 5]). It follows that C,(Z, K) is not Fréchet-Urysohn. O
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Cp(R,R) is not Fréchet-Urysohn, otherwise R would be zero-dimensional by [11]. More-
over, C,(K,R) is not Fréchet-Urysohn, if K is locally compact. Indeed, in the opposite
case, by the same argument as in the first part of the proof of Theorem 16, the space
C,(K,K) is Fréchet-Urysohn, contrary to Proposition 18(ii).

5. A NON-ARCHIMEDEAN VARIANT OF CHRISTENSEN’S THEOREM

By Christensen [8], if X is a metric separable space, then C,(X,R) is analytic iff X is
o-compact. Calbrix ([5]) proved that if X is a completely regular space and C,(X,R) is
analytic, then X is o-compact. We shall prove (Corollary 22) that C,(KY,K) is not ana-
Iytic, if K is locally compact; clearly the Fréchet space K is not o-compact. The following
variant (Theorem 20) of a deep theorem of Christensen’s [8, Theorem 3.7] describes this
relationship in a general case.

We need the following non-archimedean result.

Proposition 19. Let X be a paracompact ultrareqular space. Then there exists a contin-
uous surjection from Cp(X,KN) onto C,(X,R).

Proof. By [21, Theorem 1.2.14] there exists an open continuous map ¢ from K onto R.
The continuous map S, : C,(X,KY) — C,(X,R),9 — ¢ o g is surjective. Indeed, let
f € C(X,R). The multivalued function F' : X — KN, F(z) = ¢~ !(f(x)) has non-empty
closed values. It is easy to see that F'is a lower semicontinuous map i.e. for every open
subset V' of KN the set of all x € X with F(z) NV # () is open in X. Using the Zero-
dimensional Selection Theorem [20, Theorem 2.4, we get a function g € C,(X,KY) such
that g(z) € F(z) for every x € X. Then ¢ o g = f. Thus S,, is surjective. O

Theorem 20. Assume that K is locally compact and X is an ultrametrizable space. Then

Co(X,K) is analytic if and only if X is o-compact.

Proof. Assume that C,(X,K) is analytic. Then C,(X,K") is analytic, since it is home-
omorphic to C,(X,K)Y and countable products of analytic spaces are analytic. Thus
C,(X,R) is analytic, as a continuous image of C,(X,KY) (Proposition 19). Then by [5,
Theorem 2.3.1] the space X is o-compact.

The proof of the converse uses some ideas from [17, Theorem 2.1]. Assume that (X;)
is an increasing sequence of compact subsets of X covering X. Let d be a metric on X
compatible with the topology of X. Denote by B the unit closed ball of K. For [,n,k € N
we put

Xip={(z,y) e X x X : X;nK(z,n )N K(y,n ") # 0}

and

Fran =1{f € BY : |f(x) — f(y)| < k" for all (z,y) € Xy},
where K(a,n™')={z € X : d(z,a) <n~'} for a € X.
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The sets Fj,, for k,l,n € N are compact. Indeed, let k,I,n € N. For every (z,y) €
X x X the set

Vi(w,y) ={f € B* :|f(z) = f(y)| > k7'}

is open in B¥, since the map § : BX¥ — R defined by f — |f(z) — f(y)| is continuous.
Clearly,

Fk,l»n - BX \ U{Vk(xvy) : (.le,y) € Xl,n}a

and the product space B is compact. Thus the set Fj;,, is compact.

Now we prove that C,(X, B) is equal to

[c.oe olNe o]

F=NU Fun

k=11=1n=1

Let f € F. Then for all k,! € N there exists n = n(k,l) € N with f € Fj;,. Let 2 € X.
For some [ € N we have z € X;. Let k£ € N;n = n(k,l) and z € X with d(z,2) < n %
Then (z,z) € X, so |f(x) — f(2)| < k7' It follows that f is continuous at z. Thus
F c Cy(X,B).

To show the inverse inclusion, fix f € C,(X, B). Assume that f ¢ F. Then for some
k,l € Nwenote f €7, Fiin. Then |f(x,)— f(yn)] > k™' for some (2, y,) € Xin,n €
N. Let

20 € X\NK(2,n )N K(y,,n '),n €N.

Since X; is a compact metric space, the sequence (z,) has a subsequence (z,) conver-
gent to some zy € X;. Then the sequences (zy,), (y;,) are convergent in X to zp. Hence
lim, |f(z:,) — f(y, )] = 0, a contradiction. Thus C,(X, B) C F. It follows that C,(X, B)
is a K,g-space i.e. it is of the form (2, U;’il K, ;, where K; ; for i,j € N are compact
sets.

Note that P = (B \ {0}) is homeomorphic to K. Indeed, K is locally compact, so
there exists v € K with |y| = max{|a| : @ € K and |o| < 1} and the residue class field
k = B/vB is finite. Put m = |k|,r = |y| and k = {os + B : 1 < i < m}; clearly
we can assume that a; + yB = yB. Then the closed balls B; = B(a;,7),1 < i < m,
are pairwise disjoint and S(0,1) = ", B;, where B(a,t) = {f € K : || < t} and
S(0,t) = {8 € K : |8] = t} for a € K,t > 0. Since S(0,7") = 4'5(0,1) for | € Z,
we get P = J;2,7'S(0,1) = UZ Uity ' Bi and K = BU U2, v7'9(0,1) = v !By U
Uz, U, v 'B;. Thus P and K are the sums of infinite countable families of pairwise
disjoint balls in K. Clearly, these balls are clopen in K and pairwise homeomorphic. It
shows that P and K are homeomorphic. Thus B is a one-point compactification of K.

Let K be a compact space homeomorphic to B such that K C K. Clearly, Cyp(X, K) is
homeomorphic to C,(X, B), so it is a K,s-space. Let o € (K'\ B). It is easy to see that
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the subset o
¢=NUifek" : (X)) c a"B}
I=1n=1
of the compact space R is a K ,s-space. Moreover C,(X,K) C G C KX, so Cp(X,K) =
G N Cy(X,K). Thus Cp(X,K) is a K,s-space, so it is K-analytic.

X is ultrametrizable and o-compact, so it is separable. Let {z, : n € N} be a dense
subset of X. Then (U,,), where U,, = {f € C(X,K) : m|f(z,)| <1for1 <n <m},me
N, is a decreasing sequence of neighbourhoods of zero in C,(X,K) with (" ~_, U,, = {0}.
Thus there exists a weaker metric topology on C,(X, K). This, together with Proposition
3, implies that C,(X,K) is analytic. O

Corollary 21. Assume that K is locally compact and X is an ultrametrizable space. Then
Cp(X,K) is analytic if and only if C,(X,R) is analytic.

Proof. If C,(X,K) is analytic, then C,(X,R) is analytic - see the first part of the proof
of Theorem 20. Conversely, assume that C,(X,R) is analytic. By [5], X is o-compact
metric space. Using Theorem 20 we infer that C,(X,K) is analytic. O

The following corollary extends Christensen’s [8, Theorem 5.7.1].

Corollary 22. Assume that K is locally compact. Then the space C,(KN,K) does not

have a compact resolution, so it is not K-analytic.

Proof. Suppose by contrary that C,(KN,K) has a compact resolution. Since KN is sep-
arable, the regular space C,(KN,K) admits a weaker metric topology (see the proof of
Theorem 20). This and Proposition 3 yield the analyticity of C,(KY,K). Since KN is

ultrametrizable, we apply Theorem 20 to get that KV is o-compact, a contradiction. [
Corollary 23. C,([0,w ], KY) is not Lindelof and C,([0,w:],K) is not K-analytic.

Proof. Put X := [0,w;]. Clearly, the closed unit ball B of the Banach space C'(X,R)
(with the supremum norm) is closed in C,, (X, R). By [9, Theorem 12.40] the space C'(X,R)
endowed with the weak topology o is not Lindelof. Tt follows that (B, o|B) is not Lindelof,
since C(X,R) = |J,2, nB. X is a scattered compact space, so the topology of C,(X,R)
coincides with o on B, see [23, Corollary 19.7.7]. Hence C,(X,R) is not Lindeléf. Using
Proposition 19 we infer that the space C,(X, KY) is not Lindelof.

Since C,(X, K"Y) is homeomorphic to C,(X,K)N and countable products of K-analytic
spaces are K-analytic (so Lindeldf), the space C,(X,K) is not K-analytic. O
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